IMGS-616-20141  Solution Set #8

1. The function f[z] = SINC?[100z] is sampled by the ideal COMB function with period Az and
therefore sampling “rate” &, = (Ax)_l. The sampled signal is passed through an ideal lowpass filter
that “cuts off” at the sampling frequency.

(a) Find the minimum sampling rate &, that will permit exact recovery of f[z] from fs[z], so that
g|z] < f[z] (hint, you’ve done this already :-)

Solution:
flz] = SINC?[100z] = SINC? [ O"fn]
glz] = flz]-(§ - COMB[{,x])
_ <
H[f] = RECTLJ

Flg)=F{sive? o]} = (0.o1) - TRI0.01-¢) = 1(1)0 TRI [%]

The mazimum spatial frequency is &, = 100 cycles per unit length

The Nyquist frequency is § nyquist = 2 Emax = 200 cycles per unit length

(b) Find g[z] if £, = 0.75 - £, and sketch.

SOLUTION:
gNyquist = 2 gmax =200 = gs =0.75- gNyquist =150
Ap - L_ 1
CT e T 150
F{SAMP[z]} = F{150-COMB[150z]} = COMB [éo]
“+oo
— Z ) {ﬁk] :150;@;006[6715%}
3 <«
F ]« COMB {ﬁ} = ( ﬁ] % 150 Zooa - 150/4)
_ 3 1 3
Gl = ( *COMB [150]) o T [150]

_ 1 3
= (TRI 0 kz Sle 150k> 150RECTL5O]

B ¢ — 150k ¢
B 200 Z TRI[ 100 } RECTL50]

This function consists of replicas of the triangle of “width” 100 separated by 150 cycles per unit
length, as shown:
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The segmented spectrum may be written in several forms, including:
1 /1 ¢ 1 ¢
= — . (Z.RECT | Z.TRI >
Gl 200 (2 REC {150} * 2 i [50})
1
glz] = 300 (75 - SINC [150z] + 25 - SINC? [50z])
3 T 1 T
= -.SINC|——~|+-~-SINC? —]
4 (t55)] 4 (55)
(¢) Find g[z] if £, = 0.50 - £, and sketch.
SOLUTION:
cycles
— D . = 1 _—
& 0-5 - Enyquist 00 unit length
fslx] = SINC?[100z] x 100 - COM B [100x]
L ¢ ¢]_1 E1, N\ €
F. = — TRI |—=— MB|—=—| = — . TRI | —=— =
s 1¢] T {100] * 00 {100] T [100] *nz |0 "

_ TRI{i]uoo- ic 5le—100n) = 3 TRIFﬂ]—l[ﬂ

100 100

n—=—oo n—=——oo

100

300
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TRI[£/100]
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2. A 1-D “50%” square wave grating (half “on” and half “off”) may be written:
flx] = COMB [z] *x RECT [2x]

(a) Evaluate and sketch the spectrum F'[£]; as a side comment, this is a scaled replica of the diffraction
pattern from a 50% grating if viewed in the Fraunhofer diffraction region.
For each of the system functions H [£] or h [z] listed below, evaluate and sketch the representation,
the “other representation” (i.e., h[z] if H [£] is given, or vice versa), and the output function
g|z] = f[z] x h[z]. Classify the filters as lowpass, highpass, phase, etc.

flz] = COMBIz]+ RECT [2x]
- io 5w —n]* RECT (%1
nj;ooo 2
= Y RECT Q}
W (3)
1 £
Fl§) = COMB[g- 5SINC H
+oo 1 ¢
= k;@a[g—k]-ﬁsmc H
= 1 k
= k;wa[g—k]-i-smc H

1 0 1
k = Ozi-SINC’{§}_§
E = 41 — =.SINC il _12_1
| 2] 2 @ «
ko= iQ:%-SINC[iI]:O
1 [ 3] 1 2 1
1 1 if k=0
Flgl=z-¢ Z if oddk
2 T,
0 if evenk #0
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(a) periodic square-wave grating f [x]; (b) discrete spectrum F'[£] of square-wave grating, showing that the
only nonzero terms have k = 0 and odd values of k.

Gl = Flg H[E = COMBIg. LSINC [g]-mcm
hlz] = F '{RECT|[¢]} = SINC [z]

Look at the plot of the frequency domain:
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(¢) hlz] = RECT [2]
h[z] = RECT [z] = H[f] = SINC¢]

Again, look at the plots: the SINC function evaluates to zero at the integer frequencies where the
amplitude of F [€] exists, so again, only the zero-order term gets “through” the filter:

-1 [z]

N =

Gle)=5 5l = gl =

(d) H[¢] = —RECT [4¢ + 2] + RECT [4¢ — 2]
H[§] = —RECTI[4¢+ 2]+ RECT [4¢ — 2]
— —rporfu- (¢4 )] recr i (¢-1)]

1 _1
= —RECT FT 2} + RECT F 2}

1 1
4 4

OIRCITHIIC)
é]*[_@[wﬂ“s[f‘%m

The transfer function consists of two “skinny” rectangles centered at & = £
any of the amplitude of the spectrum

= RECT 3

= RECT

1

5» which do not pass

=
B
I

F {H[g}}:%-smc 5] -i-sin [zwé-x]
fla]*hz] =0[z]
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() H¢]=1+¢
To find the impulse response, we need to evaluate F~! {52}; use the derivative theorem:

F{d' ]« flz]} = (+i-27-€)-F[
FL" ) flal} =  (+i-2n-6)° Flg] = —4n%€* - F[¢]
F{"lax6fel} = (+i-2m-9)7-1g) = —dn¢"
= @) e
hle] = f‘1{1+§2}:5[$]—<%) 6" [a]
1

- s~ (5) 7@

so the output is the difference of the original function and a scaled second derivative, so it pro-
duces an “edge-enhanced” square wave, which means that there are “overshoots” at the edges of
the square wave.

JIx]

+1
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3. Sketch each of the transfer functions listed and evaluate and sketch the corresponding impulse response
hy [x].

(a) Hy [€] = exp [+in]

Hy[§] = exp[+in]=cos[n]+i-sin[r] =—-1+4+14-0
= —1-1[]
hilz] = —1-6][x]
(b) Hs[€] = exp [+im¢]
Hy[¢§] = exp[+imé] =exp {+i om £ ﬂ
Ml = 6 [Hﬂ
E % i



(¢) Hs[¢] = exp [+im - (1 — RECT [2¢])]

H3[§] = exp[tir- (1 - RECT [2¢])]

NN

0 if ¢ <2
7-(1-RECT[2]) = =-{ & if |¢|=
Loif ¢ > 5
exp[+i-0] = if €] <

Hs[¢] = {exp[+z'~g]:+i if )¢ =
exp[+i-n]=-1 if |¢ >

PN TN N o

£

11y
(3)
The isolated single points have no area and therefore no impact on the evaluation of the impulse
response:

= —1+42-RECT + two isolated points with imaginary amplitude

hs 2] = —6 [a] + % - SINC E]

1.5
1
0.5

z \/\/\/\/
.l:w g
-0.5
-1

10



(d) Halg) = exp [~im - (2¢)°]

Real Part of h 4[:-:]
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Hy[¢]

hy []

exp [—z’w- (2{)2] = exp |:—z' ST (

x)?

N —

LT .
- exp [_ZZ] - exXp [—H ST (
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(e) (OPTIONAL BONUS) Hs [¢] = SINC [2¢ — 4] - exp [—m : (25)2] (HINT: stationary phase)
Solution: From §13:

Fla] =r o] et

— FlI¢) > 0] 2 rwo] - [ ——am [

—5',&” 7] - exp Jriz] - exp [+i€ - p[zo]] (13.67)

4

From which we can derive the inverse transform:
+oo
hlz] = H[E]-exp[+i-2m-Ex] dE

— 00

+oo
= /_ R[¢] -exp[+i-®[E]] - exp [+i - 27 - Ex] dE

= Rl6) |5y o0 [+]] e [tia - o]
Rlf] = SINC[26—4] = SINC[2- (¢ —2)] = SINC [%]
2
Bl = -7 (267 +2nbr = —7- (467 — 2¢x)
2
wig = 2E - (4%—2§>
e = —-n- (8%—2) =27 - (4%—1)
WE] = 0=-2r (4%—1) — 4%:1 — 50:3
W = om s = ] = -
ulel = - (4@2 —ﬁ) =|nleo) = +77
0 m - 4 N 4
bl = Rle] | sre oo [+i]] e i i)
— SINC :25—4] : x?‘%  exp {ﬂﬂ - exp [ﬂ'x. (—%)}
= SINC g —4} i exp [—i—z%} exp {—m- (gY]
= SINC x;S} i exp [—H%} exp [—m (g)?
hs [x] = (i - exp {—I—z%}) -SINC [xT_ﬂ - exp [—iﬂ- (%)Q]
= g -(1+14)-SINC [ZBT_S} - exp [—iﬂ'- (3)1
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4. The following signals are applied separately to LSI systems with impulse response h [z] to be deter-
mined:

silg] = e *-STEPz]
sylr] = RECT [2z]* (d[z]+0[x—4]+0[x—T]+d[x—9])

For each case:

(a) Describe the impulse response h[z] and transfer function H [£] of the matched filter that will
maximize the output at x = 2. (assume that H [0] = 1). Sketch the output.

Solution for s [z]

ay : maximum output at x = 2
HINT: find a function that produces mazimum at x = 0 and then translate via 0 [z — 2]

s1[x] kesy [z] = s1 [x] * 87 [—x] is hermitian with mazimum at origin
hle) = si[~a]# 6 [o —2) = (%) STEP [—x])* I
=e" . STEP[—x] %6 [z — 2]
¢ STEP [+ = h[z]|

=™ 2. STEP [~ (x —2)] =

HI§) = Fi{e 2 STEP[-o+2)} = ((Fi{e - STEP[]})|__) - Fi {6 e - 2]}
= Ty orlm2d = = n g
(s1 o) kesy o)) S e =2 = F{ISu[elP oo —2)

2}*5[x—2]

1
_ —1
= A {'1+2m'§

(@ (b) (©

54
hld
gl =5[] = h 1]

Solution for s [z] :

az : Sa[x]=RECT 2z]* (§[z]+ [z —4]+ [z —T]+ [z —9])
(s2[—z])" = RECT[2z]*(0[z]+d[z+4]+d6[z+T7]+d[z+9])

| ha 2] = (s2[~2))" * 6 [t — 2] = RECT 2] + (6 [x — 2 + 8 [ + 2] + 6 [z + 5] + 8 [z + 7))

14



so [x] % ho [x] = (RECT [2x] x (0 [z] + 0 [x — 4]+ 5[z — 7]+ 5 [x — 9]))
* RECT 2x]+ (0[x — 2]+ 0z +2]+d[x + 5]+ [z + 7))
= (RECT [2z] * RECT 2z]) * (0 [x] + 0 [x — 4] + d[x = T) + [z = 9])
¥ (0[z—2|+d[z+2]+d[z+5]+0[x+ 7))
:%TRI[Za:]
«J[x+T7+0[x+5]+0x+3]+0[x+2]+d[x+1]+d[z] +4-[z—2]
+ojz—4+6x—5]+[z—6]+d[z—T+0[x—9]+0[x—11]

(a) (b) (c)

glx] =3 [¥] = h [x]

(b) Is it possible to construct a transfer function H [¢] that, when applied to s[z], will produce
g|z] = ¢ [z — 2]? Explain your reasoning.
Solution: since the first function has no zeros in its spectrum (except at £ = £00), an “inverse”
matched filter exists, whereas the second function has zeros in its spectrum due to the rectangle
function, and thus the “inverse matched” filter may not be constructed.

15



5. Given an LSI system and a “phase-function” input:
flxe] = 1[z]-exp[+i® [z]]
O[] = 7w+n<COAHﬂﬂ.RECT[ﬁ%})*RECTHﬂ

The unit magnitude indicates that f [z] has infinite support.
(a) Sketch the phase function ® [z] and the input function f [z

T

Olz]=—m-1z]+7 <COMB [z] - RECT {101

])*RECT

&l

The phase function includes a square-wave grating with a 256% duty cycle (at the upper level 25%
of the distance and at the lower level 75%). The rectangle constrains the COMB so that there
are 101 copies of the Dirac delta function at unit spacing centered at —50 < = < +50. This is
convolved with a rectangle of width % to make the grating and then is scaled by 7 to values of +m
and 0, except at the endpoints. The subtraction of 7 limits the values to 0 where the rectangle is
“on” and to —m where the rectangle is “off”.

D[x]

The prescription for the input function is:
exp[—i-0l=+1 if RECT[4z] =1
flz]=1{ exp|—i-3]=—i if RECT[4az]=1
exp[—i-w]=—-1 if RECT[4z] =0

1 | i
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l
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05 i 05
_1 -1
A5
¢t 4 3 2 4 o0 1 2 3 4

-60 -40 -20 (1] 20 40 60

X

(a) f[z] over domain —64 < x < 464, showing the region where the function oscillates between f = +1.

16



(b) Show that the input may be written as:

flz]=2- [COMB [z] - RECT [

This is apparent from the graph in part (a)
(c) Sketch the transfer function:

H[¢]

exp [+im - RECT [8]]

RECT {

£
51

X

101

] . exp [+im - RECT [8€]]

H « RECT [4z] — 1

exp[+im-1]=—1 if RECT[8¢) =1 = |¢| < %
= exp [+im- 3] =i if RECT[8 =% = [¢{|= 7
exp[+im- 0] =+1 if RECT[8{ =0 = [¢{|> &
0 if €< 255
+1 if -255<E< 1%
i if E=-%
-1 if -k <<+
i if £=+1;
+1 i {5 <E<H255
0 if £>+25.5
+RECT [é] — 2. RECT [8¢] + isolated points
]
+1
T T T T T 23
40 30 20 10 +10 +20 +30 +40
T 1
T 1 T
= +51-SINC —2.-.SINC |5
(%)] 8 [8}
T 1 T
= [51-SINC ||| - (—-SINC = )
( (é)D 4 5!
Gl]=F[¢]-2-F[0]

(d) Show that the output g [z] = f [z] * h [z] is approximately equal to:

glz] =2 [COMB [z] - RECT [%H « RECT [4z]

To determine the impact of the transfer function, we need to evaluate F [£]:

flz]=2- [COMB [z] - RECT [

17

xT

101

H « RECT [4z] — 1



(i)D o 5] -o

o)) o] o

In the parentheses, the Dirac delta functions in the COMB are replaced with “tall and skinny”
SINC functions; the entire set is modulated by the “wider” SINC. An approximate sketch is shown,

with o detail (magnified) view.

B
)
|
)

: (COMB [¢] x101- SINC

= . (COMB [¢] x101- SINC

- 05
0 SUSUTE! g
o up
wp —
T (T
P 05
1 v 1 !
15
e 45 1 05 0 05 | 15

The transfer function H [£] multiplies the spectrum F [€] and “inverts” the DC component (£ =0)
and “cuts off” the components at large spatial frequency (|€| > 25.5). The amplitude of the “wider”

SINC function in F[£] (i.e., the term SINC [%] ), has already attenuated these high-frequency

components, so there is little effect of the high-frequency cutoff of the transfer function; to a good
approximation, H [€] only “inverts” the DC component of F [£]. The output spectrum therefore

Gle) = % (COMB noysmc[(i) >-SINC [ﬂ(é[i])
101
_ 1 \ 3 £
- (COMB 101- SINC (W)D SINC MM[&]
gla] = fla]+2

= 2.[COMBa]- RECT ||| + RECT [4z] + 1

101

(e) Sketch g [z]

18
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6. For fz] =d [z +2]

(a) evaluate the M-C-M chirp Fourier transform, showing the output after each M or C operation
Solution: First, note that the spectrum is:

F§] = exp[—i-2m-(=2) & =exp[+i- 2m- 2
F [o%)] = exp [+i - 27 - 20%]

r2] = ((reeo ] (2)]) e

After first multiplication:

5z +2 - exp [m <§O>Q] — Sle+2-exp [iﬂ <a—:)2]
= §lz+2] exp [iﬂ <0%>2]

which is an “area-weighted” Dirac delta function, where the weighting is a complex-valued numer-
ical constant that depends on aq. In the graph, g = 1, which means that the constant evaluates

(5 e+ 2] - exp [—m (%ﬂ) « exp
exp [m (O%ﬂ : (5 [z +2] % exp | +im <§O>ZD

which is a translated “upchirp” scaled by the leading constant.

After convolution:

woli)]

15
Imaginary Part
1 1 1
— A Hivene aim
3 RN 1 | -'-‘-'H'l'lll_rf.rniH"'W\i f
08 O o il A | i {:,l
= s ® ‘ i
o o
t - | |
$ 04 -_6- .IJ|i
E 0 E 05 Al i ‘ i
g ° AL | ;.:nnl_lulla”“
<< -1
0
15
_0'2.3 6 4 2 0 2 4 & 8 4 6 4 2 0 2 4 6 8
% X

20



The second multiplication is the product of a centered with a “translated” chirp; you have already
done this where you evaluated the convolution of a pair of impulses with a quadratic-phase function.
The result 1s:

exp

exp

exp

exp

- exp

- exp

- exp

- exp

2
g

) e ()
) |oolrin () o or ()] o | ()

exp [—I—i -2 <2 .

2
0

-

The output of the M-C-M is the appropriate linear-phase function that is a scaled replica of the
Fourier transform, though in the space domain as a function of x.

Real Part after second "M"

05

0.5

-0.5

= 1

o

IS

3

@ 0.5

»

e

£

© 0

=

L]

o

> 05

o

£

f=2}

g -
-1.5

-2 1.5 1 0.5 4] 0.5 1 1.5 2
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(b) evaluate the C-M-C' chirp Fourier transform, showing the output after each M or C operation.

z 1 T . z > . z\? . z\?
F|—|=—exp {—z—] flz] xexp |+im | — cexp | —im | — xexp |+im | —
o || 4 ap ag ag
After first convolution, the result is a translated chirp function centered about x = —2
2
) x
+m (—) ]
g
r 2
2
= exp |+im <$ + )

[ <x2+4+4x)]
= exp |+ | ———

. z\’ . 2 . 2
= exp |+im | — cexp |[+1-27- | — || exp |+i- 27 | —
o (&%) Qagp

dx + 2] xexp

0.5

05 itk -0.5

Real Part after first "C
Imaginary Part after first "C"

After multiplication:

. z\? . 2 . 2z
exp [+im | — exp |+i-27- | — || -exp |+i- 27 - | — - exp
(o)) Qg Qg
2
= exp [+i-27r~ (—Qﬂ ~exp |+i- 27 - LQ
i (%)

2
which is the product of a complex-valued constant and a linear phase term with period %\

22



05 0.5

05 05

Real Part of output after "M"
Imaginary Part of output after "M"

The second convolution has the form:

ooit - ] (oo o ()] o o (2

where the “boxed” term is the complex-valued constant that will be included later. We can evaluate
convolution in the frequency domain via filter theorem.:

() (xﬂ
exp |+ | — * exp |+im
)
_ fl{f{@{p[ﬂ.%.x Ak f{ )H}
= { [ga%]'mo eXP[+ ;-ex [ (apé) }
- - 2'
= || -exp +i~z .7-"_1{(5 §— — | -exp [—im - (@of) }
- 4 g |
. m _ 2 2
= laol-exp |+i- fl{“a_% p[ '<“°'—3>H
T 2] .
= Jag|-exp _—H.Z_ F 1) §—a—3_~exp —z7r~0(—g
[ T 4 . 2
= |ap|-exp Jrz-z cexp |—im oo | exp +z-27r-x-¥
] J o? 2

Now multiply by the constant term in the box above:

) 2 . .4 ) 2
exp [+i-2m- | — ~|ao|.exp[—|—z~—]-exp —im-—|-exp |+i- 27T —
g 4 g g

2
= Japo| - exp [—I—i-z] - exp [+i~277-x-—2]
4 af

23



The leading scale factors in the C-M-C' cancel the leading constant:

[=5]) - (lool-ex0 [+i-5]) oxp [ i-2m-a

(

1

— exp

||

Real Part after second "M"

05

0.5

-0.5

05

24

Imaginary Part after second "M"

0.5
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Qagp

|

exp {+i R
T
Fl=
|:a(2]



(¢c) (OPTIONAL BONUS) evaluate the M-C-M AND C-M-C chirp Fourier transforms and sketch
2
after each step for f[z] = cos {77 (i) ]

@0

@)l
o |n(2) [} {on |- (2)]]

- Ja] - (exp [—l—z%} - exp {—iﬂ' (aof)Q] + exp [u%] - exp [—i—iﬂ (aof)QD

First, evaluate the transform:
2
x
cos [w (—) 1
Qg
2\ 2
f{cos lw (—) ] }
&%)

Ll
—ex
5 P

1
ex
2P

Nl =N —= N =

- |l - exp [+z%] . (exp {fiﬂ (a0§)2] +1i-exp [+i7f (aof)QD

M-C-M, Apply first multiplication:
2
x :c
cos [77 (—) ] exp [—m —) ]
(7)) [
. x T
“+m ( ) ] exp [ s <—)
ap (7))

1 2
.1[x]+§exp l—z 277 )

~1[ac]+%exp [—z-w(%) ]

which is the sum of a constant and a quadratic phase with a shorter chirp rate
Apply the convolution:

(% 1[a] —|—%exp {—i-w (%)1) % exp |+im (aﬁoﬂ
= % (1[:17]*exp +im <§0>2 >+ : (exp [i~7r <%>2] * exp

Evaluate the two convolutions separately:
! . . ). - 2
F {5 [€] - |ao| - exp [+Z4] exp [ i (of) }}

(@] -

1
= —ex
5 &XP

Lo [—m (a_)] e [—m (a_)]

DO =

| —

N —

(2)])

1
5-1[x]*exp

- Jag| - exp —l—z%) CFE —0] - exp {—iﬂ' (aof)ﬂ}

{al¢
- || - exp —l—z%) CF! {5 [€] - exp [—iw (o -0)2]}

N~ N~ N~

Il
N TN TN N

- Ja| - exp +z£> -1 [x]
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. T
+m (

Qo

)
el

|l - exp [—Hg} - exp [—iﬂ' (0405)2}

)] -

|: LT
ex —1
Py

] - exp

2
= F! {(%% - exp [—zﬂ “|ag| - exp [HZ]) -exp |+im (%5) ] $exXp {_iﬂ (aogﬂ}
Lol [o(ag o)\ e
= 3 NG -F {exp —i—m(?—ao)f}}
9 i
— %kj% LFL {exp —iﬂ'%%fﬂ}
B l|ozo|2 CF1 ) ex -—iw ﬂg ’
T 2A P V2
r 2
_ %|O\[;)_|2 . |_ - exp [—ZZ:I - exp 4T ( v )
7 oo | \(%)
2
= % - |l - exp [—z%] -exp |+im : )
()

So the output after the convolution is:

) obobiconl

1 T
ool -exp [ 447

' (%)
2
= % - || - exp {‘FZ%} | 1+exp {—zg} -exp | +im ((%)) )

After the second multiplication:

2
}- 1—17-exp +iﬂ<@) - exp

1 ‘ ‘ [+,7r
bl (8% - exX 1—
g 10l eXP Ty

2
. B 27 2
= = |ap|-exp —HE . (exp [—iw <O%> —1-exp |:+i7T <(i ) - exp l—iﬂ' <§0) ]
[ ) z\?] . o (222 2P
= —-|ap|-exp —HZ | exp |—ir | — —i-exp |[+im | — + —5
L ] ag ag  og
[ ) z\?] . 322
= —|ap|-exp —HZ | exp | i | — 1 -exp —&—m?
L 4 0 0
1 [ . 2 \?] . . x?
= —|ag|-exp|+i—| | exp |—ir | — —i-exp |+im 5
2 L 4] Qo Qg
i V3
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(d) (OPTIONAL BONUS) repeat (c) for f [z] = cos {W (;1>2]

@o

I won’t bother with solving this because of time and the fact that this is optional
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7. A 1-D image g [x] has been created by a double exposure of the original object f [z]. The original scene
was translated between the exposures by the known distance +by. The object was stationary during
both exposures and the exposure time was the same in both cases.

I choose to put the origin midway between the z'mpulses to remove any intrinsic linear phase:
by by
0 5

- 3l b;%(%w%w;aw—;])

(a) Design the inverse filter for this system in the frequency domain. Comment about the potential
of success of the deblurring process, particularly if noise is present.

Y S Y AN

= a-enfoie ()] enlonc ()

= exp {—z 2rg - —] + exp {—H 2r€ - —]

h [x]

H[(] = 2-cos {%g.ﬂ

LD
il

&) (red)and W [€] (blue) for by =1

(b) (optional, bonus) Find an exact or approximate expression for the inverse filter in the space
domain.

the reciprocal of the cosine is the secant:
1 1

Wi = HE 2 cos [2m€ - ]

1 b
= 5 sec [27r§~ 50]

= % - sec [r€bp]

We have not derived an analytical expression for the forward or inverse transform of a secant
function (though it may exist); this may be coarsely approzimated by a square wave with COMB
functions to form the edges that asymptotically approach +oo
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(¢) Find the inverse filter for the case where the second exposure is only half as long as the first.

hle) = 5[“%0} +%5[x_bﬂ

= %6{x+b—2‘)] +(%6{x+%}+%6{x—%})

g = gow [-eneg] e one (3)
= ;cos {27r£%} — isin {27@‘%}
H[E) = \/% cos? [27r§%} + sin? {2#533—20}

5 i)
_ 2 cos?
= \/1+4cos {27r§2]>0
since cos® [t€xg] > 0, then |H[€]| #0

= inverse filter exists! (no zeros in H [€])

& {H €]} = tan~! {M]

3 cos [m&o]
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8. Design the transfer function of the Wiener or Wiener-Helstrom filter for the following combinations of
input signal, impulse response, and noise power spectrum. In each case, sketch the spectrum F' [£] and
the transfer function W [¢] on the same graph.

(a) fl2] =2-GAUS 2], he] = 6 [], [N [€]]* = GAUS [ + &) + GAUS [ — &
flz] = 2-GAUS[z]=2 exp[-m2?] = F[¢{]=2 exp[-n&] =2 - GAUS[¢]

— |F[E] = |2 exp [77T£2} |2 =4 (exp [—7r§2])2 =4.exp [—WZ@“Q} =4-GAUS

]

[P H* €]
FEF G+ NP
4-exp [-m2¢ ] 1[¢]
4 exp [-m2€%] 1] + (exp [—m (€ + €0)°] +exp |7 (- &,)’])
4 - exp [ w26 ]
4 - exp [77‘(262} + (eXp [77T &+ 50)2} + exp [fw (€ — 50)2])

-5 -4 -3 -2 -1 0 1 2 3 4 )
Xl

Power spectra of signal (blue), noise (green), and transfer function of Wiener filter (red) for £, =1

31



1 2 3 4 )
Xl

Power spectra of signal (blue), noise (green), and transfer function of Wiener filter (red) for &, = 2
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(b) flz] = GAUS H cexp [+ina?], hlz] = RECT [z], |N [¢]|* = GAUS [¢ + &) + GAUS [£ — &)

2 2 2
flzg] = GAUS z -exp | +im z =exp |- z -exp | +im z where ag =1
bo (7)) bo (7))
97 |2
— |F[g)? = ]—‘{GAUS [ﬁ] cexp |+ir <i> ]}
bo (7))

Use stationary phase to approximate the spectrum:

F¢] = exp {ﬂﬂ - exXp l—w (ﬁ)j - exp [—iwagéj] — exp {—Hﬂ - exp l—w <b_§0)2] - exp [_mgg}
- vt Q) @] [
Flp = Wp[ﬂ.,<£ﬂ2wp[ﬂ((éj)2
V2

hlz] = RECT [z] = H[¢] = SINC[¢]

IN[E]? = GAUSIE+ &)+ GAUS[E — €]
= exp [—77 &+ 50)2} + exp [—77 (€ — 50)2}

H*[¢]-|F ¢
[H[E])* - |F [€]1* + N [¢]

SINC[¢] - |F [
ISINC[g])*- |F €] + N [¢])?

si% - exp l—w (@)2
2-exp l—w <<%>>2 + (exp {—W(€+1)2} +exp {_77(5_ I)QD

2

sin w€

€

|F €] in red, |N[€]|* in blue, W [€] in green, and H [€] as dashed line for &, =1 and by = 1
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sin ¢ 2
e

N4 02+ \ / Xl

|F (€] in red, |N [€]|* in blue, W [€] in green, and H [€] as dashed line for &, = 2 and by = 1; in this case,
the noise power is “farther out” (at larger frequencies), so the inverse filter has some impact for smaller
frequencies.

\F (€] in red, |N [€]|” in blue, W [€] in green, and H [€] as dashed line for £, =3 and by = 1, so that the
noise power is even “farther out” (at larger frequencies) and the impact of the inverse filter is seen at
largerfrequencies.
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= GAUS [£] - cos [10ma], h[z] = § [z], |N [¢]|* = GAUS [¢]
hlx] =0 [x] = Wiener filter

flz] = GAUS [f}-cosuom}:GAUs [f}.cospw.ax]
Fl§] = 2 GAUS[2¢] = < €+ 5] + 5§ 5})

= GAUS[2(£+5)] + GAUS 2 (5 5)]

— GAUS (5:)5) + GAUS (5(;)5)]

where the Gaussian width is much smaller than the separation, so these are approzimately disjoint.

Flp = |aavs |$9)) L qaus (515)]’
(3) (3)
€+5][ =51
>~ |GAUS GAUS
@ " (é)]
= exp|—7 (5—’_5)2 exp |—7 (5_5)2
P ((i))”’ ((i)ﬂ
IN[€]]° = GAUS [¢] = exp [-n€’]
P[]
W= e vEr

-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6

\F (€] in red, |N [€]|” in blue, and W [€] in green, showing that the filter blocks the noise power.
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