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Joint Probability Distribution Function

Fx,x,(z1,72) = P[(X1 < x1) N (X2 < 22)]
Fx, x,(—00,—00) =0
Fx, x,(—o0,z2) = 0 for any x>
Fx,x,(z1,—00) = 0 for any z;
Fx, x,(400,4+00) =1
Fx, x,(+00,22) = Fx,(x2) for any x5
FX1X2($1,+OO) = FXl(C’jl) for any T1

OO0 s =
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Joint Probability Distribution Function

The probability that an experiment produces a pair (X1, X») that
falls in a rectangular region with lower left corner (a,c) and upper
right corner (b,d) is

Plla< X1 <b)N(c<Xo<d)] = Fx,x,(b,d) = Fx,x,(a,d) —
Fx, x,(b,c) + Fx, x,(a,c)
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Joint Probability Density Function

02 Fx, x,(x1,22)
8%13%2

fuv(u,v) >0
Fuyuo)= [ [ fuy(&mdedn

|ty (e mdgdn =1

Fo) = [* [ Juv(&nydedn
Fe@) = [ [ fuy(&mdgdy
fu(u) = /_o; fu.v(u,n)dn

frv(v) = /_o; fuv (& v)dg

fxyx,(z1,22) =
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Example

; CONSTRUCT X AND Y ARRAYS FOR THE f(X,Y) pdf
t=FindGen (301)

Meshdom,t,t,X,Y

; CONSTRUCT AND DISPLAY THE PDF
f=6400-((x-150) "2+(y-150) "2 < 6400)
f=f/Total(f) Window,/Free

Shade_Surf,f

Wshow
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Example (continued)

; CALCULATE AND DISPLAY THE CDF
FC=F1tArr(301,301)
FC[*,0]=CumSum(f [*,0])
FC[O,*]=CumSum (£ [0,*])

For ky=1,300 DO $
For kx=1,300 DO $
FC[kx,ky]=FC[kx-1,kyl+ $
FClkx,ky-1]1-FC[kx-1,ky-1]+f [kx,ky]
Window, /Free Shade_Surf,FC Wshow
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Example (continued)

;DISPLAY A CONTOUR PLOT OF THE CDF
Window, /Free
Contour,FC,Levels=Findgen(21) /20
Wshow
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Conditional Probabilities

PlU €AV e B = /fe .\ /77 oy (€ mydsdn

The probability that V € B without regard to the value of U is given
by

P[VeBl=PlUcl,VeBl = /__OO/ fuv (€ m)déd
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Conditional Probabilities

Jeea Jnen fuv(&,m)dédn
PlU c AV € B] = PlUCAVEB] _  JEeAn ,
| | | PlVeB] JE2 oo Ine Juv (€, m)dEdn

provided P[V € B] > 0.
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Conditional Probability Distribution Function

Fiy(u|V € B) = P[U <ulV € B]
whenever P[V € B] > 0.

The conditional probability distribution function has all of the prop-
erties of an ordinary one-dimensional probability distribution func-
tion. That is, it is a nondecreasing function with Fy;(—oo|lV € B) =0
and Fy(oco|V € B) = 1.
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Conditional Probability Density Function

dFU(u|V € B)

fu(ulV € B) = ™

wherever the derivative exists.
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Statistically Independent Random Variables

Two random variables, U and V are statistically independent random
variables if and only if

PlU € A,V € B] = P[U € A|P[V € B]

for every possible choice of A and B.
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Statistically Independent Random Variables

If U and V are statistically independent random variables then

PlU <,V <v] = P[U < u]P[V <]

and this is equivalent to the following statement in terms of the
distribution functions:

Fyy(u,v) = Fy(u)Fy (v)

If the distribution functions are differentiable for almost all w and v
then we also have the result

fuv(u,v) = fy(u) fiy(v)
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Bivariate Normal Distribution

A normal probability density function for two random variables U
and V with zero means and unit variance is

[ U2—2pUuV+4V?2
LI GT¢ R
21 — p?

where p is the correlation coefficient between U and V. If p = 0
then

fFU, V) =

fov(u,v) = %6_ (£7)
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Bivariate Normal Distribution

Now,

> 1
fu(u) = /—oo fU,V(u’7 v)dv = \/ﬂe_UQ/Q

which is easily established by using the fact that

1 o0 _,02/2
— e dv =1
V2T /—oo

By a similar integration, we also find that

1

T herefore
fuv(u,v) = fy(u)fiy(v)

and uncorrelated normal random variables are statistically indepen-
dent.
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Function of a Random Variable

Let U be an random variable and V = g(U). Then V is also a rv.

P(V <v)=PU < g 1 (v))
If the inverse function v = ¢~ 1(v) is known and is single-valued then
the probability can be expressed as

Py =Plu<g @)= [ ftud

— 00

fi(0) = S Plu g(u) <o
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