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1051-616 PARTTAL Solution Set #6

2. (Book 10.6) Find the Fourier transforms of the following 2-D separable functions and sketch them as
profiles or as “images”:
(a) COR [g,2y], where “COR” is the “corral” function defined in §7.3.6
(b) RECT [z,y] » (§[z] - 1[y])
(c) RECT [z,y]*(§[z —1]-1[y-1])
(d) RECT [z,y] * CROSS [z,y], where CROSS [z,y] =6 [z] - 1[y] +1[x] - 6 [y]
(e) COR|[z,y]) * COR[z,y]where “COR” is the “corral” function defined in §7.3.6
COR[z,y] = (5 [z+ %] +6 [ 5 %D - RECT [y) + RECT[z] - (5 [y+ %] +6 [ = %D
F2{COR[z,y]} = 2-cos [27r§ . %] -SINC [n} + SINC[£] -2 cos [27rn . -;-]
2 (cos[n€] - SINC [n) + SINC [€] - cos[nn])

COR|[z,y] * COR[z,y] = F, ! {(2 - (cos[w¢] - SINC ] + SINC [£] - cos [7r77])2)}

=4-F; ' {((cos® [x€] - SINC? [n) + SINC? [¢] - cos® [nn]) + 2 cos [n€] cos [mn] - SINC [£] - SINC [n]) }
=4-(lz+1]+2-0|g]+d{z—1])-TRI[y|+TRI[z] - (Sly+1] +2-6[y] + 6|y — 1)) + RECT [z +1]

Mx3] = COR[x,y1*COR[x,y]




. Use the Fourier transforms of exp [:J:i7r:t:2] to derive the 2-D transform

Fa {exp i (22)] - exp [xim ()]} = F2 {exp [im (22 +9%)] } = Fa {exp [2inr®] }

I

Fy {exp [+inz?]} exp [+z§] - exp [—in€?]
Fi {exp [+imy?]}

exp [+imz?) - exp [+imy?]

exp [+i%] - exp [—imn?]
exp [+im (2% +17)] = exp [+inr?]

Note that this is the product of two ORTHOGONAL functions, not of two functions along the same
azis. You can evaluate the transforms individually and then multiply them. By separability:

Fal{exp[+inr?]} = Fi {exp [+inz?]} - Fi {exp [+imy?]}

(o [+5] o -861) (1] e -7
(o0 [+2] oo 1)) (omloie] mfrin]
exp [+i7] - (exp [—im (62 +77)])

i+ (exp [—imp?]) where p? = £ + 7

If you want to use the modulation theorem, you must create two 2-D functions that, when convolved,
yield the 2-D function::

(exp [+ima®] -6 [o]) » (S1a] - exp [+imy?]) = exp [+im (a” +47)]
Fa {(exp [+imz®] -8 [u]) * (8] - exp [+imy*])} = s {(exp [+ina’] - 81s])} - 2 { (Ola] - exp [+imy”])}
i (oxp [+55] exp [=in€] - 11) - (11e]exp [+ ] exp [-imn])

= exp[+iZ] - exp [-im (€2 +77)]

(72 (e [rina®] - 61)) » (312) - exp [im?])} = - oxp [im (€ +-7)] |




4. Find the results of the convolution and sketch it:
(8) CYL(r)* (6[z,y+2] +6[x,y—2])

CYL(r)*(8[z,y+2]+d[z,y—2)

CYL(W) *(0[z,y+2] +0[zy—2])
(orL(vVa+) *sls,y+2) + (CYL (VaT+42) * [,y - 2)

CYL (\/ﬂ +(@y+2)7° ’ +CYL (\/zz +(y-2)° ’

This is the sum of two cylinders centered at [z,y] = [0, +2]

flxyl = CYL(r)*dx] (3ly+2]+ 8[v-2])

+,8-_H—-—u.

-8 o 48

fix] = GAUS(rI*Ax-1,y]
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1. (Book §11.2) Evaluate the Fourier transforms of the following functions and sketch them:
(a) CYL(r)*([z] (6ly+2]+6[y—2])

F{CYL(r)* (] (6ly+2]+6[y—2))} F{CYL(r) *(6[z] (8ly+2l+d[y—2)}
F2{CYL(r)} F2 {8z} (Sly+2+6fy—2)}

%SOMB (p) - (L[] - 2cos(27-2- 7))

Sixy] = CYL(r)»dx] (8ly+ 2]+ 8)y-2])




(b) GAUS (r) 6 [z —1,y] )
F2{GAUS (1) #6[s - 1,4]} = GAUS(p)- (exp~2mi€ -1))- 1}

GAUS (p) - (cos [2n€] — isin [27€])

(GAUS (p) - cos [2n€]) — i - (GAUS (p) - sin [27€])

This is a Gaussian modulated by a complex exponential.

A5y = RECTIxy1%(8[x-1] - 1[y-11) = RECTIx-1] -1B]
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(c) Jo(2n7) + Jo (477)

Jo(2r-7r) = Jp(@2r-1l-1) => pp=1
Fal{do@r-1-7)} = Ho{Jo(27r~1~r)}=T1.16(p—1)
Jo{dn-7) = J(2r-2-7) = py=2

Fa{do(@n-2-1)} = Holdo(n 2.1} =550(p—2=3-6(p-2)

Fa{do@ar) + o4} = o-8(p=1)+ -6(o=2)

Mxy] = CYL(r)*dx] -(By+21+ 8[»-21)

xR e




(d) exp [—iwlz-] + exp [+i7r"—:-]

.. T2 . 72

exp MI + exp +11r—
2 2 2
= exp [—'mz ;;y ]+exp [+z7r 32 ] = exp [—m——] €Xp [ +exp [+'m—]- [+1,7r-g—2-

y2

2 2

¢4y T\2
=2 cos[vr 2 ]—2 cos[w(z)]

Afem o] rem ]}

= (121- exp [+i] exp [~im (26)7]) - (121 exp [+i5] exp [ im (2m)"])
+ (121 exp [~i | exp [+ —im (26)%]) - (121 exp [~ | exp [+im (2n)"])

4-i-exp [~in (26)°] - exp [~im (277)’] +4- (i) -exp [+i7r (25)2] +exp [+im (2n)’]
4.i- (exp[—im-4-p?] —exp [+im - 4-p?])

—4-i- (exp [+im - 4- p*] — exp [—im - 4- p?])

—4-i.(2i-sin[n-4.p%]) =+8-sin[r-4-p?]

F2 {exp [—in%] +exp +i7r§]} =+8-sin [w- (;-)2]

A circularly symmetric sine chirp function with chirp rate %




6. Find the transfer function of the imaging systems with the following impulse responses:
(a) hy(r) = Jo (27r) + Jo (1)
Jo@r-r) = Jo(2r-1-7) = py=1
Fo{do@r-1-1)} = Hol{do@r-1-7)}= 2—”‘35(,;-1)
Jo{drm-r) = Jo(2r-2-1) => pp=2
Fafh@r-2-1)) = Ho{do(n2 M} = sblo-2) = 1-6(0—2)

Fal{do @m) + o (4} = |Ha(p)=5-0(p= 1)+ 15 (p=2)

(b) hs(r) = SOMB (%)
r

H, (o) = Ho {SOMB (5) } = ,r_,lllﬁ'CYL(loﬂ)=%;~CYL ((_;0_))

which is very “narrow” because the impulse response is very “wide”; this is an ideal lowpass filter
with cutoff frequency at p.yion = V 52 +n2 = 21_0 cycle per unit length.
(¢) he(r) = —r3GAUS (r)

H. (p) = F2 {-r*GAUS (r)} = Ho {-r*GAUS ()}

F2 {r? GAUS (1)} = F» {=* + ¥’} = F2 {GAUS (2 +4%)}
=~ (6718 + 8" [a]) » )

1 N\ _i(ern?
=z (s +3m) )

" (% - (& +772)) G )
- (} = pz) -GAUS (p)
1

= H.()= (#- 1) -GAUS()

H. [ =0] ((g2 +0%) - %) exp [ (€2 + 07)]
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7. (Book §12.3) Evaluate AND SKETCH the results of the following 2-D operations, where the symbols
“¥ and “%” denote 2-D couvolution and correlation, respectively:

(a) (cos[ng)- SINC [n] + SINC €] - cos [nn]) % (cos [2n¢] - SINC [3] + SINC [é] - cos [21r77])

F[ér”] *M[E;ﬂ] =F[€)ﬂ]*M. [_Er_”]

but M [¢,7)] is real and even, so this is equivalent to a convolution. We can transform back to the
space domain and multiply:

Flesl = F {Flnlh =3 (6 [z + %] +6 [z - %D-RECT [yl +RECT [a]-3 (5 [y % %] 4§ [y s %])

which is the “corral” function. The space-domain representation of the second function is:

I

mz, ] Fi! {cos [2n¢] - SINC [g] +SINC [g] - cos [27rn]}

= %(J[z+1]+6[z—1])-2~RECT[é +2~RECT[é]-%(6[y+1]+6[y—1])
z (a[z+1]+a[z-1]).RECT[—~‘{—]+RECT —ﬁ”—]-(a[y+1]+a[y-1])
(2) (2)

which 1s composed of four “line-delta” functions of length % along y centered at £ = +1 and along
z centered at y = +1. We must now multiply these two functions together.

Sxy)

) S mx,y]

As shown from the sketch, the line deltas do not overlap so the product in the space domain is
zero:

[f1z.3] ms,y] =0[z,y] = Fl6,n+M[En]=0[&,7|




(b) Jo(2mpgr) * Jo (2mpy7), Where py # p;
This is really the same problem as (a) but in the circular case. If we evaluate the specira of the
two components, we see that they are two ring delta functions:

1

Ho{Jo 2mper)} = -{7’—;(;6 (P — po)
1

Ho {Jo (2mpy7)} = Fpla (p—p1)

If pg # p1, then the transforms do not overlap and the product is zero:
— 1 1
Jo (2mpor) * Jo (2mpyr) = Hg'* {ﬁé (p—pPo) - T,ﬂ‘s (p— pl)} =Ho{0(p)} =0(r)

(c) CYL(r) = (d[=]-1[3])

This is the Radon transformn of the cylinder function, which was evaluated in the book:

+/I-22
RECT[z]-/F_\/ﬁl

REC'T[:c]-2-V%—z:2

= +/1-4z2. RECT [z]

CYL(r)*(d[z] 1[y]) - dy
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