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Holographic formation of optical-vortex filaments
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An optical-vortex filament is characterized by a dark core of vanishing size and fluidlike propagation dynamics
in the near-field region. This type of phase singularity does not naturally occur as an eigenmode of a cylin-
drically symmetric system, but it can be easily formed by computer-generated holography. The size of the
core is an important attribute affecting vortex–vortex interactions within a laser beam. Here we demonstrate
a means to minimize the core size, and we experimentally show that a beam-to-core size ratio exceeding 175
may be readily achieved. © 1998 Optical Society of America [S0740-3224(98)01708-1]
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1. INTRODUCTION
Optical vortices (OV’s) are fascinating owing to their ro-
bust topological structure, their ubiquitous presence in
many scattering systems,1–3 and their similarity to vorti-
ces in other physical systems. These so-called field de-
fects have recently attracted considerable attention in
nonlinear optics,4 owing to both their spontaneous forma-
tion in laser cavities5,6 and to their appearance as solitons
in self-defocusing media.7–9 Most recently, OV’s have
been found to exhibit fluidlike propagation dynamics in
both linear and nonlinear media.10–13 What is more, the
control over initial conditions in optics enables one to in-
vestigate experimentally the effective interaction be-
tween vortices using techniques that are not available in
other physical systems such as superfluids and other Bose
condensates. For example, the number, position, and to-
pological charge of vortices may be precisely controlled,
and optical measurements may, in many cases, be made
with minimal perturbations to the system.

As in fluids, various types of vortices may occur in op-
tics. Here we explore those having a core size much
smaller than other feature sizes (but much larger than
the wavelength). In this case the core may initially be
considered as a filament. In self-defocusing media the
filament propagates intact as a soliton,7 whereas in linear
media, the filament diffracts and radiates ring structures.
Compared with a conventional large-core vortex, the
angular-momentum density14 of a vortex filament will be
distributed closer to the vortex center. The propagation
dynamics of OV’s strongly depends on their phase and
amplitude structure. Although the phase profiles of the
large-core OV and the vortex filament may be identical,
the difference in amplitude functions gives rise to two dis-
tinct propagation regimes.12,13 Namely, neighboring
large-core OV’s do not affect each other’s motion, while
vortex filaments exhibit fluidlike dynamics in the near-
field region. To investigate experimentally the propaga-
tion dynamics of vortex filaments, holographic or diffrac-
tive masks that exhibit good optical quality are required.
Nanolithography may be used to create diffractive optical
elements having submicrometer features; however, such
masks are formidably expensive and are not readily avail-
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able. Contact lithography may also be used, but this ap-
proach is labor intensive because many well-aligned mas-
ter masks are needed to achieve adequate phase
resolution. A more convenient method of constructing
vortex masks uses computer-generated holography15,16

(CGH), which has the advantages of rapid and inexpen-
sive production, simple fabrication steps, and adequate
phase control.

The objective of this investigation is to achieve vortex-
filament sizes at least two orders of magnitude smaller
than the overall beam size (for comparison, the ratio of
the beam size to the vortex-core size for a conventional
doughnut mode of a laser is only ;3). As described in
Section 6, we succeeded in obtaining a ratio of ;175.
This report is organized as follows. A description of the
free space propagation of an OV is presented in Section 2
for both a point vortex and a conventional vortex on a
Gaussian background beam. The field in the focal plane
of a lens (or far-field regime) is determined in Section 3
for a point vortex on a Gaussian and pillbox background
beam. In Section 4 we discuss the holographic represen-
tation of a point vortex on a digitized black-and-white ho-
lographic medium. We explain in Section 5 how spatial
filtering affects the vortex-core size. The vortex created
with the CGH may be used to create a high-efficiency ho-
logram in a photopolymer, as discussed in Section 6. Fi-
nally we present our measurements of the vortex core in
Section 7, and we summarize our results in Section 8.

2. PROPAGATION OF AN OPTICAL
VORTEX
An optical vortex, or field defect, is a point singularity in
the transverse phase of an optical field. A monochro-
matic beam propagating in the z direction and containing
a single vortex transversely centered at the origin (r
5 0) may be expressed by the scalar envelope function:

u~r, f, z ! 5 Am~r, z !exp~2imf!exp@iFm~r, z !#,
(1)

where (r, f, z) are cylindrical coordinates with the opti-
cal axis aligned along the z axis, m is a signed integer
called the topological charge, and the field is assumed to
1998 Optical Society of America
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oscillate as exp(ikz-ivt), where k 5 2p/l is the wave
number and l is the wavelength. For convenience we
shall assume m . 0. The amplitude, Am , is a real func-
tion that vanishes both asymptotically and at the center
of the vortex core: Am(r 5 0, z) 5 Am(r → `, z) 5 0
for all z. For convenience we assume Fm(z 5 0) 5 0.
The initial amplitude and phase profiles are depicted in
Fig. 1. The equiphase surface of the propagating electric
field, kz 2 mf 1 Fm 5 const., defines a helix circling
the z axis with a pitch of ml.

An important attribute of the vortex is that its core re-
mains dark as the beam propagates. This may be under-
stood from the point of view of destructive interference be-
tween rays diffracted into the core. As described below,
the vortex-core size, wv , and the core-intensity profile sig-
nificantly affect the propagation dynamics. Although
strictly nonphysical, a point vortex is a conceptually use-
ful construct whose core size is vanishingly small, at least
in the initial plane, z 5 0, such that the beam-to-core size
ratio, b 5 w0 /wv , approaches infinity (or at least w0 /l).

The paraxial approximation may be used to describe
the beam if wv @ l, in which case the diffracting beam
may be described by the Fresnel integral:17

u~x, y, z ! 5 ~ilz !21E
2`

` E
2`

`

dx0dy0u0~x0 , y0!

3 exp$i~k/2z !@~x 2 x0!2 1 ~ y 2 y0!2#%,

(2a)

which may be expressed in cylindrical coordinates by
making the change of variables: x0 5 r cos u, y0
5 r sin u, x 5 r cos f, and y 5 r sin f:

u~r, f, z ! 5 ~ilz !21 exp@i~k/2z !r2#

3 E
0

`E
0

2p

rdrduh~r !u~r, u!

3 exp@2i~k/z !rr cos~u 2 f!#, (2b)

where h(r) 5 exp@i(k/2z)r2#. The coordinates of the ini-
tial field are represented by (x0 , y0) or (r, u), whereas in
all other planes (z Þ 0) the coordinates are (x, y) or
(r, f). Assuming an initial vortex field as discussed for
Eq. (1), the Bessel integral18 may be substituted into Eq.
(2b):

Fig. 1. Transverse profiles of a beam containing a vortex of to-
pological charge m 5 1. (a) Intensity profile showing a dark
core of diameter, 2wv , on a Gaussian background field of radial
size w0 . (b) Phase profile where white and black correspond to
a vortex phase of zero and 22p, respectively.
Jm~a ! 5 ~2p!21E
0

2p

du exp@2im~u 2 p/2!#

3 exp~2ia cos u! (3)

to obtain

u~r, f, z ! 5 ~2p/ilz !exp@2im~f 1 p/2!#exp@ikr2/2z#

3 E
0

`

rdrh~r !Am~r !Jm~rkr/z !. (4)

Setting j 5 rk/z, the integral in Eq. (4) may be expressed
as a Hankel transform of order m operating on the func-
tion f(r) 5 h(r)Am(r) (Ref. 19):

Hm$ f~r !% 5 E
0

`

rdrf~r !Jm~jr !. (5)

Case 1. Before examining the propagation character-
istics of a point vortex, let us first, for comparison pur-
poses, review a better known field, namely, the so-called
doughnut modes of a cylindrical system such as a laser.
Assuming a Gaussian background field, these modes may
be expressed in the form of Eq. (1), with an initial ampli-
tude function:

Am~r, z 5 0 ! 5 ~r/L !m exp~2r2/w0
2!, (6)

where L characterizes the slope (but not the size) of the
vortex, and w0 is the initial size of the beam waist. We
shall refer to this type of vortex as an rm vortex, given
that its core is characterized by the function rm. The
Hankel transform required to describe the propagation of
this beam is

Hm$ f~r !% 5 E
0

`

drrm11 exp~2pr2!Jm~jr !

5 @jm/~2p !m11#exp~2j2/4p !, (7)

where p 5 (1 2 iz0 /z)/w0
2 and z0 5 kw0

2/2. After com-
bining terms, the propagating field may be expressed in
the form of Eq. (1), where

Am~r, z ! 5 @w0 /w~z !#@rw0 /Lw~z !#m exp@2r2/w2~z !#,
(8a)

Fm~r, z ! 5 2~m 1 1 !tan21~z/z0! 1 kr2/2R~z !, (8b)

where w(z) 5 w0@1 1 (z/z0)2#1/2 is the beam size and
R(z) 5 z@1 1 (z0 /z)2# is the radius of curvature of the
wave front. The beam-to-core size ratio, b, may be de-
termined by calculation of the intensity, which has
a maximum, uu0(z)u2 5 @w0 /w(z)#2(m/2e)m(w0 /L)2m, in
the transverse plane at the radial position, r
5 (m/2)1/2w(z):

uu~r, f, z !/u0~z !u2 5 ~2e/m !m@r/w~z !#2m

3 exp@22r2/w2~z !#. (9)

Equation (9) indicates that the core size varies in propor-
tion to the beam waist for all z, and thus b is a constant of
motion for an rm vortex. We have numerically deter-
mined the ratio of the half-width at half-maximum sizes
from Eq. (9): bHWHM equals 3.40, 2.34 and 1.99 for m
equals 1, 2, and 3, respectively. These small constants
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suggest it is not possible to achieve a facsimile of a point
vortex with b @ 1 for any value of charge from a cylindri-
cal system such as a laser.

Case 2. Let us now examine the propagation of an ini-
tially ideal point vortex. The initial amplitude may be
expressed as a Gaussian beam without an explicit core
function, Am(r) 5 exp(2r2/w0

2) for all m. The Hankel
transform of h(r)Am(r) may be expressed in terms of
complex Bessel functions:

Hm$ f~r !% 5 E
0

`

r exp~2pr2!Jm~jr !dr 5 ~p1/2j/8p3/2!

3 exp~2g!]@I ~m21 !/2~g! 2 I ~m11 !/2~g!#,

(10)

where In(g) is the modified Bessel function of the first
kind of order n, and j and p are given above, and

g 5 j2/8p 5 ~1/2!@r/w~z !#2~1 1 iz0 /z !, (11a)

j/8p3/2 5 ~w0z0/4!~r/z !~1 1 ~z0 /z !2!23/4

3 exp$~3i/2!@p/2 2 tan21~z/z0!#%. (11b)

The propagating envelope function may be written in the
form of Eq. (1), with

Am~r, z ! 5
Ap

2

r

w0
S z0

z D 5/4F z0

R~z !
G3/4

expF2
1

2

r2

w2~z !
G

3@I ~m21 !/2~g! 2 I ~m11 !/2~g!#, (12a)

Fm~r, z ! 5 2m
p

2
1

p

4
1 S r

w0
D 2 z0

z
F1 2

w0
2

2w2~z !
G

2
3

2
tan21S z

z0
D , (12b)

where Am(r, z) is the complex amplitude. The intensity
profile, uAm(r, z)u2, plotted in Fig. 2, is characterized by
high spatial frequency ringing in the near-field region,

Fig. 2. Radial intensity distribution (arbitrary units) of a propa-
gating beam initially containing an ideal point vortex on a
Gaussian background field of size w0 , showing rapid oscillations
in the near-field regime and a smooth beam for z/z0 . 1, where
z0 is the diffraction length.
z/z0 ! 1, and smooth profiles for z/z0 . 1. As expected,
the width of the vortex increases owing to diffraction, and
thus b decreases as the beam propagates. In contrast to
case 1, the vortex is neither an autonormal function nor
an eigenmode of a cylindrical cavity, and b is not a con-
stant of motion.

3. FOCUSED OPTICAL VORTEX
Spatial filtering, which is described in Section 5, takes ad-
vantage of the far-field profile, or, more precisely, the elec-
tric field in the focal plane of a lens. Let us examine the
field in this regime for a lens of focal length, f. If the
field, u0(r0 , u0), is known at the front focal plane of
a lens, then the field profile at back focal plane is the
Fourier transform of u0 . For a field having the form of
Eq. (1), the transformed field in the focal plane [with
transverse coordinates, (r f , f f)] may be written:

uf ~r f , f f! 5 ~ilf !21E
0

`E
0

2p

u0~r0 , u0!r0

3 exp@2i~kr0r f /f !cos~u0 2 f f!#dr0du0

5 ~k/f !exp@2i~m 1 1 !p/2#

3 exp~imf f!E
0

`

Am~r0!Jm~kr0r f /f !r0dr0

[ exp@2i~m 1 1 !p/2#exp~imf f!Am8 ~r f!, (13)

where Am(r0) and Am8 (r f) are amplitude functions in the
front and back focal planes, respectively. Focused vortex
beams are particularly useful as optical traps.20 For
point vortices, background fields of particular interest in-
clude both Gaussian and pillbox profiles. In the former
case we obtain

Am8 ~r f! 5
p1/2

2 S z0

f D 2 r f

w0
exp~2g f!@I ~m21 !/2~g f!

2 I ~m11 !/2~g f!#, (14)

where g f 5 (1/2)(r f /w08)2, and w08 5 lf/pw0 . For a pill-
box profile of radius R, containing a vortex of charge m
5 1, we obtain

A18~r f! 5 2~pR/2r f!@J1~r f /r08 !H0~r f /r08 !

2J0~r f /r08 !H1~r f /r08 !#, (15)

where r08 5 f/kR, and Jn and Hn are Bessel and Struve
functions of order n, respectively. The field profiles for
the Gaussian and pillbox cases are shown in Fig. 3 for
m 5 1 [for comparison the vortexless cases (m 5 0) are
also shown]. The profiles have all been normalized by
the same intensity gain factor, w0 /w08 , where we assume
R 5 w0 .

The solutions of Eqs. (14) and (15), represented in Fig.
3, exhibit several obvious features. As expected, the field
vanishes at the origin owing to destructive interference
within the vortex core. Unlike a planar wave front hav-
ing a hole that tends to fill owing to diffraction, the vortex
core remains dark. This result illustrates the principle
of conservation of topological charge. The wall of the vor-
tex core reaches a peak closer to the core for the Gaussian
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case, compared with the pillbox case. Furthermore, the
outer perimeter of the beam also decays faster for the
Gaussian background, decreasing as r f

22 for large r f /w08 .
For the pillbox case the peaks of the oscillating tail fall as
r f

21. We note that even though the near-field beams ex-
hibit diffractive ringing in the vicinity of the core, as
shown in Fig. 2, the far-field profile is smooth for a Gauss-
ian background. Finally, we see that the intensity van-
ishes at r f /w08 ' 2.9 (i.e., at r f ' 0.9 3 lf/R) for the pill-
box case and diminishes to 2% of its peak for the
Gaussian case.

4. COMPUTER-GENERATED HOLOGRAPHY
To construct a CGH of a vortex, we follow the approach of
Bazhenov et al.,15 and we numerically compute the inter-
ferogram of two waves: a planar reference wave and an
object wave containing the desired holographic image.
Here we choose the object wave to be a point vortex of
unit charge on an infinite background field of amplitude
C1 ,

Eobj 5 C1 exp~2iu!, (16a)

and a reference wave of amplitude C0 , whose wave vector
subtends the optical axis at the angle c1 ,

Eref 5 C0 exp~i2px/L!, (16b)

where L 5 l/sin c1 is the spatial period of the plane wave
in the transverse plane. To achieve unity contrast, we
let C1 5 C0 . The resulting interferogram, depicted in
Fig. 4(a), is characterized by nearly parallel grating lines,
except for a forking pattern in the vicinity of the core, and
may be expressed as

Iz50~x, u! 5 uEobj 1 Erefuz50
2

5 2C0
2@1 1 cos~2px/L 1 u!#. (17)

Fig. 3. Numerical integration of Eq. (13), showing the radial in-
tensity distributions in the focal plane for an initial point vortex
(m 5 1) on Gaussian and pillbox beams, with characteristic
sizes w0 and R 5 w0 , respectively. For comparison the nonvor-
tex beams (m 5 0) are also shown. The radial coordinate is
scaled by the diffraction-limited spot size, w08 5 lf/pw0 , and the
amplitude is scaled by the optical gain factor, w0 /w08 .
Note that Eq. (17) may be viewed as the power spectrum
of the series

f~x, u! 5 (
m52`

`

Cm exp~imu!exp~i2pmx/L! (18)

with C0 5 C1 being the only nonzero coefficients. In
general, any interferogram represented by the function
uf(x, u)u2 will have a vortex of charge m, diffracted into
each of the mth-order beams whose diffraction angle is
given by the grating formula:

cm 5 arcsin~ml/L! [ arcsin~mlNp /h!, (19)

where Np is the resolution of the laser printer or other ho-
lographic medium, and

h 5 LNp (20)

is the unitless period of the CGH, as measured in units of
resolvable dots.

Once Eq. (17) is numerically calculated and repre-
sented as a gray-scale image on a computer, it may be ei-
ther photographed or transferred to acetate film by a la-
ser printer. The latter approach is favorable because
commercial laser printers allow large format sizes with-
out the need for high-quality laboratory lens systems.
Like in a photographic film, however, true gray-scale im-
ages are not possible; rather, the finest features appear as
either black or white spots. Hence the laser-printed in-
terferogram appears as a thresholded version of Eq. (17),
as shown in Fig. 4(b). High-quality laser printers have a
typical resolution of Np 5 5080 dots per inch (dpi), which
is small compared to holographic photographic film with
Np . 1 mm21. In either case the holographic image will
suffer distortions from limited gray-scale and spatial
resolution.

Let us first address the effects of a one-bit gray scale.
A thresholding operation applied to Eq. (17) will result in
a function in the form of Eq. (18). When the printed
CGH is illuminated at normal incidence, a holographic
image and its complex conjugate may be found at the
angles, 6C1 , subtending the z axis in the xz plane. In
addition, multiple diffraction orders will also emerge, as
discussed above. The desired image may be separated

Fig. 4. (a) Interferogram of a single point vortex of charge
m 5 1. The vortex core is located at the fork of the equiphase
lines. Far from the core, the lines are separated by the grating
period, L. (b) One-bit gray-scale rendering of (a), showing grat-
ing lines of width L/2. The interference fringes are composed of
line segments, resulting in h 5 LNp (h 5 4 in this example) dis-
tinct phase domains whose boundaries radiate from the core,
where Np is the resolution of the laser printer (typically mea-
sured in dots per inch).
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from the many other diffraction orders by spatially filter-
ing the transmitted light. That is, a large collection lens
may be used to focus the orders into multiple spots in the
focal plane, where an aperture is then used to selectively
transmit only the desired order. Spatial filtering is dis-
cussed in greater detail in Section 5.

Next we address the spatial-resolution problem. Sam-
pling theory dictates that L . 2/Np , and experience sug-
gests L . 8/Np for the printer used in our investigations,
a Linotronix Hercules printer with Np

21 5 5 mm. An ex-
amination of the printed lines and dots revealed 5-mm
dots with a placement accuracy of one dot, as well as a
minimum consistent line width of 20 mm (10-mm lines
were randomly broken). We also found that lines drawn
in the direction of the laser scan were straight, while per-
pendicular lines were wavy. This latter observation in-
dicates that interferograms having nearly parallel lines,
such as sparse vortex distributions, are well suited for
laser-printed holograms.

Small spatial periods are favorable for achieving a
small vortex-core size. That is, large values of b require
small values of L or h. This may be understood by con-
sidering that the resolving power of a grating is equal to
the number of illuminated lines. If the vortex core is the
smallest resolvable feature, as desired, then, in the dif-
fraction limit, we may assume 2wV ' L, and thus

b 5 w0 /wV ' 2w0Np /h @ 1, (21)

where 2w0 is assumed to be the effective diameter of the
hologram. Although this ratio can be increased by sim-
ply increasing the effective size of the hologram, in prac-
tice this approach is limited by the size and quality of the
lenses in the optical system. For example, our setup uses
3.15-in (8-cm) diameter achromatic lenses.

On the other hand, large values of L or h, as used in
Refs. 15 and 16, are required to achieve satisfactory phase
resolution in the reconstructed electric field. This may
be understood by considering that neighboring grating
lines represent a 2p phase difference. Digitization of the
space between these lines results in a digitized phase,
with as many as h distinct phases over 2p rad (recall that
h is also the number of printer dots per grating period).
The phase resolution is therefore Nf 5 h/2p. Small val-
ues of h will yield a hologram whose ideally curved inter-
ference fringes appear instead as abruptly displaced line
segments, as can be easily seen in Fig. 4(b) for the case
h 5 4. A vortex is essentially a phase object, and limit-
ing the phase resolution will significantly affect the image
quality. An appropriate value of h can be obtained from
Eq. (21) once Np and w0 are known from experimental
constraints, and a desired value b has been selected. For
example, if Np

21 5 5 mm, w0 5 25 mm, and b 5 200,
then h 5 50. This will produce a core size of roughly
wV ' L/2 5 h/2Np 5 125 mm on a 50-mm-diameter
beam. We point out that one may be able to optically re-
duce the holographic image to decrease the vortex size
without significantly changing b.

Whereas spatial digitization and intensity thresholding
are unavoidable artifacts that constrain the rendering of
a laser-printed hologram, various techniques may be em-
ployed to draw the one-bit representation of the interfero-
gram. To control this rendering, the CGH must be writ-
ten as a command sequence that the printer can
accurately interpret. For many laser printers, the com-
mand language is PostScript (PostScript is a trademark
of the Adobe Corporation). The CGH PostScript-encoded
data files are frequently 10–100 times larger than its bi-
nary image file, although significant compression may be
achieved by coding frequently used instruction sequences
into a single instruction that can be defined in a Post-
Script dictionary in the file header. Further reduction
may be achieved by drawing lines, rather than a sequence
of dots, since the former has a smaller instruction set.

Various algorithms may be used to convert the inter-
ferogram to a series of black-and-white line segments. A
thresholding algorithm was written to calculate the inten-
sity at every point in a grid and assign either a 0 or 1, de-
pending on the value of a thresholding parameter (typi-
cally at half the peak intensity so that the black-and-
white fringes have equal width). For a 1-in2 (6.45-cm2)
grid this corresponds to 50802 data points, and is there-
fore computationally intensive. Instead, a line-walking
algorithm was designed to sweep in the x direction along
the edge of the grid, looking for a relative maximum; once
found, it draws a single line of width L/2 5 h/(2Np) in
mostly the y direction along the relative maximum until
reaching the other edge of the grid. This method allows a
significant reduction in both the computational time and
the size of the image file, although it may not be used in
the vicinity of the vortex, since the interference fringes
fork there. The speed of this algorithm can be improved
by use of a binary-search method to find the end of a
straight line segment, rather than following the relative
maximum point by point along a line. Since the line-
walking algorithm cannot properly draw the line-splitting
associated with the vortex, a hybrid algorithm was used:
thresholding in the vicinity of the vortex and line walking
everywhere else.

5. SPATIAL FILTERING
The effects of a finite spatial and gray-scale resolution in
the CGH often require one to use spatial-filtering tech-
niques to (1) smooth out some distortion and (2) select the
desired diffraction order. Let us first examine the effects
of phase distortion. The integer number (h) of distinct
phases in the CGH will form phase domains, as discussed
above, whose boundaries appear to radiate from the vor-
tex core [see Fig. 4(b)]. In the near-field region, destruc-
tive interference along each domain boundary reduces the
intensity by a factor of roughly cos2(p/h). This has the ef-
fect of diffracting light into a star-burst pattern in the far-
field region, shown in Fig. 5(a), with each arm bisecting a
phase domain. A circular aperture placed in the focal
plane of a lens, as illustrated in Fig. 5(a), may be used to
eliminate the strongly diffracted components of this pat-
tern. The filtered beam may then be reimaged and recol-
limated with a second lens, as depicted in Fig. 6. Nu-
merical results, demonstrating the effect of filtering, are
shown in Figs. 5(b) and 5(c). A large diameter aperture
allows the transmission of high spatial frequencies, and
thus a small vortex core is produced, although the beam
exhibits faint stripes radiating from the core, as shown in
Fig. 5(b). On the other hand, the stripes disappear when
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a small aperture is used [see Fig. 5(c)]; however, both the
vortex core and the beam size are now larger than in Fig.
5(b). Numerically determined measurements, plotted in
Fig. 5(d), indicate that the vortex-core size is inversely
proportional to the aperture size. This result is expected,

Fig. 5. (a) Finite phase resolution in the CGH produces h arms
radiating from the vortex core in the focal plane of a lens. An
aperture of diameter da may be used to spatially filter the holo-
graphic image. (b) Large apertures produce smaller cores and
more distorted background fields compared with small apertures
(c). The effect of aperture size on the beam-to-core size ratio,
bHWHM , is plotted in (d).

Fig. 6. Schematic of the optical system for converting the CGH
into a thick phase hologram. A beam from a Spectra-Physics
frequency-stabilized argon-ion laser (Ar) is directed through a
glass wedge beam splitter (BS). The object beam is transmitted
through the computer-generated hologram (CGH), and the first-
order diffracted beam is allowed through a pinhole (P) in a spa-
tial filter assembly. The object and reference beams are bal-
anced with the aid of an attenuator (Atn) and made to interfere
at equal angles, ud , with respect to the normal of the holographic
recording film attached to a glass window (HRF). A helium–
neon laser (HeNe) and an optical power meter (OPM) are used to
monitor the efficiency of the hologram in real time.
owing to the convolution of the vortex beam with the Fou-
rier transform of the aperture function (the latter being
an Airy disk). For example, an ideal point vortex would
have a diffraction limited size of order w lim 5 1.22
lf/da . Furthermore, we find that the numerically mea-
sured beam-to-core-size ratio, bHWHM , increases linearly
with the aperture diameter. The reason for this is that
the high frequencies transmitted by a large aperture con-
tribute to sharp features, namely, the vortex core, but
have little effect on smooth features such as the diminish-
ing perimeter of the beam. Not surprisingly, we see that
large apertures are preferable to achieve large values of
b. Fortunately, we find no fundamental upper limit to
the value of b, and the only practical limit is dictated by
the size of the optics and the hologram itself.

In practice, one may establish upper and lower bounds
for the diameter of the spatial filter aperture, da , based
on a vortex having infinite phase resolution. A lower
limit may be set to diffraction-limited spot size in the fo-
cal plane:

da,min 5 cblf/w0 , (22)

where cb is a constant that depends on the initial beam
shape. For example, cb equals 1/p for a Gaussian beam,
0.61 for a pillbox beam (of radial size, R 5 w0), and
roughly 0.9 for a beam containing a vortex (as discussed
above in Section 3). Such a small pinhole will, however,
significantly apodize the beam in the focal plane, and
broaden the core (and the beam) in the image plane. A
more preferable minimum size may be estimated by
qualitatively examining Figs. 3 and 5(d). For the Gauss-
ian case (with m 5 1) the tail in the focal plane is consid-
erably extended, with the intensity falling to 1% of its
maximum at roughly r f /w08 5 3.5, where w08 5 lf/pw0 .
As a benchmark, one may desire da > 7w08 . For the pill-
box case the intensity has its first zeros at roughly r f /w08
equal to 3, 4, and 6, and the intensity ringing subsides to
,1% of its maximum at roughly r f /w08 5 5.4. Thus, for
pillbox background fields, one may wish to choose aper-
tures having da > 12w08 . The aperture should not be
made too large, however, if one wishes to filter out un-
wanted diffraction orders. An upper limit of the aperture
size may be set to the distance between neighboring dif-
fraction orders:

da,max 5 f tan c1 > f l/L. (23)

Unfortunately, even this maximum aperture will affect
the vortex-core size by filtering out the high spatial fre-
quencies. This may be understood by the following argu-
ment. The diffraction-limited vortex-core size produced
by the CGH is wV ' L/2. The effect of the spatial filter
in the image plane is to perform a convolution of the ho-
lographic object with an Airy disk. If the radial size of
the Airy disk, 1.22lf/da , is much smaller than the fea-
tures in the holographic object, then the image and the
object will be nearly identical. To meet this condition, we
desire L/2 . 1.22lf/da . However, this inequality can-
not be satisfied for da 5 da,max . At best, the Airy disk
will be 2.44 times larger than L/2. We note that the vor-
tex core will not only broaden, owing to spatial filtering,
but will also exhibit an overshoot, seen in Fig. 5(b), attrib-
uted to the Gibbs phenomenon.
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Let us again consider a hologram having a finite phase
resolution. If we select da 5 da,max , then the image will
contain lines of phase and amplitude distortion. If we se-
lect a smaller aperture, the beam-to-core size ratio will
become smaller. One must therefore make a qualitative
judgment. After experimentally observing the effects of
several apertures, we found that a 35-mm diameter pin-
hole (da ' 18w08) was most suitable for our optical sys-
tem, which comprised a pillbox beam of radius R
5 25 mm, a wavelength l 5 514 nm, and a lens of focal
length f 5 310 mm and a CGH with h 5 16 and L 5 80
mm. This pinhole diameter is within the expected range
for a pillbox-type beam, as discussed above (see Fig. 3).

6. PHASE-HOLOGRAM CONVERSION
Although the CGH is relatively simple to produce, it is not
suitable for experiments requiring an intense laser beam.
The CGH absorbs roughly half the beam power and is
therefore prone to damage. Increased efficiency and
higher damage thresholds may be achieved by a phase,
rather than an amplitude, hologram. Here we describe a
method of recording the CGH image onto a photopolymer
medium, e.g., DuPont holographic recording film, HRF-
150.

After spatial filtering of the CGH image, we interfere
the beam with a reference wave. The experimental ar-
rangement is shown in Fig. 6. The reference beam was
oriented to obtain a finer grating period, L8, than could
be achieved with the CGH. The manufacturer suggests
setting L8 < 5 mm to ensure that monomers diffuse into
the exposed regions to produce a refractive-index grating.
If a thick, Bragg-type hologram can be written in the film,
nearly all the light may be diffracted into the first diffrac-
tion order, which occurs at the angle, ud , given by the dif-
fraction equation, l 5 L8(sin ud 2 sin ui), where u i is the
angle of the incidence of both the object and reference
waves with respect to the normal of the film, and ud
5 2u i . Thus, ud and L8 are related by sin ud 5 l/2L8.
The angle used in our experiment was ud 5 13.3°, which
provided a grating period of L8 5 1.12 mm.

The figure of merit used to judge whether the hologram
is a thick Bragg-type or a thin Raman–Nath-type holo-
gram is given by the quality factor:

Q 5 4pdud /L8 ' 2pld/n~L8!2. (24)

The manufacturer reports a film thickness of d 5 38 mm
and a nominal refractive index of n ' 1.5. Values of Q
@ 1 allow high efficiencies. Using the parameters of our
investigation, we calculate Q ' 65, and thus a high dif-
fraction efficiency may be expected. The efficiency of a
Bragg hologram, hB , may be estimated from the well-
known result for a thick sinusoidal phase grating21:

hB 5 sin2~pdDn/l cos ud!, (25)

where Dn may be as large as 9 3 1023 in the photopoly-
mer film.22 The efficiency may theoretically reach unity
when the exposure induces an index change of Dn ' 7
3 1023. As the film is exposed, monomers in the film
polymerize, resulting in an increased refractive index.
The manufacturer suggests an exposure fluence of
F ' 100 mJ/cm2. If the intensities of the vortex and ref-
erence beams are balanced and the average intensity at
the film is Iave 5 5 mW/cm2, then the maximum index
modulation should develop in a time Texp ' 20 s. We
found that much longer exposure times were required,
Texp of approximately 140–190 s, which may be attributed
to the age of the holographic film we were using.

To achieve a high diffraction efficiency, it is advanta-
geous to calibrate the exposure process by monitoring the
diffracted power as a function of time while a hologram is
being exposed. For this purpose, we used a weak He–Ne
probe laser with a wavelength of 0.6328 mm and diffrac-
tion angle of 16.7°. Owing to the inverse relation be-
tween efficiency and wavelength in Eq. (25), the peak ef-
ficiency of the argon laser beam will occur when the
He–Ne efficiency is at roughly 94%.

In the focal plane of lens L2 we obtained a vortex of size
wHWHM ' 145 mm (b ' 175). However, since the size of
the holographic film was smaller than the cross section of
the signal and reference beams, the ratio b of the vortex
recorded onto HRF was ;3 times smaller than 175.

7. ANALYSIS OF THE HOLOGRAPHIC
IMAGE
The holographic image was analyzed by monitoring of in-
tensity profiles of the propagating image from the surface
of the hologram to a distance of roughly 1.8 m. This was
accomplished by imaging of each object plane onto the ar-
ray of a CCD camera (see Fig. 7), by a lens with focal
length f 5 50.8 mm. To obtain images of the vortex over
the range of propagation distances, the imaging system
was designed to provide a magnification of 1.7; hence the
distance between the lens and the array was fixed at di
5 137 mm. The vortex-core size and propagation char-
acteristics were determined by analysis of 34 images,
taken at 50-mm intervals along the optical axis of the ho-
lographic image. The radial intensity distribution func-
tion, uA(r, z)u2 was determined by numerically averaging
the intensity profile, I(x, y), around the azimuth of the
vortex core by the following procedure.

First we determined the location of the vortex center,
(xc

(i) , yc
(i)), which presumably coincides with the first mo-

ment of the intensity profile,

Fig. 7. Schematic of the optical system to examine the vortex
recorded onto HRF. The vortex beam is imaged to a CCD array
(C) by means of a lens (L) with focal length f 5 50.8 mm and im-
aging distance di 5 137 mm. Both C and L are mounted on a
translation stage (TS), which can move along the optical axis, al-
lowing us to monitor the transverse intensity profile at different
propagation distances, z. The camera C is connected to a Ma-
cintosh IIfx computer with a frame grabber (not shown).
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~xc
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~i !! 5 EE
S

~x, y !I~x, y, z ~i !!dxdyY
EE
S

I~x, y, z ~i !!dxdy,

where S is the area of the CCD image, and z (i) is the lo-
cation of the object plane of the imaging system, and the
integrals are performed numerically over a discrete num-
ber of grid points. Next we determined the average ra-
dial vortex-core function by numerically calculating the
expression uA( r̂, z (i))u2 5 N21( j51

N I( r̂, jDf, z (i)), where
Df 5 2p/N is the discrete angular step size between two
grid points lying on a circle of radius r̂ (measured in units
of grid points) from the core center, and N 5 int$2pr̂% is
the circumference of the circle in units of grid points. Fi-
nally, we obtained the HWHM values of the core size,
wHWHM , and compared it with the half-widths from beam-
propagation simulations. The results shown in Fig. 8 are
in excellent agreement over the entire scan range.

8. CONCLUSION
We have described a point vortex in the paraxial approxi-
mation, showing that it is characterized by near-field
rings diffracted from the core. The high spatial frequen-
cies of these rings transform the far-field pattern into pro-
files having a longer decay tail than would occur if the
vortex were absent. In contrast to a doughnut mode of a
laser, a point vortex is not an autonormal function, and is
not an eigenmode of a cylindrical guided-wave system.
We discussed how pointlike vortices may be readily made
by computer-generated holography, and we argued that
core sizes of the order of the Nyquist limit of half the ho-
lographic grating period may be achieved. Owing to the
finite gray scale and spatial resolution of the recording
medium (or system), the reconstructed holographic field
will be distorted, especially for small values of the grating
period (as measured in the number of resolvable printed
dots). Hence a trade-off exists between the core size and

Fig. 8. HWHM size of a vortex plotted versus the propagation
distance, z. The discrete points are experimental results. The
curve was obtained from numerical simulations, assuming a
large Gaussian beam (w0 5 12.8 mm @ wV) with a vortex of the
amplitude profile A(r) 5 tanh(r/wV), with initial wV 5 165 mm
(i.e., wHWHM 5 145 mm).
the image fidelity. Spatial filtering allows one to remove
unwanted diffraction orders (attributed to black-and-
white holograms), as well as to smooth out phase steps
(attributed to the limited phase resolution); however, fil-
tering also broadens the core. To achieve core sizes much
smaller than the characteristic beam size, i.e., pointlike
vortices, one must design a system where the beam diam-
eter, used to reconstruct the holographic image (and
hence the format size of the holographic film), is much
larger than the grating period of the hologram. This is
not difficult to achieve in the laboratory, and thus one
may easily produce pointlike optical vortices. Investiga-
tions of single and multiple vortex propagation dynamics
may be conducted in both linear and nonlinear optical me-
dia. In the former case, low power beams may be used,
and hence CGH’s are suitable. The higher powers com-
mon to nonlinear optical experiments, however, may re-
quire one to re-record the holographic image onto a low-
loss material such as a photopolymer. We have
described the technique used for achieving high-efficiency
holograms in DuPont HRF. Finally, we have measured
the vortex-core size as the beam propagated in the near-
field regime, and found a favorable comparison with
theory. What is more, we found we were able to achieve
a beam-to-core size ratio of 175.
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