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ABSTRACT

This paperdescribesa hierarchicalimageregistrationalgo-
rithm for af®nemotion recovery. The algorithmestimates
the af®netransformationparametersnecessaryto register
any two digital imagesmisaligneddue to rotation, scale,
shear, and translation. The parametersare computedit-
eratively in a coarse-to-®nehierarchicalframework usinga
variationof theLevenberg-Marquadtnonlinearleastsquares
optimizationmethod. This approachyields a robust solu-
tion thatpreciselyregistersimageswith subpixel accuracy.
A log-polar registration module is introducedto accom-
modatearbitraryrotationanglesanda wide rangeof scale
changes.This servesto furnisha goodinitial estimatefor
theoptimization-basedaf®neregistrationstage.Wedemon-
stratethe hybrid algorithmon pairsof digital imagessub-
jectedto largeaf®nemotion.

1. INTRODUCTION
Imageregistrationrefersto thegeometricalignmentof a

setof images.Thesetmayconsistof twoor moredigital im-
agestakenof asinglesceneatdifferenttimes,fromdifferent
sensors,or from differentviewpoints. Thegoalof registra-
tion is to establishgeometriccorrespondencebetweenthe
imagesso that they may be transformed,compared,and
analyzedin a commonreferenceframe. This is of prac-
tical importancein many ®elds,includingremotesensing,
medicalimaging,andcomputervision [1].

This paperdescribesa hierarchicalimageregistration
systembasedonparameterestimationtechniques.Wemodel
themappingfunctionasanaf®netransformation.Thealgo-
rithm estimatesthe af®neparametersnecessaryto register
any two digital imagesmisaligneddue to rotation, scale,
shear, andtranslation.Theparametersareselectedto mini-
mizethesumof squareddifferencesbetweenthetwoimages.
They arecomputediteratively in a coarse-to-®nehierarchi-
cal framework usingavariationof theLevenberg-Marquadt
nonlinearleastsquaresoptimizationmethod.Thisapproach
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yieldsa robustsolutionthatpreciselyregistersimageswith
subpixel accuracy.

The primary drawback of the optimization-basedap-
proachis that it may fail unlessthe two imagesare mis-
aligned by a moderatedifferencein scale, rotation, and
translation. In order to addressthis problem, we intro-
ducea log-polar registrationmodule to bring the images
into approximatealignment,even in the presenceof arbi-
trary rotationanglesanda wide rangeof scalechanges.Its
purposeis to furnish a good initial estimateto the af®ne
registrationmodulethat is basedon nonlinearleastsquares
optimization.

This hyrid approachyields superiorresultsover either
moduleacting independently. We demonstratethe algo-
rithm by recoveringtheaf®neparametersfor pairsof digital
imagessubjectedto largeaf®nemotion.

2. PREVIOUS WORK
This paperaddressesimage registration under af®ne

transformations.Recentwork in this areahasfocusedon
solutionsin the frequency domain. Registrationproblems
involving pure translationcan be recovered by applying
the Fourier transformand usingphasecorrelation[2]. A
Fourier-basedmethodto accommodatetranslationandrota-
tion wasdescribedin [3].

The Fourier-Mellin transformhasbeenintroducedto
registerimagesthataremisaligneddueto translation,rota-
tion, andscale[4, 5, 6, 7]. This methodappliesa Fourier
transformto imagesto recover translation.Thenalog-polar
transformationis appliedto the magnitudespectrumand
the rotationandscaleis recoveredby usingphasecorrela-
tion in the log-polarspace. This methodexploits the fact
thatby operatingon the magnitudespectrumof an image,
thetranslationaldifferencesareavoidedsincethemagnitude
spectrumof animageandits translatedcounterpartareiden-
tical; only their phasespectrumaredifferent.Furthermore,
thelog-polartransformationcausesrotationandscaleto be
manifestastranslation,wherebyphasecorrelationcanbeap-
plied to recover therotationangleandscalefactorbetween
thepair of input images.Theproblemhere,though,is that



limited scalefactorscanbedeterminedbecauselargescale
factorswould alter the frequency contentbeyond recogni-
tion. It shouldbe noted that the maximum scalefactor
recoveredin [6] and[7] is 2.0and1.8,respectively.

The work presentedin this paperconsistsof two mod-
ules: log-polarregistrationfollowedby optimization-based
af®neregistration. The lattermoduleis similar in spirit to
themethoddescribedin [8]. However, sinceit is basedon
optimizationtechniques,it mayfail to registeranimagepair
unlessthey aremarginally misaligned.We have addressed
thisproblemby introducinga log-polarmoduleto furnisha
goodinitial estimate,evenin thepresenceof arbitraryrota-
tion anglesandawiderangeof scalechanges.By operating
in thespatialdomainunderamultiresolutionframework,we
havebeenableto recoverawiderrangeof scalefactorsthan
thosepossibleundertheFourier-Mellin transform.

3. AFFINE PARAMETER ESTIMATION
In thispaper, weshalladdresstheproblemof registering

imagesmisaligneddue to an af®netransformation. The
mappingfunctionis givenas
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Thesix unknown parametersrelatingtwo input images,



1 and



2, will be estimatedby minimizing the sum of
squareddifferencesbetween




1 andthetransformed



2. The
sumof squareddifferences(SSD)objective criterionestab-
lishesa similarity measurebetweentwo images:
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respectively. Note that � is a geometrictransformation
applied to image




2 to map it from its -

�

'

	/. coordinate
systemto the -

�

'

�

. coordinatesystemof



1. Thesubscript
A denotesthatthetransformationis af®ne.

WeadopttheLevenberg-Marquadtnonlinearleastsquares
optimizationalgorithm[8, 9] to estimatethe six unknown
af®neparameters.

4. LOG-POLAR REGISTRATION
In this section, we introducea log-polar registration

modulethat serves as a preprocessto the parameteresti-
mationmodule.Althoughtheparameterestimationmethod
featuressub-pixel accuracy, thetwo imagesto beregistered

must®rstbe fairly closein scale(within a factorof two),
rotation(within 450 ), andtranslation. The purposeof the
newly addedmoduleis to accountfor largegeometrictrans-
formations,bringingimagesintoclosealignmentevenin the
presenceof large (ten-fold)scalechanges,aswell asarbi-
traryrotationsandtranslations.In practice,wedon't expect
scalechangesbeyondfactorsof four, however arbitraryro-
tationanglesandtranslationsmustsurelybeaddressed.

Wenow review log-polarcoordinatetransformationsand
describetheir usein registration. Considerthepolar ��1

'

�

�

coordinatesystem,where1 denotesradialdistancefrom the
center�

�32
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� and � denotesangle.Any �
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� pointcanbe
representedin polarcoordinates:
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Applying apolarcoordinatetransformationto animage



mapsradial linesin Cartesianspaceto horizontallinesin
thepolarcoordinatespace.Weshalldenotethetransformed
image


&<

. If weassumethat 1 and � lie alongthehorizontal
andverticalaxes,respectively, thenimage




shown in Fig.
1(a) will be mappedto image


=<

in Fig. 1(b) after a polar
coordinatetransformation.Notethat theorigin in bothco-
ordinatesystemsis takento bein theupperleft corner. The
bene®tof thisnew coordinatespaceis thatsimplescaleand
rotationchangesmay be inducedby modifying the ��1

'

�

�

data. For instance,a circular shift along the � -axis in

><

inducesa rotationof



. Recall,afterall,thatthedatastored
alongtherows in 1

� -spacerepresentradialdatain �

�

. By
moving the



<

rowsupor down, thatradialdatawill mapto
anew (rotated)setof radiallines.Fig. 1(c)showsacircular
shift appliedto Fig. 1(b). Theresultingimagein Cartesian
spaceis shown in Fig.1(d). Noticethatsinceweshiftedthe
512-row imagein Fig. 1(b) by 128rows, the imagein Fig.
1(a) hasbeenrotatedby 900 . Similarly, resamplingin the

1 -axiscaneffectscalechanges.
Considertwo images




1 and



2 andtheir polarcounter-
parts




1
<

and



2
<

. If



2 is a rotatedversionof



1, then



2
<

will bea circularly shiftedversionof



1
<

alongthe � -axis.
By applyingcross-correlationto




1
<

and



2
<

, the offset ?

�

canbefoundthatbestmatchesthetwo images.Recallthat
cross-correlationis commonlyusedfor ®ndingtranslational
offsets(phaseshifts)betweentwo images.It doesnotwork
well in the presenceof scaleor rotation. However, in the
polarcoordinatespace,®ndingthetranslationalcomponent

?

� between



1
<

and



2
<

correspondsto ®ndingtherotation
between




1 and



2. Therewouldbe,for instance,noproblem
in computingthephaseshift betweenFigs.1(b)and1(c).

A similar resultis neededto determinethescalechange
between




1 and



2. Considera four-fold magni®cationof
image




1, yielding anenlargedimage



2. All points �

�

'

�

�

in



1 now map to � 4�

' 4
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� in



2. To determinethe scale



(a) input image (b) polartransformation

(c) circularshift in polarspace (d) resultin Cartesianspace

Figure 1: Polarcoordinatetransformation.

factor, we introducethe useof logarithms. In log-space,
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� log4� . It now becomesapparentthatin
log-space,theintroductionof a scalefactormanifestsitself
asa phaseshift in the log-transformedimage. Therefore,
insteadof mappingan imageinto ��1

'

�

� coordinatespace,
it becomesusefulto mapit into � log 1

'

�

� coordinatespace
usingalog-polartransformation.Ordinarycross-correlation
in thelog-polarspacenow determinesthebest?

� log 1 � and
?

� phaseshifts, which translatesto scaleand rotation in
Cartesianspace.

Fig. 2 shows an example. Figs. 2(a) and 2(b) depict
two input images. The latter ®gureis a scaled,rotated,
andcroppedversionof Fig. 2(a). The result is consistent
with sensormovementthat causesa four-fold zoomanda
450 rotation. Their log-polartransformationsareshown in
Figs. 2(c) and2(d). Clearly, they differ by a phaseshift.
Compare,for instance,the left half of Fig. 2(c) with the
right half of Fig. 2(d). When ordinary cross-correlation
is appliedto thosetwo images,the computedphaseshift
accuratelyre¯ectsthefour-fold scalefactorand450 rotation
that constitutesthe transformationbetweenthe two input
images.

We have usedthe log-polar transformationto recover
differencesas large asten-fold scalechanges.Given this
superiorperformanceover thestate-of-the-artin frequency
domainsolutions,we believe that this approachshouldbe
exploited. Thereis onedif®culty, though,that remainsto
besolved: ®ndingthe origin of the imagefrom which the
radialdistanceis measured.In theexamplesabove,wehave

(a) input image (b) scale=4;rotation=450

(c) log-polartransformof (a) (d) log-polartransformof (b)

Figure 2: Log-polarcoordinatetransformation.

assumedthattheorigin of bothimageslie at theirgeometric
centers. In fact, their centerscanbe displacedandunless
thatcorrespondence(translation)is known, theinformation
derivedfrom thepolartransformationis of limited value.

We have implementeda new algorithm for automati-
cally ®ndingthe translationbetweenboth input imagesin
the presenceof scaleand rotation. The new methodis
basedon multiresolutionlog-polar transformationsto si-
multaneously®ndthe bestscale,rotation,and translation
parameters.The coarse-to-®nemultiresolutionframework
acceleratestheprocessby permittingestimatescomputedin
the low resolutionimagesto serve asinitial guessesto the
higherresolutionimages.Theapproachat any givenlevel
is outlinedbelow.
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5. RESULTS
Fig.3 showsanexampleof theuseof log-polarregistra-

tionasapreprocessfor thesub-pixelperspectiveregistration
module.Figs.3(a)and3(b) show two imagesof a building
takenwith differentrotation and focal length parameters.
Their log-polartransformationsareshown in Figs.3(c)and
3(d). Crosscorrelationin the log-polardomainproduces
a phaseshift that correspondsto a scalefactor of 0.469
anda rotationof � 2010 . The translationis (-11,-51). Fig.
3(e)showstheoverlayresultsof log-polarregistrationafter
Fig. 3(b) wasscaled,rotated,andtranslatedto bestmatch
Fig. 3(a). This result is usedasan initial estimatefor the
subsequentaf®neparameterestimationmodule.Theaf®ne
transformationderivedafter log-polarregistrationis given
below.

� � 1 � 008� � 0 � 006
�

� 1 � 669 (6)
	 � 0 � 003� � 1 � 045

�

� 0 � 203 (7)

Note that log-polar registrationwas able to bring the two
imagesinto suf®cientalignmentthat the subsequentaf®ne
transformationis nearlyanidentitymapping.Theresulting
overlay is presentedin Fig. 3(f). Notice the improvedreg-
istrationresultsasevidentby the reduceddoubleexposure
effect in theoverlaidimages.

(a) input image1 (b) input image2

(c) log-polartransformof (a) (d) log-polartransformof (b)

(e) log-polarregistration (f) log-polar/af®neregistration

Figure 3: Polarcoordinatetransformation.

6. CONCLUSIONS
This paperhaspresenteda hierarchicalimageregistra-

tion algorithmto registerany two digital imagesmisaligned
due to rotation, scale,shear, and translation. The algo-
rithm couplesthelog-polartransformwith anonlinearleast
squaresalgorithmto estimatetheaf®netransformationpa-
rameters.AlthoughtheFourier-Mellin transformalsouses
the log-polartransformationto recover rotationandscale,
it is limited in useto two-fold scalefactors. Larger scale
changesinducetoo much distortion to the Fourier coef®-
cientsto be useful for af®nerecovery. Instead,this work
operatesdirectlyin thespatialdomainandrecoversthebest
rotation,scale,andtranslationby performingcorrelationon
tiles thathave beentransformedinto log-polarspace.

The purposeof the log-polar registrationmoduleis to
bring two imagesinto alignmentusingonly rotation,scale,
andtranslation.This servesasa ®neestimatefor thesub-
sequentaf®neregistrationmodulebasedon nonlinearleast
squaresoptimization. That module,basedon the work in
[8], offers subpixel precision. Couplingthe two modules
in this mannerfacilitatesthe registrationof imagesin the
presenceof large-scaleaf®netransformations.Futurework
will investigateextensionsof thisapproachfor therecovery
of perspectiveparameters.
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