IMGS-616-20141 Solutions to Optional HW #9

OBSERVATION: Many of you just draw conclusions from equations rather than sketching out the
problem. I say AGAIN, you often (i.e., nearly ALWAYS) do better when you sketch out the problem FIRST
and then introduce the equations. For example, if you sketched out the spectra in problem #7 first, the answer
becomes obuvious!

1. The impulse response of an imaging system is:

hz] = exp

wo(i)]

Evaluate the expression for the inverse filter w [z]

HI = Jao|-exp [+i- T] - exp [~im (a06)?]
Wi = %{ﬂ:ﬁ.exp[—i-g}.exp[—l—iﬂ(ao{)ﬂ
1

wla] = m.exp [Z%D .|a—10|-exp [Jrzg] - exp [m <aio>2]
wlz] = ﬁ . exp [—m <a10>2]

so the inverse filter for an “upchirp” (quadratic-phase function with a “+” sign in the exponent) is a
“downchirp” with the same chirp rate.

Lots of the answers did not include all steps and missed the constant factor.



2. The transfer function of a filter is:
Hy[¢{]=1[¢] exp[i-2m- (1 -2 RECT[{])]

(a) Characterize this filter (highpass, ...)

H ¢ = exp[+i-0]=+1 if RECTI¢]

exp|—i-2n] = +1 if RECT[¢]

Vil

exp[+i-27] =41 if RECT[]
1[¢] {

‘ H, ] =1[§] = identity 0pemt0r|

allpass

(b) Evaluate and sketch the impulse response h [x]
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Find and sketch the outputs g [z] for the following inputs:

()

filt] = cos [zwg
e - 2federked)
Gill] = R -H{=F[]



falz] = cos[drz] = cos[2m -2 z]
Bl = %(5[§+2]+5[§_2])
G2 (] = FR[¢]-Ha[¢] = F2[€]
g2t = falz]

L |

-1.0—+

oo ==

(e) Repeat (c) and (d) for the modified transfer function:

il = 1lg-ewi-2r (3-rECTIE)]
= 1[¢]-exp[+i- 7] exp[—i- 2 RECT[£]




exp [+in] =—1 if RECT[{]=0

Hy[¢] = exp[+i-0]=+41 if RECTI[{] =%
exp[—in]=—1 if RECT[{] =1

—1 if £< -1

+1if £=—

= -1 if —3<&<+3

+1 if f=+41

i £ i

N[0

This transfer function inverts all frequencies except & = j:%; since Fy [f = :I:%] =F [§ = :I:%] =
0, the zeros of the transfer function have no impact on the input spectra and the outputs are in-
verted replicas of the inputs.
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3. The transfer function of a 1-D system is:
H[¢) = (1 —2-RECT [%} * COMB [§]> -exp [+im (1 — COMB [¢] x RECT [2¢])]

(a) Sketch this transfer function as (real, imaginary) parts and as (magnitude, phase).

dyl¢] = 7 (1—COMBIE* RECT[2¢])
{ 0 if COMBI[¢]+ RECT[2¢] =

g=1
+% if COMBIE|+ RECT [2€] = }
47 if COMBI¢]« RECT [2¢] = 0
1 if COMBI¢* RECT [2¢] =
—  exp[+ir (1—- COMB[€] « RECT [2¢])] = { +i if COMBI¢]« RECT[2¢] =
—1 if COMBI[¢]« RECT [2¢] =

] =

¢ 1 if COMBI¢)* RECT[2¢] =1
H[ = <1 —2.RECT [ﬁ} «COMB¢ if COMBI¢]* RECT [2¢] =
' 0

Owl»a =

+1 if COMBI¢] RECT [2¢] =

+1-—1=—1 if COMBI¢]xRECT (2] =1
— H[={ +i-0=0 if COMBI[¢]* RECT [2¢] =1

~1-+1=-1 if COMBI¢]* RECT[2¢] =0

which evaluates to —1 everywhere except at the zeros of the MTF, so it “inverts” sinusoidal
components at those frequencies and blocks those at the zero crossings, § = &7 L :|:3 :i:‘J -+ - Classify
this filter (e.g., highpass, ...).

allpass except for the isolated single frequencies

H[E]

+1

(b) Derive and sketch the impulse response h [z] .

hlz] = FH{H €]} = ~0[a]



Alx]

+1

(c) Derive and sketch the inverse filter w [z] for this impulse response.

~1 if COMBI¢* RECT[2¢] =1
Wi = —{ 0 if COMB[¢|* RECT[2¢] =1
~1 if COMBI[¢]« RECT 2] =0

This filter is its own inverse filter.



4. Determine the areas of:
(a) cos[2ma] - cos [wa?]
Use Rayleigh’s Theorem:

[ e de= [ Figarig @

cos [2m2] —> Fl¢] = %5[“ 1)+ %5[5 _q
cos [773:2] = Re {exp [+i7rx2]} = Re {cos [mcz} + ¢ -sin [mcz} }
[—&-%} -exp [—im&’]

o(e-2)] (-] (-]

. [ﬂ(gi)] — Mg = M [g

[ [x]
m [z]
F {exp [—l—iﬂxﬂ }

exp
= exp
F{cos [w2®]} = cos

l ;OO cos [2rz] - cos [r2?] dx
_ /”"(%a[um%a[s1}>~cos[7r<€2iﬂ d
_ /+005£+1 [ (f —l>] d£+%/j5[£—l]~cos[W(fti)] dé
B /+°°55+1 <_)2_i>} dg+1/+005 1o { <<+1>2—§>} de
H ]/_:O € +1] d§+— [ (( 1)? - i)]/_:oﬂf—ll dg
el Db (D)
Sob(@)] -l

“+o00
[m cos [2ma] - cos [ra?| dw = v

]-c
]-c
1)% -
)2 —

N— ~—

(—
(-1

I [\3|,_.
Il N N

(b) SINC*[z]
SINC*[z] = SINC?[z] - SINC? [z]
flz] = mlz]=SINC?x]
FlE] = M[]=TRI[¢]



/ N
SINC* [z
— 00 d -
[x] dx SIN02 - SINC? [z
] d

TRIE)- TRI[] de
+
9 d§+/1<1—£)2 dt

(1+&*+2¢) d "
5+/ (1+¢&*—2¢) d¢

£=0
3
+( _|_£__2.§> =
3 2
£=0




(a) evaluate F {f []}¢_, =

(c) evaluate F {g; [z]

5. An imaging system acting on the 1-D input function f [z] includes the following steps:

where aq is a constant parameter with units of “length”;
(ag)

(b) multiply by the real-valued pupil function p [x] (which has finite support) to form g; [z]

}|£—>ﬁ2—

For an input function of your choice, evaluate and sketch the output function if the pupil p [z] =
RECT [%} . Note that this is a real imaging system where the first and last steps propagate light
a long distance to the Fraunhofer diffraction region.

Solution: Part of the reason for the problem was to see if you chose a “useful” function to evaluate
the result for. Some of you selected f|x] = 1[z] = F[§] = 0[], i.e., only a single frequency
in the function. The end result indicates almost nothing about the action of the system, so that
is not a useful choice and received no credit. The most useful choice is an off-axis impulse, which

has both all frequencies and some phase variation and the result will tell us plenty about the action
of the system. The three steps to evaluate the output generated by the off-axis impulse is:

: — o — —iom =g mexp—i-on [ 22
(a) f{é[x—xg]}k_)(az) =1[¢] exp[—i 27 £x0]|§_)(az> —exp{ P27 p: xo] =exp—i-27m (a%

DO b e P W
(©) Flor e =, = f{exp {—i L2 - (i—%) w] -p[w]}'g .
—w
_ f{exp [_i.gﬂ. <Z_%> 4 . RECT [%]}LW
e mend

= |by| SINC [bo : (g + %)}
0

=z
¢ (e0)

oLy
(ag)

x ) T+ Xy
el (G4 3)] -7 [ -
S Rl e a3h
So the output generated by an “off-axis” impulse is an off-axis replica of the Fourier transform
of the aperture function, though the translation is in the OPPOSITE direction from that of the

original Dirac delta. See Figure 21.21 in the book. Also not that we can substitute xo =0 to
determine the output for a “centered” impulse:

fla] =6z —0] = P{“fo] HP[HO] :p[i]

2 2
Qagp Qg Qg

Since the outputs for both cases are scaled and translated replicas of the Fourier transform of the
aperture, and since any input object may be expressed as a superposition of impulses, it is possible
to express the output as a convolution of the input with scaled replicas of the transform of the
aperture; this may be represented as a linear shift-invariant system.
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Steps in the process: (a) input f[x] =[x — zo]; (b) after first propagation; (c) after multiplication by pupil
function; (d) after second propagation to yield a lowpass-filtered and reversed replica of the input.
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6. Modify the imaging system in the previous problem so that the explicit steps in the process are now:

(a)
(b)

()

evaluate F {f [z]}|;_,_.  where ag is a constant parameter with units of “length”;

@o?
2
multiply by p[z] = RECT [%} - exp {—m (()%) ], where both by and a7 are system parameters
with units of length

2
convolve the product in step (b) with impulse response h [z] = exp [—i—iw (ail) }

In this system, steps (b) and (c) are the first two steps in an M-C-M chirp Fourier transformer.
This is also a realistic imaging imaging system step (a) represents propagation from the object
to a location in the Fraunhofer diffraction region, step (b) is the action of a lens, and step (c)
is propagation to the focal plane of the lens. In this example, the constants a; = v/Apz; and
a1 = /Aof, where z; is the propagation distance from the object to the lens and f is the focal
length of the lens.

Same comment as in #5 about the choice of function: f|x] = 1[x] supplies almost no information
about the action of the system and therefore is NOT a useful input. A function with all frequencies
is a MUCH better choice, such as an off-azis impulse:

T T
e =1|—5| -exp|—t-2n-— -2
M p[ of }

(a): flal=6le —wo] = F{flal}tle

_ 1[m].exp[i.zﬁ.<z_%>.$]
W tlew o () o] -RBCr [2] oo [ (0%)2]
o (Z_Z) x]) . l—m (ail)]
. (z_z) x]) exp [m (ail)] exp
o) o )]
& (ni)]) oo [or ()]
()]
()]

Again, the output is a SINC function (the Fourier transform of the rectangular pupil function) dis-
placed in the OPPOSITE direction from the input. The displacement is proportional to the input
location xg, and so the output is a reversed, magnified, and “lowpass-filtered” version of the input.

RECT [3} . exp

RECT [i} - exp
bo

(i)

Ibo| SINC [bo a
(6%

|
7

lbo| SINC [bo

2 x a%
— 041 <|b0|SINC b0—2:| *6 _’17—|—{EO?:|> - exp
1 0

(1)
= a?-|by|-SINC | ~—52%| -exp
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Outputs after stages in the process for same object as used in previous problem: (a) amplitude after first

propagation (same as (b) from previous images); (b) amplitude after pupil, showing effect of quadratic

phase; (c¢) amplitude at output; (d) squared magnitude at output, showing that “image” is the squared
magnitude of the lowpass-filtered and reversed replica of the object.
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7. A measured signal g [z] is the sum of a deterministic part f[z] and a “stochastic” random part n [z]

(a) Describe the constraints on f [z] AND on n[z] that would allow a filter w[z] to be constructed
such that the output of the filter is ezactly equal to f [z], i.e.,

(f o] +nlel) xwle] = flz]
(FEI+NED-WE = F[g]
FE-WE = F
N[J-wiE = 0[]

The input and noise spectra must be “disjoint,” i.e.,

IFE]l # 0= [N[]|=0
and
INE]] # 0= |F[{|=0

(b) Specify AND SKETCH the transfer function AND impulse response of the filter that will “extract”
f [z] from g [z] if the signal and noise spectra are the functions::
F ¢ STEP €] - exp [+in€?]
N[] = STEP[-¢]-exp[+im- R[¢]]

where R [€] is a random number selected from the interval —7 < R[] < 4+

15 15
= Real Part of N[Z]
Real Part of F[Z] & £
Imaginary Part of F[Z] imagiary;Partof Nl
1
= o
2 05 =
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& E
E 05 ‘ i <
=1t
45 Lay i i i Lo . -1.5
4 6 4 -2 0 2 4 8 8 4 6 4 2 0 2 4 & 8

Since the spectra do not overlap (except for the zero frequency term which only changes the answer
by a constant), then the transfer function of the filter that passes the signal and blocks the noise

must be a step function:

W[l = STEP[¢]

where the impulse response is obtained by the known transform for STEP [x] and the “transform-
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of-a-transform” theorem:

F{STEP[a]} — ]’{% ] + 5 SGN [x]}
1 1 1
= Pty
1 1
= 0[] InE
1 I 1
FH{STEP[¢]} = =6[-z]—1 G
1
= —6 [.T] +1 %
wlr] =15 [z] +i L
2 o2mx
5 2
15 ha ‘
= 1
= 1 %- |I
=3 ; © 0.5 '.l
“6 05 T n‘-tu \
; o 0} g
g’ g N
“g 05 % 0.5 |
o g |
E 1
-1 ‘
15 1.5 |
_2 2 [
8 6 4 2 0 2 4 & 8 A

Impulse response of filter that blocks n[z] and passes f [x]
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flal«da] = fla]

8. We already know that the output of a “perfect” imaging system presented with the input f [z] is f [z]:

The output of a second imaging system consists of the sum of two identical but translated replicas of

the input, where the two replicas are displaced by the distance bg.

(a) Write down the expression for the impulse response of the second system.

I choose to put the origin midway between the impulses to rem

ove any intrinsic linear phase:

bo
2

h[x]_a[wbﬂ +5{z

|

though clearly you could also select
hlz] =d[x] + d [z £ bo]

(b) Evaluate and sketch the outputs for the following inputs:

o = o203
o - oef(3)

a1 [z coS

COSs

COSs

COSs

COSs

15




2.0 15 1.0 0.5 1.0 15 2.0
X
1+
2+
o [ €T bo b
g2lx] = cos _2W<2b0>} * (6 [er 2} +0 {z 2])
(+3) (--3)
= cos 27r72 + cos |27 2
2b0 2bO
T 1 T 1
= cos _27r (2_50 + Z)] + cos [27r (% — Z)}
T T T
= Ir— 4+ = I _ _
CcOoSs _ 7T2b0 + 2] -+ cos { 7T2b0 2]
— [ —sin|27—|) + sin |27 —
= S 772b0 S 772b0
92 [z] = 0[]
2_
92[x]
14
—2I.0 —1I.5 —1I.0 OI 5 0I5 1:0 175 )2(:0
1+
2+
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(¢) Evaluate and sketch the transfer function of the system:

hle) = 5[x+bﬂ +5[x_%]

. H[ﬂ:exp[_’_i.gﬂ.g.<_b—;>]+exp[+i'2ﬂ'f'<+b§0)]

exp {—i - 2m€ - b—;] + exp {—H‘ - 27€ - b—;]
HE] = 2-cos {27&“ . %O}

The transfer function is a cosine in the frequency domain, so it has infinite support and isolated

ZETO0S.
: /\ : /\
1 2 3 4

X

= L

2+

Transfer function of the double-exposure system for by = 1 unit; the transfer function has zeros and infinite
support.

(d) Is it possible to extract the input f[z] from the output g[z] and the impulse response h[z]?
Explain why or why not.
Since the transfer function has zeros, those frequencies may not be recovered, so the inverse filter
does not exist. Note that if the input function does not include the “blocked” frequencies, then it
is possible to recover that particular input signal.
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9. Modify the previous problem so that the second exposure of the system is attenuated relative to the
first by a factor of 2.

(a) Write down the expression for the impulse response of the second system.
Again, it is useful to center the impulse response:

hle) = 5[x+”ﬂ +%5[x_bﬂ

= %6{x+b—2‘)] +(%6{x+%}+%6{x—%})

(b) Evaluate and sketch the outputs for the following inputs:

i = o3
)

ot = oG24 304

= cos |27

1
2
= cos 27T£:| + lcos |:27T <£>}

91 [z] = g cos [277 (%)
911 *|
s
-2= 0 -lI 5 lI 0 0=.5 0=5 1=0 l=5 )2;0
a4
2+

g1 [x] where the x axis is in units of by*
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o X bo 1 bo
R S DI U R )
ot 2 s
= 5 |2 —2 + l s (2 2
= cos |27 T 5 cos | 2w T
— 5 |2 i + l + 1 5 12 i _ 1
= cos |27 5, 1 5 cos |27 ST
T T T T
= cos [27r2—b0 + ) + — cos [277— — —}

g2 [z] = -3 sin 271-211)0]

2 -
92[x]
l —
-2.0 ' -1I.5 1.0 OIS OI.5 1.0 ' 1I5 ' 2j0
X

1T
oL

(c) Evaluate and sketch the transfer function of the system:

H[ =

|H [¢]|

since cos? [r€xo]

o {H ]}

2

1exp [—2m’§%} + cos {27r§ (%)}

; cos [27r§%] — 4 sin [2%5%}

>

\/% cos? [27r§%} + sin? {2#5%}
\/1 + gcos2 [27r§%] >0
0, then |H[£]| #0

inverse filter exists! (no zeros in H [{] )

tan— [ sin [wﬁxoq

3 cos [w€xo)

not linear (has some wiggles in it)
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Real Part of H[Z]

&l

[ H

15

0.5

Imaginary Part of H[Z]

M{H[E]} (units of & radians)

i

15

05

-1

(d) Is it possible to extract the input f[z] from the output g[z] and the impulse response h[z]?

Explain why or why not.

Since |H [€]] # 0, it IS possible to recover the original signal. The transfer function of the inverse

filter is shown:
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W for h[z] =6 [z + 3]+ 36 [x— 1], showing that the magnitude is the reciprocal of |H [¢]| and the
phase is the negative of the phase of H [€]
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1.5

0.5

wix]

-0.5

Impulse response of the inverse filter, showing that it consists of an infinite set of Dirac delta functions

arranged and weighted to cancel out the contributions of the two impulses in h[z]
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10. Modify the problem so that the image is not created from the two exposures but rather from a single
exposure made over the displacement by the distance by.

This is “linear-motion blur,” where the object or the camera move during the exposure. The normalized

impulse response is:
1

hlel=

-RECT I: :|
bo

so the transfer function is a SINC

H[¢] = SINC [b - €] = SINC [

)
byt

which clearly has zeros and also is bipolar. The transfer function of the inverse filter would be the
reciprocal of H [€], which is undefined at nonzero integer multiples of bal, so the inverse filter does
not exist. The transfer function of the pseudoinverse filter is:

if SINC [b
if SINC b

g #£0

1
1 _ STNCTbo-€]
Wig={ i

f1[7]

f2 [z]

cos [27r (i +
bo

:)

o (a5

Cos {27r— +7r] +* RECT [Z]

91 [7]

bo
= —cos {2#5} * RECT {b } = 0[]
G lg = ‘(%5[5%1]* 5{5—%}) SINC [bo - €]

- —1-(6_£+l_~SINC[b0~£]+6{§—l]~SINC[b0~§])

2 1" 5] b

1 I 1] 1 1 1
0 O
- —1-(5 ft -SINC[—l]—s—d[f—i}-SINC[+1]>

2 L bo | bo

1 I 1] 1
- —5-(5_&%_-0%{5—%}0)

1
= —3-0=0[g

g1 [z] =0[z]
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g2 [7]

o o (a5

1 1 1 1
+<§5 [5+%} + 59 [52—%}) - SINC [bo - €]

« RECT P}
bo

%- (5 §+2—11)0 -SINC'[by- & +6
%-(5 5+2—i0 -SINC[bO-—Q—Zl)O:
%- (5 :£+%_ -SINC [—% +6
%.51N0[+ﬂ-<5 _5+2—20 45
2] o 2)
(] o 2)
%~2-cos [2772%}

9 [z] = 2 - cos [2#%]
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