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We study spatially localized optical vortices created by self-trapping of partially incoherent light with a phase
dislocation in a biased photorefractive crystal. In contrast to a decay of coherent self-trapped vortex beams due
to the azimuthal modulational instability, the incoherent vortices are stabilized for large values of the spatial
incoherence; this was confirmed by experiment. We analyze the spatial coherence properties of the incoherent
optical vortices and reveal the existence of ringlike singularities in the spatial coherence function of a vortex
field that can characterize the stable propagation of vortices through nonlinear media. © 2005 Optical Society
of America
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. INTRODUCTION
ortices are fundamental objects in physics, and they can
e found in different types of linear and nonlinear coher-
nt systems. A typical scalar vortex has the amplitude
anishing at its center and a well-defined phase associ-
ted with the circulation of momentum around the helix
xis.1 In optics, vortices are associated with phase dislo-
ations (or phase singularities) carried by optical beams.2

he past decade has seen a resurgence of interest in the
tudy of optical vortices,3 owing in part to readily avail-
ble, computer-generated holographic techniques for cre-
ting phase singularities in laser beams.
In a nonlinear medium the singular optical beam un-

ergoes self-focusing, and it becomes self-trapped, creat-
ng a stationary ringlike structure with zero intensity at
he center and a phase singularity.4 However, such an op-
ical vortex soliton is known to be highly unstable in self-
ocusing nonlinear media5; it decays by splitting into sev-
ral fundamental (no nodes) solitons flying off the soliton
ing.6–8 This effect has been observed experimentally in
ifferent nonlinear systems, including saturable Kerr-like
onlinear media,9,10 biased photorefractive crystals,11 and
uadratic nonlinear media12 operating in the self-focusing
egime. This effect is also expected to occur in other
hysical systems including the attractive Bose–Einstein
ondensates.13

A number of recent theoretical studies,14–19 including
0740-3224/05/071437-6/$15.00 © 2
igorous analysis of the linear stability of a self-trapped
ortex beam,20,21 suggest that the stable propagation of
patial and spatiotemporal vortexlike stationary struc-
ures may become possible in models with competing non-
inearities in the presence of a large higher-order defocus-
ng nonlinearity; however such materials are not yet
nown and no stable coherent vortex solitons have so far
een observed in experiment.
Recently, stable propagation of spatially localized opti-

al vortices in a self-focusing, biased, nonlinear, photore-
ractive crystal has been observed experimentally in the
ase when the vortices are created by partially incoherent
ight carrying a phase dislocation.22 In particular, it was
hown, both experimentally and theoretically, that single-
nd double-charge optical vortices can be stabilized in
elf-focusing nonlinear media when the spatial incoher-
nce of the light exceeds a certain threshold. This effect
an be compared with the somewhat similar effect of
oliton-stripe stabilization by partially coherent light23,24

ollowing the use of the incoherence to eliminate the
odulation instability.25,26

The successful experimental observation of stable, self-
rapped vortex beams created by partially incoherent
ight calls for additional studies of the specific properties
f partially coherent light carrying phase singularities
nd propagating in a nonlinear medium. Indeed, if a
ortex-carrying beam is partially incoherent, the phase-
005 Optical Society of America
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ront topology is not well defined, and statistics are re-
uired to quantify the vortex phase. In the incoherent
imit neither the helical phase nor the characteristic zero
ntensity at the vortex center can be observed.

However, several recent studies have shed light on the
uestion how phase singularities can be unveiled in inco-
erent light fields propagating in linear media.27,28 In
articular, Palacios et al.28 used both experimental and
umerical techniques to explore how a beam transmitted
hrough a vortex phase mask changes as the transverse
oherence length at the input of the mask varies. Assum-
ng a quasi-monochromatic, statistically stationary light
ource and ignoring temporal coherence effects, they dem-
nstrated that robust attributes of the vortex remain in
he beam, most prominently in the form of a ring disloca-
ion in the cross-correlation function.

The purpose of this paper is twofold. First we study nu-
erically the effect of vortex stabilization through analy-

is of the spatial coherence function of a vortex beam
ropagating in a self-focusing nonlinear medium. We re-
eal the specific features of the coherence function and
emonstrate its importance for the study of singular
eams in nonlinear media. Second by applying the modal
heory approach we provide a deeper physical insight into
he effect of the vortex stabilization by partially coherent
ight observed in experiment.

The paper is organized as follows. In Section 2 we in-
roduce our numerical model that is based on the coher-
nt density approach and that describes the propagation
f partially incoherent light in a slow-response nonlinear
edium such as a biased photorefractive crystal. Section
describes some examples of stable, partially incoherent

ortex solitons, including the experimental results. In
ection 4 we introduce the spatial coherence function and
nalyze its properties, while Section 5 is devoted to a sim-
lified approach based on truncated modal expansion.
ection 6 concludes the paper.

. MODEL AND NUMERICAL APPROACH
o study numerically the propagation of partially incoher-
nt optical vortices in a biased photorefractive nonlinear
edium, we employ the coherent density approach.29

his approach is based on the decomposition of an inco-
erent light source into a superposition of (infinitely)
any coherent components Ej that are mutually incoher-

nt, having slightly different propagation directions:

Esr,td = o
j

Ejsrdexphik'jrjexpfigjstdg, s1d

here k'j=ksajex+bjeyd is the transverse wave vector of
he jth component having direction cosines aj and bj, r
xex+yey, gjstd is a random variable that changes on the

ime scale of the coherence time of the light source, and
=2p /l is the wave number. Throughout this paper we
se a number N=1681 of mutually incoherent compo-
ents to account for the beam incoherence. The spatial
rid used for the numerical simulations consists of 256
256 grid points. The vortex is introduced by means of a

hase mask at the input face sz=0d of the medium. To
void complexities that may arise from incoherent light
ources having abrupt boundaries, we assume the source
as a Gaussian profile

Ejsrd =H 1

Îpu0

expf− saj
2 + bj

2d/u0
2gJ1/2

Asrd, s2d

here

Asrd = sr/w0d2 expsimfdexps− r2/s2d s3d

s the complex vortex profile, f is the angular variable,
nd u0 is a parameter that controls the coherence proper-
ies, i.e., larger value of u0 means less coherence.

If we scale the lengths in the transverse directions to
0=1 mm and the length in the propagation direction to
0=2kx0

2, where we choose k=2p / s230 nmd, the propagat-
ng field Ejsr ,zd can be described by the nonlinear
chrödinger equation

i
]Ejsr,zd

]z
+ ¹'

2Ejsr,zd + hsr,zdEjsr,zd = 0, s4d

here hsr ,zd accounts for the nonlinear refractive-index
hange in the material. This equation was numerically
olved by use of a split-step technique, i.e., one propaga-
ion step consists of linearly propagating the beam for
alf a step-width, calculating the nonlinear refractive in-
ex, applying the nonlinear phase shift to the beam, and
nally propagating the beams linearly for another half
tep-width. The step width was chosen to be 0.005 in di-
ensionless units.
We assume a photorefractive medium with a saturable

onlinearity having a response time much larger than the
oherence time of the light source. In this case h depends
n the average intensity I=SjuEju2 and we write

hsr,zd =
Isr,zd

1 + sIsr,zd
, s5d

here s is the saturation parameter. Whereas numerical
olutions of Eq. (4) may be readily computed by use of the
oherent density approach, we also adopt below the
quivalent multimode theory30 to provide a physical in-
ight into our findings.

. PARTIALLY INCOHERENT VORTEX
OLITONS
xperimental results, similar to those reported earlier in
ef. 22, were obtained for a vortex beam generated in a
elf-focusing, biased photorefractive strontium barium
iobate crystal. The rotating diffuser was used to intro-
uce randomly varying phase and amplitude of the input
ight beam on time scales much shorter than the response
ime of the crystal. By adjusting the position of the dif-
user to near (away from) the focal point of the lens in
ront of the diffuser, the degree of light coherence was in-
reased (decreased). After the rotating diffuser the light
as sent through a computer-generated hologram to im-
rint a vortex phase on the light beam. Such a partially
oherent vortex beam was then sent into the photorefrac-
ive crystal. All other details of the experimental setup
nd measurements can be found in Ref. 22.
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The experimental results are summarized in Fig. 1
lower row), and they are compared with the correspond-
ng numerical results [see Fig. 1 (upper row)] obtained in
he framework of the theoretical model introduced in Sec-
ion 2. First both numerics and experiment reproduce the
ell-known result that the coherent single-charge sm=1d
ortex beam cannot propagate stably in a self-focusing
onlinear medium (left-hand plots). Indeed, when the dif-
user is removed from the experimental setup and a 2.5
kV biasing voltage is applied on the photorefractive crys-
al to create a Kerr-type, self-focusing nonlinear medium,
he vortex beam breaks up into two pieces. This vortex
reakup observed in a self-focusing medium is due to the
zimuthal instability, and it has been observed previ-
usly.

When the rotating diffuser is used, the degree of coher-
nce of the vortex beam varies, and we observe clearly
hat the vortex beam can be stabilized by the reduction of
he degree of coherence, as is summarized in Fig. 1. Above
certain value of the coherence parameter u0, the gener-

ted stable, partially incoherent vortex soliton is observed
t the output face of the crystal.

. SPATIAL COHERENCE FUNCTION
o quantify the second-order coherence properties of the
ingular beam propagating in a nonlinear medium, we
alculate the mutual coherence function

Gsr1,r2;zd = kE*sr2,z,tdEsr1,z,tdl, s6d

here the angle brackets stand for averaging over the net
eld Esr ,z , td=Sj=1

N Ejsr ,zdexpfigjstdg. Again we assume
hat for photorefractive nonlinearities the random phase
actors gjstd vary on a time scale much faster than the re-
ponse time of the medium. For the linear propagation
alacios et al.28 demonstrated that the phase singulari-

ies occur in the cross correlation Gs−r ,rd of an incoherent
ortex beam, where the origin of the coordinate system is
hosen to coincide with the vortex center.

In Figs. 2 and 3 we show the numerical results for the
table and unstable nonlinear evolution of an incoherent

ig. 1. Comparison between numerical (upper row) and experi-
ental (lower row) results for the vortex stabilization effect. Nu-
erical results are shown for the vortex after 9 mm of propaga-

ion for (from left to right) the coherent case and for three
artially incoherent cases at u0=0.14°, u0=0.29°, u0=0.38°,
espectively.
ortex and the corresponding evolution of the vortex
ross-correlation function. In these examples, we solve
umerically the model of Eqs. (1)–(5) with the parameters
0=1.8, s=1.5 and s=0.5. The size of the numerical solu-

ion range corresponds to the domain 35335 mm.
First we notice that in the nonlinear case the beam in-

ensity has a local minimum in the center of the vortex,
ven after propagating many diffraction lengths. This is
ontrary to the case of linear propagation in which a beam
ith the same degree of coherence u0 has maximum in-

ensity in the center of the vortex after only a few diffrac-
ion lengths. Also if we had chosen to propagate an inco-
erent ring of light without topological charge instead of
n incoherent vortex, we would also observe a maximum
t the beam center, similar to the coherent case reported
n Ref. 31. Thus we can state that the coherence function
f the vortex manifests itself in the intensity distribution
f the light beam after propagating through a nonlinear
edium. In fact, the intensity profile remains reminiscent

f a vortex, even if the intensity does not drop quite to
ero in the center of the beam.

Analyzing the structure of the beam cross-correlation
unction, we clearly observe, similar to the case of linear

ig. 2. Images of the intensity (left column) and the modulus of
he cross correlation (right column) of an incoherent vortex with
0=0.64° (strong incoherence). Contrary to the case of the linear
ropagation, there is a local intensity minimum in the beam’s
enter. The cross correlation, however, shows the same ring of
hase singularities as predicted in the linear theory.

ig. 3. Images of the intensity (upper row) and the modulus of
he cross correlation (lower row) for the breakup of an incoherent
ortex at u0=0.37° (weak incoherence), when the ring is not
reserved.
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ropagation,28 a ring of phase singularities in the cross-
orrelation function Gs−r ,rd that is preserved when the
ortex is stabilized (see Fig. 2) or disintegrates and de-
ays when the vortex breaks up (see Fig. 3).

Thus as the first result of our numerical studies we
tate that the phase singularities in cross correlation pre-
icted for the incoherent vortices propagating in linear
edia also survive the propagation through a nonlinear
edium. This is not self-evident, considering that in the

onlinear case the separate components that form an in-
oherent light beam do interact, contrary to the linear
ase. A physically intuitive explanation of how this ring of
hase singularities develops under linear propagation is
iven in Ref. 28. However, this issue becomes more com-
licated for propagation in a nonlinear medium.
In addition in Fig. 4 we show the situation in the far

eld. All parameters are identical to those used in Fig. 2.
n the far field we observe again a ringlike structure of
he cross-correlation function Gs−f ,fd, where f stands now
or the spatial coordinates in the far field. The intensity
istribution in the far field can also show a local mini-
um in the center of the beam, contrary to what one
ould obtain if the vortex were propagating through a lin-

ar medium,28 and also in contrast to the result we would
btain if we were propagating a light beam without topo-
ogical charge. This emphasizes the importance of the in-
eraction between the beam coherence function and the
onlinearity.

. MODAL THEORY APPROACH
lthough the coherent density approach can be used to
imulate the propagation of partially incoherent light
ith an arbitrary accuracy, it is of little use when it comes

o an explanation for the results obtained from the nu-
erical simulations such as those presented above. A

eeper physical insight can be obtained by use of the
odal theory of incoherent solitons.32 According to the
odal theory the incoherent solitons can be regarded as

n incoherent superposition of guided modes of the wave-
uide induced by the total light intensity. Since we are

ig. 4. The intensity (left column) and the cross correlation
right column) of the far field. The effects of the nonlinearity on
he intensity distribution can be clearly seen, whereas the cross
orrelation maintains more or less the structure one would ex-
ect in the case of linear propagation.
onsidering incoherent vortices that induce circularly
ymmetric waveguides, the guided modes are also circu-
arly symmetric. To explain our numerical findings we
onstruct numerically, by a standard relaxation
echnique,33 a partially incoherent vortex soliton that
onsists of the circularly symmetric modes with the topo-
ogical charges m=0, 1, and 2:

Esr,td = o
m=0

2

Emsrdexpsimwdexpfigmstdg.

more precise modeling of incoherent vortices would re-
uire more modes. Here we restrict ourselves to three
odes only, assuming that for a partially incoherent vor-

ex the m=1 component should be dominant and that the
ext strongest components should be those with topologi-
al charge m8=m±1, i.e., m8=0,2. Indeed we find that the
ain features of incoherent vortex solitons can be ex-

lained qualitatively by use of these three modes only.
For this three-mode composite vortex soliton, the rela-

ive intensity of the m=0 and m=2 modes controls the
verall beam coherence, as compared with the m=1 main
ortex mode. However, to assure that the total topological
harge of the beam,

mtot = ImHKE E*sr 3 ¹ EddrLJezYE Idr, s7d

s equal to one, we have to choose the m=0 and m=2 com-
onents of equal intensity. To check whether this simple
pproach yields the results that agree at least qualita-
ively with the full numerical model of an incoherent vor-
ex soliton, we calculate the resulting shape of the vortex
omponents, the total intensity, and the cross-correlation
s−r ,rd shown in Fig. 5. Comparing Fig. 2 and Fig. 5, we
ote the presence of two similar features: (i) the local
inimum of the intensity in the center of the beam and

ii) the ringlike structure of the cross correlation. Hence
hese two phenomena can be explained by considering a
imple modal representation of the incoherent vortex con-
isting of only three modes with the topological charges
=0, 1, and 2.
First the local minimum in the center of the beam can

e explained by the fact that the waveguide induced by
he m=1 and m=2 components affects the m=0 mode in
uch a way that it also develops a local intensity mini-
um in its center, a fact well known from vortex-mode

ig. 5. A composite soliton calculated by using the three modes
ith the topological charges m=0,1,2. (a) Profiles of the three

omponents, (b) total intensity of the vortex soliton, (c) vortex
ross correlation Gs−r ,rd.



v
c
s
v
s
p
g

i
p
l
c
r

6
W
t
c
w
n
v
l
p
a
i
l
g
c
s
s
N
t
h
m

A

C
S
O
t
d
b
t
w
o

R

1

1

1

1

1

1

1

1

1

1

2

2

2

2

2

2

Motzek et al. Vol. 22, No. 7 /July 2005 /J. Opt. Soc. Am. B 1441
ector solitons.5 Second the ringlike structure of the cross
orrelation comes from the different radial extent of the
ingle components. As is known from the physics of
ortex-mode vector solitons,5 the m=0 component has the
mallest radial extent, whereas the m=1 and m=2 com-
onents have larger radii. Hence the cross correlation
iven by

Gs− r,rd = o
m,m8=0

2

kEm8
* s− rdEmsrdl = o

m=0

2

Em
* s− rdEmsrd

s dominated for small r by the autocorrelated m=0 com-
onent, whereas the m=1 component dominates for
arger r. For even larger r the m=2 component can also
ome into play, which can eventually result in a second
ing of cross correlation.

. CONCLUSIONS
e have demonstrated stable propagation of optical vor-

ices in a self-focusing nonlinear medium when the vorti-
es are created by self-trapped partially incoherent light
ith a phase singularity propagating in a slow-response
onlinear medium such as a photorefractive crystal. The
ortex azimuthal instability is found to be suppressed for
ight incoherence above a critical value. To get a deeper
hysical insight into the effect observed in both numerics
nd experiment, we have studied the phase singularities
n the spatial coherence function employed earlier in the
inear optics and demonstrated that they survive propa-
ation through nonlinear media when the singular beam
reates an incoherent vortex soliton. Our results empha-
ize the importance of the spatial coherence function in
tudies of the propagation of incoherent singular beams.
ot only the phase structure, but also the intensity dis-

ribution strongly depends on the initial form of the co-
erence function of the light beam as it enters a nonlinear
edium.
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