SIMG-616-20142 Solutions to Exam #2

First comment: lots of people disobeyed the first law of problem solving: “draw the picture!”
(though of course I often use a more colorful modifying adjective). Perhaps the problem is
deciding which graph to draw ... I'll try to illustrate for the different problems where relevant.
Many didn’t seem to see that convolution with Dirac delta functions usually does not require
transformation to the frequency domain, just use:

fla]*d[x —xo] = fx — 2]

Note the difference if the two functions are multiplied instead of convolved; the result is a
scaled Dirac delta function

flz] -8 —xo] = f o] - 0 [7 — 20]
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1. (10%) For a function f [z] that is imaginary and “odd” (antisymmetric), DERIVE an
expression that describes the character of its spectrum (i.e., is the spectrum real /imaginary /both
and/or even/odd/both?).

Solution: This question is asking for statements of how even and odd functions are
affected by Fourier analysis. Start with:

F¢] = +<><> flx] exp[—i-2néx] dx

Substitute a general expression for the input function decomposed into real and imagi-
nary parts and even and odd parts:

fla] = Re{ feven [2]} + i - Im { feven [2]} + Re { foaa [#]} 4 - Im { foaa [+]}

If flz] is imaginary and odd, then only one of these is nonzero:
fle] =0+4+i-04+0+d-Im{foaa[z]} =7 Im{foaa 2]}

Substitute this into the Fourier integral:

Flg = / h (i - Im{ foaqa [z]}) - (cos [2m&x] — i - sin [27&x]) dx

—00

::p/wmywun@%m@prmmﬁmdx

= . /_ - Im { foqq [x]} - cos [2m&x] dx + i - /_ N Im { foaa [z]} - (=i - sin [278x]) da

The product of odd part feqq [x] and the even cosine in the first integral yields an odd
function, whose area MUST be zero, so the first integral evaluates to zero ... poof! The
product of the odd part of f and the odd sine is even, regardless of the value or sign
of &, so the area may be nonzero. The product of the two factors of +i is +1.
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—00

+o0

= +1- /_ Im { foqq [x]} - (sin [27&x]) dx

o0

The sine function changes sign for positive or negative &, so the sign of the integral
also changes. This ensures that the spectrum is an odd function of &. In short, the
spectrum. of the odd imaginary space-domain function is | RFEAL and ODD‘.

One simple confirmation: we know the spectrum of the real and odd sine is imaginary
and odd

. (1 1
F fsin oréoalt = - (3016 + 6 - 516~ ol
Now use the linearity of the Fourier transform by multiplying both sides by

Fli-sin[2néox]} = i - F{sin[2n&yz|} =i-i- (%5 [€+ &) — %5 [ fo]>

@,
1.

1 1
= 55[5—50]—55[5+§o]

which 1s real and odd.



2. (10%) Describe the conditions on the real-valued parameters by, dy, and Ay such that
this expression is valid:

T T

3_: . 3_
1*SINC ld} Ao - SINC [d]

SINC {bf

0 0 0

(you need not derive the conditions, but you need to show why they must be valid;
sketches will be helpful).

Solution: This is a case where sketches would be helpful. We did not derive an
expression for the spectrum of SINC? [x], but clearly we have

X

INC?
SCLZ

T

=SIN
| = sme |2

: } SINC H SINC H

and we do know the modulation theorem:
Fi{SINC [x]- SINC [z] - SINC [z]} = RECT [{] * RECT [{] *x RECT [¢]

The support of the spectrum of SINC? [z] therefore is three “units.” The scaling and
modulation theorems tell us that:

Fi {SINC3 [dﬂ } = (|do| - RECT [do€]) * (|do| - RECT [do€)) * (|do| - RECT [doé))
= |do|*- (RECT {di} * RECT {%1 * RECT {%D

-1
0 0 0

—>  support of spectrum of SINC? ldi} 18 di
0 0

3d,!
a RECT[/d,]
—_— / RECT[¢/b,]

S

RECT[#/d,] * RECT[z/d,] * RECT[/d]
' - - x 3|2
Comparison of spectra showing widths of spectrum of SINC [E] and of SINC |:d_0]

f{SJNC lbﬁl } — |bo| - RECT [bo€] = |bo| - RECT [%]
0 0



To ensure that the spatial variation of the convolution SINC [%] x* SINC? [;—0} 18

identical to that of SINC? [dﬁo}, then the width of the spectrum of the SINC must be
wider than that of the SINC?:

support of RECT [il

by

§

1 > support of RECT ld ] x* RECT Lf 1 x RECT [dg }

0 0 0

1 3
= — > — = |dg| >3-|b
|bO| dO |0| |0|

Now look at the amplitude Ag of the output:

ol = Ao SING | 2| =7 (G

Gl = bl - |dof*- (RECT sz ]*RECT [df } « RECT [df D
glz] = |bo| .j—“ll{]d0|3- (REC’T [df ] «* RECT sz 1 «* RECT [d’f D}

= |bo|- SINC® [3}
do
which we set equal to the presented expression:

glz] = |bo|- SINC? [ﬁ
do

1 — Ay SINC? [1}
do
— |b()| — AO

so the two conditions to be satisfied are:

Idol

|bo| < —— 5

= |do| >3- |bo|

A = |bo|




3. (20%) Evaluate AND SKETCH the Fourier transform of the function shown in the
graph; note that the function continues in same manner over the entire infinite domain.

Sl

Solution: We can see right away that f|x] is real, even, discrete, and periodic, so
we’d expect the spectrum to be real, even, periodic, and discrete. If F [€] does not fulfill

these conditions, something is wrong.

The “trick” here is to write down a convenient expression for f[z| that leads to a con-
venient expression for F' [€]. Lots of choices for f |x] are possible, but I think the easiest
results from recognizing that f[z] is the product of a displaced COMB and a cosine.
The period of the function clearly is 4 units, so that is the period of the cosine. The
cosine would have unit amplitude at the origin, so to get unit amplitude at x = j:%,

which s % of the period (§ radians), the cosine must be scaled by V2. The component

functions are plotted
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The corresponding expression for f|x] is:
x 1
flz] = V2 cos [2%1} -COMB {x - 5}
So the spectrum is:
1 1 1 1 . 1
Flg = V2- (2 ) l{—kﬂ —|—§-5{§—Z]) * (COMB[S]-eXp |:—Z-2W'§-§])

((s]erg] +ole-1))) +conpig-emiing)

Sl -

Note that:

COMBIE-exploing] = Y. 6l —H]-expl—int

k=—o0

— i d € — k] - exp [—ink]

k=—00
—+00

= > (-1 [ k]

k=—o00
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(a) flx]; (b) F[€] on “same scale” showing that the spectrum has the same form but
different amplitude and scale factor.



n.b.,

4. (20%) For the 2-D input function f [z, y] and impulse response h [z, y]:

fle,y] = exp l—ﬂ(<%>2+(2y)2)]

hlz,y] = dfx]-1[y]+1[x]-d[y]

the function is a separable 2-D Gaussian and the impulse response is the sum of

two separable parts

(a)

Evaluate the transfer function H [, n] for this system

Solution:
Hgn = Fofdfz] -1yl +1[a]-d[y]}
= Fo{da] -1y} + Fo{1[z] -0 [yl} (by linearity)
= Fu{olzl}- A ALy} + FufL[z]} - Fu{d[y]} (by separability)
= 1[¢]-dn+a[¢]-1[n]
= 0[¢]- L[] +1[&]-6[n]

(which you probably knew already since the Fourier transform of the CROSS func-
tion is a CROSS)

A small number seemed to forget that the transform of a separable function is
the PRODUCT of the transforms, NOT the CONVOLUTION of the component
transforms .... ARRGH!

Evaluate the output ¢ [z, y] = f [z, y|*h [z, y] and sketch profiles ¢ [z, 0] and ¢ [0, y]
Solution: Note that f [z, y] is separable:

flz,y] = exp [—w (<§>2+(2y)z)1
— exp [—w (%)21 -exp [—7 (29)°]

Also, a few read these functions as “chirps” instead of as “Gaussians.” (another
ARRGH!). You may evaluate the convolution in either domain, but the space-
domain solution is perhaps easier, though a diversion to the frequency domain
simplifies the result:

ol =exp |~ ()] o [ (20" (1) 11+ 1151



The component convolutions are:
T\ 2 T\ 2
exp [—W (Z> 1 % 0 [x] = exp [—W (Z) 1

exp [-m (2y)*] x1[y] = F

exp {—w (%)1 s1[2) = Fi' {4 exp[-n
= Fy {4 exp[-7

= F{4-0[¢}
= 4-1[x]

(4)°] - 5 [€]}
(4-0)*] -0 1¢]}

exp [—7 (2y)?] * 0 [y] = exp [—7 (2y)?]

Insert these terms to get the final result:

T

glz,y] = exp [—W (Z)ﬂ ' % 1yl +4-1[z]-exp [-7 (Zy)Q]

glz,y] = %exp [—71' (%)21 +4 - exp [—7T (2y)2}

glz,0] = %eXp {—w (%ﬂ +4

910.9] = 5 +4-oxp [~ (2"

Note that the amplitudes of both expressions at the origin are identically 4.5; they
have to match since this is a (the only) common point to both profiles. Both pro-

files extend to do0; the x-profile asymptotically approaches 4 and the y-profile

asymptotically approaches %
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gl0,y] = 3 +4-exp [-7 (2)°]
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5. (40%) Consider the 1-D signal:
flz] = (exp|—z| - STEP [z]) % (2-§[x — 2] = 1-0 [z + 1])

(a) Sketch f[x]
Solution: This is two replicas of the decaying exponential function: one each
with positive and negative amplitude. The graphs of the component functions are
also shown:

expl-x] STEP[x]

x-2]-8[x + 1]

fix]

(b) This signal is applied to a system that evaluates the crosscorrelation with the

function:
m[x] = exp[—x] - STEP [x]

so that:
glz] = f[z] dem [z]

Find an expression for and sketch g [z].
Solution: The expression for g|x] is:

glel = [fla]dem(z] = fla] +m*[—z]
= (exp|[—z| - STEP[z])x(2-0[x—2]—1-§[x+1]) x (exp [~ ()] - STEP [—x])"

Since m [z] is real-valued, the complex conjugate has no effect:

glz] = (exp[—z] - STEP[z])*(2-0[x —2] —1-d [z + 1]) * (exp[z]| - STEP [—x])

11



Conwvolution is associative, so we can evaluate the autocorrelation of the decaying
exponential and then convolve with the pair of Dirac delta functions:

(exp|[—x] - STEP[z])*(2-0[x —2] —1-d[x+1]) % (exp [z] - STEP [—x])
= {(exp[—z] - STEP [z]) % (exp [z] - STEP [—x])}*(2-0[xr —2] = 1 - [x + 1])
which indicates that the output consists of two scaled replicas of (exp [—x] - STEP [z])*
(exp [z] - STEP [—x]), so evaluate that first and then convolve with the two Dirac

delta functions (which just locates and scales the autocorrelation). The autocor-
relation is easy to do IN THE SPACE DOMAIN!!!

(exp [—x] - STEP [z]) % (exp [z] - STEP [—x])

= /+0<> (exp[—a] - STEP [a]) - (exp [z — a] - STEP |- (v — «)]) da

—00

= / h (exp[—a] - STEP [a]) - (exp [z] - exp [—a] - STEP [ (z — a)]) da

s N
= exp[+z] / (exp[—2a] - STEP [a]) - STEP | — x] da
a=+|z|
r > 0 = exp[+z]- / exp [—2a] da
a=0
. a=-+00
= exp[+z]- %2205] for x>0 = —% exp [+z] - (0 — exp [—2x])

1
= +§ exp[—z] if x >0

a=-+00

r < 0 = exp [+m]/ exp [—2a] da
a=0
exp [—2a]|*™™

= exp[+z]- )

= —% exp [+z]- (0—1) = %exp [+z]

a=0

Combine the two limiting expressions:
+3exp[—z] if x>0
+3 if =0 :§exp[—|x|]
+2exp[+z] if <0

The graph of the autocorrelation of the decaying exponential is:

12
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(exp [~a] - STEP [z]) % (exp[—z] - STEP [z]) = 5 exp [~ |z]] = g exp [~ |z]

The only remaining step is to convolve the autocorrelation with the pair of Dirac
delta functions; the result is the sum of two replicas of the autocorrelation of the
decaying exponential:

glz] = %-exp[—]x|]*(2-5[x—2]—1-(5[x+1])
= 2 Seexpl-la -2~ 5 expl- o+ 1]

1
= ew[-lr—2 - 5 e[ o+ 1]

alx] 14 1
12+

10T

0.8
0.6 1

0.4

{(exp [—z] - STEP [z]) * (exp [x] - STEP [—z|)} % (2-6[z —2] = 1-0 [z + 1))
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6. (40%) The impulse response of a 2-D system is a constant-magnitude circularly sym-
metric quadratic-phase factor:
2
. r
+um (—) ]
Qo

where o has dimensions of length. The input to the system is:

fleyl =0 [x] - (3[y + yol + 6 [y — wol)

(2 +y°)
hlx,y] = exp [—i—m&—% = h, (r) =exp

(a) Find an expression for the transfer function H [, 7] of the system; alternatively,
you may evaluate in the form H (p).

Solution: the impulse response is separable:
(22 + 92)]

) _ .
[2,y] = exp [ﬂﬂ >

_a? P
=exp |+Him— | - exp |+iT—
0 « «

0 0

The 1-D transforms of the component parts are identical but for variable:

7 {exp {+m—] } = |ao| - exp [%ﬂ exp [—im (ap€)’]

Qg
y?

F {exp { —81 } = J|ag| - exp [—}—z%} exp [—im (04077)2]
Hl¢n = |a0|2 - exp +zg] exp [—iﬂag (52 + 772)]

B 2
Hig ) =i Jaol? - exp | —im &)
(@2)

(b) Evaluate the output amplitude g [z,y] = f [z, y] * h [z, ]

Solution: the separability of the terms and the fact that f |x,y] is a pair of Dirac
delta functions makes this solution easy in the space domain; the output is just
the sum of two displaced replicas of the impulse response:

flx] %0 [x — xo) = f [ — x0]

In this case, the ouput is the convolution of separable 2-D functions:

o] = (0lel- G+l + 0Ty~ )} = {exp [ imy | - oxp [ in s |}
_ {5 [z] % exp {ﬂ'wi—;] } (0 ly +yol + [y — yo) * exp [+inz—g
glz,y] =exp [Hwi—g : <exp +iw% + exp +iw%}>

14



This answer is sufficient, but note that it is possible to simplify this expression by
expanding the exponents:

2
exp _|_@ M +€Xp +Z7T(y 2y()) ]
g o
[ 2 2 2 _9
= exp i +y02+ yyo)] 4 exp [er(y /i yyo)}
L h ol
r 2 2 9 5
- ol (ol ]l ]
- % Qg ag
r 2 2
— eXp —|—Z7T(y;2y0):| 2 CcOoS |:2T@]
L %)
e YYo
g[x,y] = exp |+im—| - exp +z7r -2-cos 27r—
2
glz,y] =exp lﬂ'ﬂx J;y } exp l+my—1 2-co lgﬂy_y;]
9 ol o2

(c) Evaluate and simplify the expression for the squared magnitude |g [z, y]|”
Easiest to use the second expression in part (b):

2 2 2
olesil? = Jexp [+in 2] exp [sin 8] -2 cos[ari22]
% o ol
2 2712 272
= |exp l—l-mx —I;y } " |eXP l“ﬂy—g] : ‘2 © COS [27ry—y20] ‘
@0 o ag

= 1-1-4-cos? [271@}

%
= 4-cos? {27ry—y20}

ap

which is the square of a cosine with period 3—?
ARRGH: note that the squared magnitude of a sum is NOT the sum of the squared
magnitudes! (as some tried to use!)

(d) Sketch |g [z, 0)|* and |g [0, ]|

g [z, 0]° = 4-cos® [2r——<| =4-1][z]

]g[(),y”2 = 4-cos® |27

15
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axis

(blue) profile of |g|x,0]|> along x axis; (red) profile of |g[0,y]|> along y axis.

This is an example of diffraction in the Fresnel diffraction region.
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