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ABSTRACT

This paperdescribes hierarchicaimageregistrationalgo-
rithm for af®nemotionrecoery. The algorithmestimates
the af®netransformationparametersecessaryo register
ary two digital imagesmisaligneddueto rotation, scale,
shear and translation. The parametersare computedit-
eratvely in a coarse-to-®nhierarchicaframevork usinga
variationof theLevenbeg-Marquadnonlineadeastsquares
optimizationmethod. This approachyields a robust solu-
tion that preciselyregistersimageswith subpixel accurag.
A log-polar registration moduleis introducedto accom-
modatearbitraryrotationanglesanda wide rangeof scale
changes.This senesto furnish a goodinitial estimatefor
theoptimization-basedf®neregistrationstage. We demon-
stratethe hybrid algorithmon pairsof digital imagessub-
jectedto large aif®nemotion.

1. INTRODUCTION

Imageregistrationrefersto thegeometrialignmentof a
setofimages.Thesetmayconsisof two or moredigital im-
agedakenof asinglescenetdifferenttimes,from different
sensorspr from differentviewpoints. The goal of registra-
tion is to establishgeometriccorrespondencbetweerthe
imagesso that they may be transformed,compared,and
analyzedin a commonreferenceframe. This is of prac-
tical importancein mary ®elds,including remotesensing,
medicalimaging,andcomputevision[1].

This paperdescribesa hierarchicalimage registration
systenbasednparameteestimatiortechniques\Wemodel
themappingfunctionasanaf®netransformationThealgo-
rithm estimateghe af®neparametersiecessaryo register
ary two digital imagesmisaligneddueto rotation, scale,
shearandtranslation.The parameterareselectedo mini-
mizethesumof squaredlifference®etweerihetwoimages.
They arecomputedteratively in a coarse-to-®nbierarchi-
calframework usingavariationof the Levenbeg-Marquadt
nonlineareastsquare®ptimizationmethod.Thisapproach
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yieldsarobustsolutionthat preciselyregistersimageswith
subpbel accurag.

The primary dravback of the optimization-basedp-
proachis thatit may fail unlessthe two imagesare mis-
aligned by a moderatedifferencein scale, rotation, and
translation. In order to addressthis problem, we intro-
ducea log-polar registrationmodule to bring the images
into approximatealignment,even in the presenceof arbi-
trary rotationanglesanda wide rangeof scalechangeslts
purposeis to furnish a good initial estimateto the af®ne
registrationmodulethatis basedn nonlineareastsquares
optimization.

This hyrid approactyields superiorresultsover either
module acting independently We demonstrateghe algo-
rithm by recoreringtheaf®neparameterfor pairsof digital
imagessubjectedo large af®nemotion.

2. PREVIOUS WORK

This paperaddressesmage registration under ai®ne
transformations.Recentwork in this areahasfocusedon
solutionsin the frequeng domain. Registrationproblems
involving pure translationcan be recoered by applying
the Fourier transformand using phasecorrelation[2]. A
Fourierbasednethodto accommodat&anslatiorandrota-
tion wasdescribedn [3].

The FourierMellin transformhas beenintroducedto
registerimagesthataremisaligneddueto translation rota-
tion, andscale[4, 5, 6, 7]. This methodappliesa Fourier
transformto imagego recover translation.Thenalog-polar
transformationis appliedto the magnitudespectrumand
the rotationandscaleis recoreredby using phasecorrela-
tion in the log-polar space. This methodexploits the fact
thatby operatingon the magnitudespectrumof animage,
thetranslationatlifferencesreavoidedsincethemagnitude
spectrunof animageandits translatecounterparareiden-
tical; only their phasespectrumaredifferent. Furthermore,
thelog-polartransformatiorcausesotationandscaleto be
manifeststranslationwherebyphaseorrelationcanbeap-
pliedto recover therotationangleandscalefactorbetween
the pair of inputimages.The problemhere,thoughi,is that



limited scalefactorscanbe determinedecausédarge scale
factorswould alter the frequeng contentbeyond recogni-
tion. It shouldbe notedthat the maximum scalefactor
recoveredin [6] and[7] is 2.0and1.8,respectiely.

The work presentedn this paperconsistsof two mod-
ules: log-polarregistrationfollowedby optimization-based
af®neregistration. The lattermoduleis similarin spirit to
the methoddescribedn [8]. However, sinceit is basedon
optimizationtechniquesit mayfail to registeranimagepair
unlessthey aremaginally misaligned.We have addressed
this problemby introducinga log-polarmoduleto furnisha
goodinitial estimategvenin the presencef arbitraryrota-
tion anglesandawide rangeof scalechangesBYy operating
in thespatialdomainunderamultiresolutiorframevork, we
have beenableto recorer awiderrangeof scalefactorsthan
thosepossibleunderthe FourierMellin transform.

3. AFFINE PARAMETER ESTIMATION
In thispaperweshalladdressheproblemof registering
imagesmisaligneddue to an ai®netransformation. The
mappingfunctionis givenas
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Thesix unknovn parameterselatingtwo inputimages,
1 and », will be estimatedby minimizing the sum of
squaredlifferencedbetween ; andthetransformed ;. The
sumof squaredifferencegSSD)objectve criterionestab-
lishesa similarity measurdetweertwo images:
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respectiely. Note that is a geometrictransformation
appliedto image , to mapit from its coordinate
systemto the coordinatesystemof ;. Thesubscript
A denoteghatthetransformations af®ne.

Weadoptthel evenbeg-Marquadhonlineateastsquares
optimizationalgorithm[8, 9] to estimatethe six unknovn
af®neparameters.

4. LOG-POLAR REGISTRATION
In this section, we introducea log-polar registration
modulethat senes as a preprocesso the parameteesti-
mationmodule.Althoughthe parameteestimationrmethod
featuresub-pixel accuray, thetwo imagego beregistered

must®rstbe fairly closein scale(within a factor of two),
rotation (within 45 ), andtranslation. The purposeof the
newly addednoduleis to accounfor largegeometridrans-
formationspringingimagesnto closealignmentevenin the
presencef large (ten-fold) scalechangesaswell asarbi-
traryrotationsandtranslationsln practice we don't expect
scalechangedeyondfactorsof four, however arbitraryro-
tationanglesandtranslationgnustsurelybe addressed.
Wenow review log-polarcoodinatetransformatiosand
describetheir usein registration. Considerthe polar
coordinatesystemwhere denotegadialdistancdromthe

center and denotesangle.Any pointcanbe
representedh polarcoordinates:
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Applying a polarcoordinatdransformatiorio animage
mapsradiallinesin Cartesiarspaceto horizontallinesin
thepolarcoordinatespace We shalldenotehetransformed
image . If weassumehat and lie alongthehorizontal
andvertical axes, respectiely, thenimage shownin Fig.
1(a)will be mappedo image in Fig. 1(b) aftera polar
coordinateransformation.Notethatthe origin in both co-
ordinatesystemss takento bein theupperleft corner The
bene®bf this new coordinatespaces thatsimplescaleand

rotation changesmay be inducedby modifying the
data. For instancea circular shift alongthe -axisin
inducesarotationof . Recall,afterall,thatthe datastored
alongtherowsin -spacerepresentadialdatain . By
movingthe rowsupor down, thatradialdatawill mapto
anew (rotated)setof radiallines. Fig. 1(c) shavs acircular
shift appliedto Fig. 1(b). Theresultingimagein Cartesian
spacds shavnin Fig. 1(d). Noticethatsincewe shiftedthe
512-rav imagein Fig. 1(b) by 128 rows, theimagein Fig.
1(a) hasbeenrotatedby 90 . Similarly, resamplingn the
-axiscaneffectscalechanges.

Considertwo images 1 and ; andtheir polar counter
parts 1 and , . If ;isarotatedversionof i, then ;
will bea circularly shiftedversionof ; alongthe -axis.
By applyingcross-correlatiomo ; and , , the offset
canbefoundthatbestmatcheghetwo images.Recallthat
cross-correlatioirs commonlyusedfor ®ndingtranslational
offsets(phaseshifts) betweerntwo images.It doesnotwork
well in the presenceof scaleor rotation. However, in the
polarcoordinatespace@®ndingthetranslationatomponent

between ; and , correspond$o ®ndingtherotation
between ; and ,. Therewouldbe,for instancenoproblem
in computingthe phaseshift betweerfigs. 1(b) and1(c).

A similarresultis neededo determinghe scalechange
between ; and ,. Considera four-fold magni®catiorof
image 1, yielding anenlagedimage ,. All points
in 1 nov mapto 4 4 in ,. To determinethe scale



Figure 1: Polarcoordinatgransformation.

factor, we introducethe useof logarithms. In log-space,
log log ,and 4 4 log4 log4
log log4 log log4 . Itnowbecomespparenthatin
log-spacetheintroductionof a scalefactormanifestdtself
asa phaseshift in the log-transformedmage. Therefore,
insteadof mappingan imageinto coordinatespace,
it becomesusefulto mapit into log coordinatespace
usingalog-polartransformationOrdinarycross-correlation
in thelog-polarspacenow determineshebest log and
phaseshifts, which translatedo scaleand rotationin
Cartesiarspace.

Fig. 2 shavs an example. Figs. 2(a) and 2(b) depict
two input images. The latter ®gureis a scaled,rotated,
and croppedversionof Fig. 2(a). The resultis consistent
with sensomovementthat causes four-fold zoomanda
45 rotation. Their log-polartransformationsreshavn in
Figs. 2(c) and 2(d). Clearly, they differ by a phaseshift.
Compare for instance,the left half of Fig. 2(c) with the
right half of Fig. 2(d). When ordinary cross-correlation
is appliedto thosetwo images,the computedphaseshift
accuratelye ectsthefour-fold scalefactorand45 rotation
that constitutesthe transformatiorbetweenthe two input
images.

We have usedthe log-polar transformatiorto recover
differencesaslarge asten-fold scalechanges. Given this
superiorperformancever the state-of-the-arin frequeny
domainsolutions,we believe that this approachshouldbe
exploited. Thereis onedif®culty though,that remainsto
be solved: ®ndingthe origin of theimagefrom which the
radialdistancas measuredin theexamplesabove, we have

(b) polartransformation

h.\\
(b) scale=4yotation=45
{

(a)inputimage

{
\]

(c) circularshiftin polarspace (d) resultin Cartésmspace (c) log-polartransformof (a)  (d) log-polartransformof (b)

Figure 2: Log-polarcoordinatdransformation.

assumedhattheorigin of bothimagedie attheirgeometric
centers. In fact, their centerscan be displacedand unless
thatcorrespondencgranslation)s known, theinformation
derivedfrom thepolartransformations of limited value.

We have implementeda new algorithm for automati-
cally ®ndingthe translationbetweenboth input imagesin
the presenceof scaleand rotation. The new methodis
basedon multiresolutionlog-polar transformationgo si-
multaneously®ndthe bestscale,rotation, and translation
parameters.The coarse-to-®nmultiresolutionframevork
acceleratetheprocesdy permittingestimatesomputedn
the low resolutionimagesto sene asinitial guesseso the
higherresolutionimages. The approactat ary givenlevel
is outlinedbelow.

1. Cropcentralregion ; from 1

2. Compute ; , thelog-polartransformatiorof ;

3. For all positions in 5:

Cropregion ,

Compute ,

Cross-correlate; and ,

If maximumcorrelationsave and
4. Scale
5. Rotation

6. Translation



5. RESULTS
Fig. 3 shavs anexampleof theuseof log-polarregistra-
tionasapreprocestor thesub-pixel perspectieregistration
module.Figs.3(a)and3(b) shav two imagesof a building

takenwith differentrotation and focal length parameters.

Theirlog-polartransformationsireshaovn in Figs.3(c)and
3(d). Crosscorrelationin the log-polardomainproduces
a phaseshift that correspondgo a scalefactor of 0.469
andarotationof 201 . Thetranslationis (-11,-51). Fig.

3(e)shavstheoverlayresultsof log-polarregistrationafter
Fig. 3(b) wasscaled rotated,andtranslatedo bestmatch
Fig. 3(a). Thisresultis usedasaninitial estimatefor the

subsequeraf®neparameteestimationmodule. Theaf®ne
transformatiorderived after log-polarregistrationis given

below.
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Note that log-polar registrationwas able to bring the two

imagesinto suf®cientalignmentthat the subsequeraif®ne
transformations nearlyanidentity mapping.Theresulting
overlayis presentedn Fig. 3(f). Noticetheimprovedreg-

istrationresultsasevidentby the reduceddoubleexposure
effectin the overlaidimages.

(a) inputimagel

(b) inputimage?

(c) log-polartransformof (a)

(e) log-polarregistration

Figure 3: Polarcoordinataransformation.

(d) log-polartransformof (b)

6. CONCLUSIONS

This paperhaspresented hierarchicalimageregistra-
tion algorithmto registerary two digital imagesmisaligned
due to rotation, scale, shear and translation. The algo-
rithm coupleghelog-polartransformwith anonlineardeast
squaresalgorithmto estimatethe af®netransformatiorpa-
rameters.Althoughthe FourierMellin transformalsouses
the log-polartransformatiorto recover rotationand scale,
it is limited in useto two-fold scalefactors. Larger scale
changednducetoo much distortionto the Fourier coef®-
cientsto be usefulfor af®nerecorery. Instead,this work
operateslirectlyin thespatialdomainandrecosersthe best
rotation,scale andtranslatiorby performingcorrelationon
tilesthathave beentransformednto log-polarspace.

The purposeof the log-polarregistrationmoduleis to
bring two imagesinto alignmentusingonly rotation,scale,
andtranslation. This senesasa ®neestimatefor the sub-
sequenaf®neregistrationmodulebasedon nonlinearleast
squareptimization. That module,basedon the work in
[8], offers subpiel precision. Couplingthe two modules
in this mannerfacilitatesthe registrationof imagesin the
presencef large-scaleaf®netransformationsFuturework
will investigatextensionf this approacHor therecovery
of perspectie parameters.
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