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Pinched optical-vortex soliton
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The fast contraction, or pinching, of optical vortices in both thermal and Kerr self-defocusing media is inves-
tigated by numerical techniques. For the thermal case, heat diffusion across the vortex core is described, and
the heretofore unexplained stability of optical-vortex solitons in thermal media is explained. © 2001 Optical
Society of America
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1. INTRODUCTION
Optical vortices appear as doughnut modes of a cylindri-
cal waveguide,1,2 as Laguerre-Gaussian modes of a laser
cavity,3–5 and as spontaneous features in large-aperture
lasers.6,7 They may be produced by computer-generated
holograms,8–10 mode converters,11 or scattering objects.12

In a self-defocusing medium, vortices may propagate as
optical-vortex solitons13 (OVS’s), owing to a balance be-
tween diffraction and nonlinear refraction.14 The size of
the OVS, wovs , decreases as the nonlinear refractive-
index difference between the dark vortex core and the
bright background, uDnu, increases. Experimentally we
found earlier that if the initial vortex size, wv,0 , is larger
than the soliton size, the vortex core may abruptly con-
tract, and a high-intensity shock wave could radiate sym-
metrically from the vortex core.15 This pinching of the
vortex core may be an advantageous feature for applica-
tions of nonlinear guided-wave phenomena, such as opti-
cal modulators or transistors, where the vortex beam in-
duces a dynamic waveguide for a signal-carrying beam.
Like a field-effect transistor, the strength of the guided
signal will vary with the degree of pinching. Here we
give the first detailed report, to our knowledge, of the
characteristics of the collapsing vortex in both Kerr and
nonlocal fluence-dependent nonlinear mechanisms. This
comparison is necessary because nonlinear refractive me-
dia are not strictly Kerr-like, but rather exhibit some de-
gree of nonlocality (or diffusion), such as heat-absorbing
liquids,16–19 alkali vapors,20–23 or electrically biased pho-
torefractive crystals.24 We examine a thermal liquid
having the same thermo-optical properties as those in our
earlier experiments with methanol.15 The shock front
surrounding the OVS, which may be sustained over many
characteristic nonlinear lengths, is also of physical inter-
est; however, it is not the main subject of this study.

An optical vortex is characterized by a harmonic trans-
verse phase profile around its center and an intensity pro-
file that vanishes at the center. The initial electric field
E of a vortex placed in the center of a planar Gaussian
beam of size wg and peak intensity I0 5 E0

2 may be writ-
ten as

E~r, u! 5 E0 tanh~r/wv,0!exp~2r2/wg
2!exp~iu!, (1)
0740-3224/2001/060804-07$15.00 ©
where wv,0 is the characteristic vortex size and (r, u) are
circular coordinates in the beam cross section. Here we
model the nonlinear propagation of a vortex beam, of
wavelength l 5 0.514 mm and sizes wg 5 5.0 mm and
wv,0 5 0.4 mm, through a medium of length L
5 200 mm. The material is thin, since the length is less
than the characteristic longitudinal diffraction length of
both the vortex core (kwv,0

2 /2 . 1 m) and the Rayleigh
range (kwg

2/2 . 350 m) for the Gaussian beam, where k
5 2pn0 /l is a wave number in the medium. We note,
however, that the characteristic nonlinear length scale,
1/kDn, may be less than the cell length in some cases.

The vortex propagation dynamics of this initial beam is
found by solving the nonlinear Schrödinger equation:

22ik~]E/]z ! 1 ¹'
2E 1 2k2DnE/n0 5 0, (2)

where ¹'
2 5 ]2/]x2 1 ]2/]y2 and where Dn varies with

intensity or fluence and couples to the heat equation in a
thermal medium. For a given initial vortex size the
propagation dynamics of the beam depends on the back-
ground intensity or fluence and may result in diffraction
of the core, contraction of the core, or soliton propagation.

Case 1. Kerr Material
In Kerr media, Dn 5 n2uEu2, where n2 , 0 is the nonlin-
ear defocusing coefficient of the refractive index and uEu2

is the local intensity of the beam. When the initial
vortex-core size matches the soliton size, wv,0 5 wovs ,
where

wovs . 1.27/kAuDnu/n0, (3)

the vortex soliton core sheds little radiation as it propa-
gates throughout the medium, assuming wv,0 ! wg in
Eq. (1). This is equivalent to the condition that the
background intensity in Eq. (1) equals the soliton
intensity,13 I0 5 Isol , where Isol 5 (1.27/wv,0k)2n0 /un2u.
The power of a Gaussian beam with a small vortex10

(wv,0 ! wg) is roughly P 5 I0pwg
2/2, and thus the

power required for soliton propagation is Pcr
. (0.806pn0 /un2uk2)(wg /wv,0)

2. It is well known that
a 111-dimensional beam having an arbitrary size may be
decomposed into soliton and radiation components.25,26

Similarly, we find that when the initial vortex core is
larger than the soliton size, wv,0 . wovs , or, equivalently,
2001 Optical Society of America
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when P . Pcr (or I0 . Isol), the propagating vortex con-
tracts in size and radiates a bright diffraction ring.
Light is refracted toward the core, and thus much of this
radiation initially implodes.

The intensity profiles near the vortex core at different
propagation distances are presented in Fig. 1 for the case
P/Pcr 5 140 (Dn 5 7 3 1026). We find the initially
large vortex core [see Fig. 1(a)] collapses by a factor of 12
after propagating a distance z 5 152 mm, as shown in
Fig. 1(b). Further propagation results in a high-intensity
ring around the vortex, as shown in Fig. 1(c) for z
5 200 mm. Note that intensity of the imploded wave in
Fig. 1(c) is higher than the background intensity Ibg

(c) .
The persistence of this ring over long distances suggests
that it represents a nonlinear guided mode at the perim-
eter of the high-index vortex core.

Our main concern in this paper is the contracting core
size in the propagating beam. Assuming a core profile
that varies as tanh(r/wv), we measure the background in-
tensity Ibg outside the bright ring (see Fig. 1) and deter-
mine the radius of the core, wv , at the value I
5 Ibg tanh2(1). The core size as a function of propaga-
tion distance is plotted in Fig. 2 for the same conditions
used in Fig. 1. The propagation dynamics has three dis-
tinct phases: first a slow contraction of the vortex core,
then a rapid collapse near z 5 Zc , and finally a relax-
ation for z @ Zc . A numerically determined value of the
characteristic collapse distance, Zc , is found where the
slope dwv /dz has an extremum, as shown in Fig. 2. An
analytical estimation of this pinching distance, Zpinch ,
may be determined by comparing the fundamental non-
linear scaling distances27 with the distances in our prob-
lem; e.g., we set XNL /ZNL 5 wv,0 /Zpinch , where XNL
5 k21(Dn0)21/2, ZNL 5 (kDn0)21, and Dn0 5 2P/(pwg

2)

Fig. 1. Formation of an overshooting ring around the vortex
core. (a) The intensity profile at the input is transformed into
an OVS with a bright ring around it at (b) z 5 152 mm and (c)
z 5 200 mm. Parameters of the beam are wg 5 5 mm, wv,0
5 0.4 mm, P 5 1.4 W, and wavelength l 5 0.514 mm. Nonlin-
ear coefficient n2 5 22 3 1026 cm2/W, refractive-index change
Dn 5 7 3 1026, the corresponding size of the OVS is wovs
5 34 mm, and Zpinch 5 150 mm.
is the characteristic refractive-index change at the input.
Thus we find

Zpinch 5 wv,0 /ADn0, (4)

which agrees remarkably well with the numerically deter-
mined value of Zc (Zc 5 144 mm and Zpinch 5 150 mm).
Indeed, many simulations with different initial core sizes
and intensities verify that Zc . Zpinch . In Fig. 3 we com-
pare the numerically determined collapse distances Zc
(marked by symbols) with Eq. (4) (thick lines) for different
values of Dn0 and three different cases of an initially
large vortex size. The agreement is good in all three
cases.

Fig. 2. Initially large vortex core contracts to a subsoliton size of
wv

min 5 23 mm in a Kerr material (parameters are identical to
those in Fig. 1). The vortex remains contracted to subsoliton
size over ;60 characteristic nonlinear distances. As expected,
the collapse distance, Zc , is found to agree with the theoretical
value of Zpinch .

Fig. 3. Pinch distance Zc as a function of the input refractive-
index change Dn0 5 n2P/(pwg

2/2) in a Kerr nonlinear medium.
Symbols represent numerically determined values of Zc ; solid
lines represent Zpinch 5 wv,0 /ADn0.
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After pinching, the vortex may surprisingly contract
below the soliton size for prolonged propagation dis-
tances. For example, in Fig. 2 the core reaches 68% of
the soliton size [Eq. (3)] at z . 1.8Zpinch and relaxes to
wovs at z/Zpinch 5 5.5. Over this subsoliton contraction
range we found that the bright shock ring described in
Fig. 1 develops into a flat plateau (or shock region) that
shrouds the OVS. This ring enhances the local intensity
of the soliton and accounts for the contracted core size
over a range that exceeds the characteristic nonlinear
length, ZNL 5 12 mm, by a factor of 60.

Case 2. Thin Thermal Medium
Dark soliton phenomena may be readily investigated in
thermal and other nonlinear media; however, the nonlo-
cal effects of diffusion should be considered. In absorbing
media such as slightly absorbing methanol, an optical
vortex acts as an annular heat source and induces an in-
homogeneous temperature distribution, T, that scales
with the nonlinear index profile:

Dn~x, y, z, t ! 5 ~]n/]T !T~x, y, z, t !, (5)

where ]n/]T is a material parameter28 and T(x, y, z, t) is
the temperature increase above the ambient value. We
assume that the electronic nonlinearity and other mecha-
nisms such as buoyancy, convection, and sound are negli-
gible. Most liquids are self-defocusing with ]n/]T , 0.
The refractive index (or equivalently, the temperature)
may be obtained by solving the heat equation:

]T~x, y, z, t !/]t 5 D¹'
2T 1 auE~x, y, z !u2/~cpr!, (6)

Fig. 4. Temperature profiles in a thin layer of absorbing liquid
heated by an annular beam (dashed) with parameters listed in
Table 1 at t 5 0.01 s and 4 s. The temperature difference across
the core, dT 5 Tb 2 Tc , varies with time.
where D 5 k/cpr is a temperature-diffusion coefficient, k
is the heat-diffusion coefficient, uEu2 is the optical inten-
sity, a is the optical-absorption coefficient, cp is heat ca-
pacity, and r is the density of the liquid. Compared with
the transverse diffusion of heat, longitudinal diffusion is
negligible, and thus we ignore ]2/]z2 in Eq. (6). In this
subsection we assume a thin medium with a thickness
L ! Zc ,ZNL , and we address a thick medium29 below.

The light-induced temperature profile for a thin absorb-
ing medium is shown in Fig. 4, assuming an annular heat
source from an optical vortex and the parameters shown
in Table 1. Owing to the dark core of the illuminating
beam, the temperature distribution is cooler in the center
of the beam than in the high-intensity regions, and there-
fore the refractive index is higher in the vortex core than
it is along the bright rim. Consequently the vortex in-
duces an effective cylindrical waveguiding structure,
where the index difference between the core and the
cladding is given by Dng 5 (]n/]T)(Tc 2 Tb) 5 2(]n/
]T)dT . 0, where Tc(Tb) is the temperature at the cen-
ter of the core (along the rim) of the vortex, and dT
5 Tb 2 Tc , as demarked in Fig. 4.

The characteristic time for heat diffusion across the
core is given by tv 5 wv,0

2 /8D 5 0.2 s. Thus for t ! tv
the temperature (see dashed curve in Fig. 4) is indistin-
guishable from the intensity profile, and thus the nonlin-
ear optical effects of thermal and Kerr mechanisms are
indistinguishable, as expected.16 In contrast, the effects
of diffusion are clearly evident in the core region for t
@ tv , as shown in Fig. 4. In both time regimes an in-

verted temperature profile exists in the core, which is fa-
vorable for an OVS.

The temperature inversion dT grows with time as long
as the rate of background heating by absorption is larger
than the rate of core heating by diffusion. The time evo-
lution of dT(t) is shown in Fig. 5 for two different values
of wv,0 (0.4 mm and 0.2 mm). When the rates of core and
background heating are equal, dT reaches its maximum
value; numerically we find that this occurs at a character-
istic time

topt . wv,0wg/7D, (7)

assuming wv,0 ! wg . Thus the characteristic time for
the buildup of the waveguide (Dng) is roughly topt
. (wg /wv,0)tv . For t ! topt the initial rate of growth of
Dng is found by neglecting heat diffusion in Eq. (6):
](Dng)/]t 5 (]n/]T)aI0 /(cpr). Numerical modeling
shows that the maximum value of Dng is proportional to
topt : Dng,max . (0.8)(]n/]T)(aI0 /cpr)topt . For the case
wv 5 0.4 mm in Fig. 5, topt 5 3.2 s, dT 5 19.5 mK, Dng
5 7.6 3 1026, and the corresponding soliton size wovs
5 33 mm.

At the other extreme where t @ topt , heat diffusion
dominates the dynamics of dT(t). Diffusion is respon-
sible for a logarithmically slow growth of the background
Table 1. Parameters of the Heat Source and Material Used to Produce Fig. 4

wv,0
(mm)

wg

(mm)
I0

(W/cm2)
cp

(J/kg-K)
r

(kg/m3)
D

(s/m2)
]n/]T
(K21)

a
(m21)

0.4 5 2.6 2500 790 1027 3.9 3 1024 3.6
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temperature: Tb 5 aP ln(1 1 t/tg)/(4pk), where tg
5 wg

2 /8D is the characteristic time of the heat conduc-
tion across the entire beam.16 It also accounts for the
slow heating of the vortex core and the gradual decrease
of Dng , owing to the diffusion of heat from the bright rim
of the vortex. The required index change, Dng
5 5.1 3 1028, for a vortex soliton of size wsol 5 wv,0
5 0.4 mm can be sustained for a long time (320 s or more
than 100topt in our system). Over such long time periods,
convective flows develop within the thermal liquid, bring-
ing cooler liquid into the beam. To account for the
steady-state value of the OVS core size in experiments,15

we believe that the slow heating of the core is offset by the
convected cooler liquid.

Case 3. Thick Thermal Medium
Let us now consider the propagation of a vortex beam
through a thick thermal medium. As in the Kerr case,
we assume a nonlinear cell of length L 5 200 mm, in ad-
dition to the parameters listed in Table 1. Based on the
foregoing thermal analysis in a thin layer, we expect the
time variation of the induced waveguide (e.g., the tem-
perature dT and refractive-index change Dng) to be simi-
lar to the results shown in Fig. 5. Consequently the
pinching distance is expected to vary with time as
Zpinch(t) . wv,0 /ADn0(t), where Dn0(t) is the time-
varying refractive-index change at the input face. Thus
on short (t ! topt) or long (t @ topt) time scales, the con-
traction may not be observed owing to small values of
Dn0 . The vortex is expected to collapse within the me-
dium when Zpinch(t) , L.

The vortex size, which is proportional to 1/ADn0(t) [see
Eq. (3)], is also expected to vary with time. The numeri-
cally determined contraction of the vortex at the output
face of the cell is shown in Fig. 6 over an 8-s exposure
time at intensity I0 5 2.6 W/cm2. This example confirms
that wv,0 contracts with time, goes through a minimum

Fig. 5. Time evolution of the temperature difference dT for two
input vortex sizes. The maximum of dT occurs at topt 5 3.2 s
when wv,0 5 0.4 mm, and topt 5 1.7 s when wv,0 5 0.2 mm.
Beam and material parameters are listed in Table 1.
(at t 5 3.1 s), and then slowly expands. The collapse
time is in a good agreement with the value expected from
Fig. 5, namely, topt 5 3.2 s.

As in the Kerr case, a bright ring may be expected to
develop around the contracting vortex core. Indeed, the
ring has been experimentally observed.15 Our numerical
solutions of the coupled heat and nonlinear Schrödinger
equations shown in Fig. 7 demonstrate the buildup of a
bright ring at the output face of the medium for exposures
up to 8 s at an incident intensity I0 5 2.6 W/cm2. Before
the ring appears, the vortex uniformly contracts by a fac-
tor of 2.2 within 0.40 s [see Figs. 7(a) and 7(b)]. With fur-
ther contraction a bright ring develops around the perim-
eter of the vortex core [see Fig. 7(c)], reaching the
maximum intensity of I/I0 5 0.58 at t 5 2.7 s. Then the

Fig. 6. Vortex size wv,L at the output face contracts to a mini-
mum size wv,min 5 65 mm at time twv,min 5 3.1 s. Beam and
material parameters are listed in Table 1. The gray curve is
drawn to aid the eye.

Fig. 7. Intensity profiles at the output face of a thermal medium
of length L 5 200 mm at time (a) t 5 0.002 s, (b) t 5 0.40 s, (c)
t 5 3.1 s, and (d) t 5 8.0 s. Beam and material parameters are
listed in Table 1.
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vortex-core size reaches a minimum at t 5 3.1 s. After
this time the core slowly broadens, and the intensity of
the ring diminishes owing to thermal diffusion [see Fig.
7(d)]. At much longer exposure times the ring may van-
ish, as was experimentally observed.15 Note that the
normalized intensity in Fig. 7 is less than unity owing pri-
marily to absorption.

2. COMPARISON BETWEEN KERR AND
THERMAL NONLINEAR VORTICES
Let us now make a detailed comparison of the vortex con-
traction between thermal and Kerr media. To be rel-
evant to experiments, we examine how an increase in the
beam power affects the core size in these two media. The
nonlinear refractive index varies with time in the thermal
case, so we must select an appropriate exposure time for
this comparison. For t ! topt the temperature (and re-
fractive index) increases monotonically with intensity,
and thus the thermal medium is similar to a Kerr me-
dium having a time-dependent (or fluence-dependent)
nonlinear coefficient, n2(t). We found that choosing t0
5 1.5 s . 0.5topt is sufficient to demonstrate the differ-
ence between thermal and Kerr media. Let us compare
a Kerr medium having n2 5 22 3 1026 cm2/W with
a thermal medium (see Table 1) having n2,eff
5 (]n/]T) 3 dT(1.5 s)/I0 5 22.6 3 1026 cm2/W, where
dT 5 17 mK and I0 5 2.6 W/cm2. The beam parameters
and propagation distance, L 5 200 mm, are the same for
both media.

At this intensity the theoretical vortex soliton size [Eq.
(3)] is expected to reach wovs 5 40 mm in the Kerr mate-
rial, and generally varies as 1/P1/2 as shown in Fig. 8
(solid curve). As expected, our numerical results show
that a large initial core (400 mm) indeed contracts with in-
creasing power for both media (see gray curves in Fig. 8).
Furthermore, in both cases the core size tends to converge
toward the theoretical value at high power (.1 W). At
low powers the vortex did not contract to the size of a soli-
ton because the pinching distance was larger than the cell
length (L , Zpinch for P , 0.75 W).

For the Kerr medium the power dependence of the out-
put vortex size in Fig. 8 may be interpreted with Fig. 2.
The abscissas of both figures are related: z/Zpinch
} P1/2, and thus Fig. 2 may be mapped into Fig. 8. Thus
we assert that the power-dependent vortex size shown in
Fig. 8 exhibits a gradual contraction as the power in-
creases from zero, followed by pinching at P > 0.75 W
and then subsoliton contraction at P 5 2 W. The mini-
mum estimated pinching power for a cell of length L
5 200 mm may be calculated by setting Zpinch 5 L in Eq.
(4): Ppinch 5 (wv,0 /L)2(pwg

2/2un2u) 5 0.78 W, which is in
good agreement with the numerically determined value of
0.75 W.

Next we describe the thermal results shown in Fig. 8.
Recalling that n2,eff 5 22.6 3 1026 cm2/W has a larger
magnitude than the Kerr coefficient does, the vortex-
contraction effect is expected to be more pronounced in
the thermal medium. Indeed, for power P , 0.8 W we
find that the core size rapidly decreases with power, and
unlike the Kerr case, the descent is almost linear, with no
sudden collapse. For P . 0.8 W the contraction exhibits
a saturation owing to thermal diffusion across the con-
tracted vortex core. That is, the temperature and index
changes across the core saturate. Indeed, Fig. 5 shows
that dT is reduced by approximately one half when the
core size is halved. This saturation effect prevents the
core from collapsing rapidly.

In comparison we see regimes where either the Kerr or
the thermal media have smaller core sizes. At P
. 1.5 W, both mechanisms converge to roughly the same
value as the Kerr soliton size. An estimate of the output
vortex size may be found from Eq. (3). Let us estimate
the core size at P 5 1.2 W and t 5 1.5 s. Since the tem-
perature change scales with power as dT(P2)
5 (P2 /P1)dT(P1), we may use Fig. 5 as a calibration
graph: dT(1.0 W, 1.5 s) 5 17 mK, and thus
dT(1.2 W, 1.5 s) 5 20 mK. The corresponding refractive-
index change is Dn0 5 28.0 3 1026. From Eq. (3) we
calculate the soliton size to be wovs 5 32 mm. In com-
parison, our numerical solution, shown in Fig. 8, predicts
wv 5 41 mm, which is 22% greater than our estimate.

Summarizing the discussion of Fig. 8, we find that in
order to observe a contracted vortex having the size of an
OVS at the output, the incident power must exceed
Ppinch 5 (wv,0 /L)2(pwg

2/2un2u) in the Kerr medium. In
the thermal medium the nonlinear coefficient n2 has to be
found numerically for a specific vortex size and time.
The diffusion of heat across the vortex core saturates the
refractive-index change, which therefore limits the con-
traction of the core.

3. SUMMARY
The core of an optical vortex may propagate as a soliton or
even pinch to a subsoliton size in a self-defocusing me-
dium if the nonlinear refractive-index change across the
vortex core is sufficient to overcome spreading owing to
diffraction. Although a large index change may be

Fig. 8. Output vortex size as a function of incident power. Tri-
angles represent the Kerr medium (n2 5 2 3 1026 cm2/W), and
squares represent the thermal medium (a 5 3.6 m21, t 5 1.5 s).
The OVS size wv 5 1.27/kADn/n0 is shown for comparison by a
solid curve. Gray curves are drawn to aid the eye.
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achieved in thermal media, the diffusion of heat intro-
duces spatio-temporal complications. To discern be-
tween Kerr and thermal effects we numerically deter-
mined the propagation characteristics of an optical
vortex. In both media the vortex core contracts and a
bright ring is generated around the vortex core when the
initial core size is larger than the soliton size. After the
contraction, the vortex size increases adiabatically, owing
to both the gradual radiation of the bright ring, which ex-
ists over many characteristic nonlinear distances, and the
blooming of the entire beam. The propagation distance
characterizing this contraction phenomenon is defined as
the pinching distance, which is inversely related to the
square root of the beam power. In the Kerr case the vor-
tex core collapses to the soliton (or subsoliton) size after
propagation over the pinching distance. In the thermal
medium, nonlinear refraction varies with time, and thus
the pinching distance and the output vortex size are time
dependent. Solving the heat equation numerically, we
find an expression for the optimal time at which the
refractive-index change across the vortex core reaches the
maximum value.

For a long exposure time, heat diffusion into the core
causes a slow increase of the core size. We found, how-
ever, that the negative temperature difference between
the core and the rim of a vortex exists over a long time
interval (a minute and more) so that the vortex is ex-
pected to remain contracted over a prolonged period of
time. The convection of cool liquid into the heated core
can offset this heating, thereby allowing a steady-state
core size.

APPENDIX A
Our numerical code solves the (2 1 1)D nonlinear Schrö-
dinger equation [Eq. (2)] coupled to the (3 1 1)D heat
equation [Eq. (6)]. The coupling occurs through the tem-
perature change in the medium, which is stored in a
three-dimensional array T 5 T(x, y, mDz) t5nDt , where n
is the number of time steps elapsed after turning on the
laser, and m is an index corresponding to the spatial in-
crements along the direction of propagation, z. The ini-
tial temperature distribution is uniform,
T(x, y, mDz) t50 5 0. Let us review a single step in time,
nDt < t , (n 1 1)Dt. The input electric field E(x, y, 0)
is generated according to Eq. (1) and propagated through
the self-defocusing medium in the z direction by solving
Eq. (2) with the split-step method.30 The refractive-
index change for the nonlinear portion of step m is calcu-
lated as (]n/]T)T(x, y, mDz) t5nDt . As the beam propa-
gates in space, the temperature distribution at each
transverse plane z 5 mDz is updated for the next time
step, (n 1 1)Dt, according to the finite-difference
scheme,

T~x, y, z !t5~n11 !Dt

5 T~x, y, z !t5nDt 1 Dt~D¹'
2T~x, y, z !t5nDt

1 auE~x, y, z !ut5nDt
2 /cpr!,

where ¹'
2 is Laplacian in the transverse plane (x, y).

The transverse Laplacian in both the nonlinear Schrö-
dinger equation and the heat equation was calculated
with the aid of the fast Fourier transform, which auto-
matically assumes reflecting boundary conditions. The
numerical grid was made sufficiently large compared with
the beam size to avoid aliasing. High stability of the
finite-difference scheme for the heat equation in the Fou-
rier domain allowed for a large value of Dt.
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