1051-738-20083 Solution Set #5

Select 4 of the 6 problems, may do either or both of the other 2 for extra
credit (SPECIFY which)

1. Virtually all of the optical systems considered in this class consisted of a single optical
element with the object distance z; and observation plane located at zo; the only
exceptions were the cascades of such systems to produce the so-called “4f” and “6f”
optical correlators. We found that we could evaluate an impulse response (and thus a
transfer function) of the system at an image point. Consider the two-lens system shown
in the figure below, that is illuminated by “collimated” monochromatic radiation (i.e.,
plane waves). In words, the object f[z,y] is illuminated with a converging wave from
the first lens. The second lens produces an image of f [x,y] at the plane labeled by
g |z, y]. The pupil functions of the two lenses are respectively p; [z, y] and ps [z, ]
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(a) Write down the mathematical equation for the amplitude located at the distance
21 from the object.

I'm going to ignore the leading factors of (i)\z)_l and the constant phase factors.
I will call the amplitude immediately after first lens:

%+ y2
by i}

w [z, y;0] = p1 [z, y] exp [—m

Amplitude at input plane is this convolved with the impulse response for the prop-
agation distance f; — z:
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Find amplitude at object using method of stationary phase (paraxial approxima-
tion) is a scaled replica of the pupil function converging to the focal plane:
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where Ag is the amplitude at the lens (which may be assumed to be unity). Write
m 1-D to save space:
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The amplitude at the focal plane of Ly is proportional to the convolution of the
Fourier transform of f|x,y] and the F.T. of the pupil function. The 2-D version

1S.
T Ty r oy
= Fl— Ll«p|S, L
glz,y] = exp {*” v ]( L\zl’)\zll* 1[)\f1’)\f1D

Evaluate the amplitude of the output image g [z,y| in terms of f [z, y] and the
parameters of the system.

The output image is the image of the object f [x,y| seen through Lo, the amplitude
at the object is:

f, x a2
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Use the result of part (b) to find a condition on the distances z1, 2o, and z3 that
must be satisfied for an image to be formed at the plane where g [z, y] is observed.

Since lens Lo forms an image with object distance (z1 + z3) and image distance
23, we select z3 to satisfy the imaging equation::

1 1 1
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then we know that we have a “shift-invariant” system and the output is:
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Locate the point in this system where the Fourier transform of the object exists
and may be modified by introducing a multiplicative transfer function for the
system.

We already showed that the F'T of the object is located at the distance z; from the
first lens. A transparency may be introduced there to modify the input spectrum
and produce a filtered output at g[z,y].
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2. The MTF is defined for nonnegative sinusoidal functions and specifies how well the
modulation is transferred as a function of spatial frequency. The analogous metric for
square-wave functions is the contrast transfer function (CTF), which is measured for
square waves with 50% duty cycle (50% “on” and 50% “off”). Derive an expression for
the 1-D CTF C'[{] in terms of 1-D MTF M [¢] (hint: spectrum of square wave) (J.W.
Coltman, “The specification of imaging properties by response to a sine wave input.”

JOSA 44(6), 1954.
Solution: the biased sinusoidal wave with modulation m has the form:

f s al = 5 + 3 cos[2méya]

where the bias s % and the amplitude is 2. The modulation is trivial to calculate:

fmax—fmin ( ) ( _%)
fmax + froin G+ +(3-2)
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Its spectrum 1is:
Fle] = 58la) + 7 (16 + &l + 316~ &))

Given the output spectrum G [£], the transfer function is

Mg - Fo

= MI[{] =

G &) M [§ = +&] - F6 [ — & _

Fleo) . ZolE—¢,) M= &)

For the square wave with period Xy, = &y L we can write the function as a biased
thresholded cosine:

sfz; €] == + — - STEP {cos [2m&yx] }
If the step function evaluates to +1, the amplitude is = j: %, so the contrast is:

Smax — Smin __ (%—{_%) — (% — %)

S+ 5w (373) + (3= %)

=m
We can write the square wave in other forms:
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The spectrum of the nonnegative square wave is:
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So the function may be written in this form
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The output sinusoids in the input function are scaled by the corresponding values of the

MTEF:
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which implies that the CTF is the sum of the scale factors:
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3. Consider the following optical imaging systems that operate in both monochromatic
(coherent) and “quasimonochromatic” (incoherent) light centered at wavelength Ay =
500nm. The systems operate at “equal conjugates” so that the object and image dis-
tances are identically 2f;, where f; = +200 mm. In other words, the complex amplitude
transmittance of the lens is

tlr,y] =ple,y]-exp {_m (:ci;}lf)]

where p[z,y] may be complex valued. Evaluate and plot graphical profiles of the
impulse responses of the following optical imaging systems along the z- and y-axes
AND of the transfer functions along the - and 7-axes.

(a) p[z,y] is a square aperture with sides of length 50 mm. Find the spatial frequency
where the MTF is 50% and find the “cutoff” frequency where the MTF first
reaches 0 along both z- and y-axes.

p[x,y]:REC'T[ ° v ]

50mm’ 50 mm

P¢,n] = (50mm)® - SINC [50 mm&, 50 mmp] = 2500 mm* STNC [ f 1 )]

(M) 7 (50mm

1P [¢,]]? = 25002 mm* snvc?[ 3 L)]

]
Plenl o ove| &
|P[o op ~ e [um)’ <503m>]

[z, y] %p [z, y] T y
+°° = TR [50 mm’ 50 mm}
// ple,yl kplz,y] de dy

Coherent transfer function is scaled replica of square pupil function, coherent im-
pulse response is proportional to SINC' function:

N (26) € —do- (26). 771

50mm ~ 50mm

H[¢n = p[—Xz&, —Xozn] — RECT {

Ao 2f . —Ag-2f
— RECT
REC [SOmmf’ 50 mm 1
20of  2-(500-10"°mm) - 200mm 1
50mm 50 mm o5

1 1 B § n
gl = RECT{ 250 & T gpg 77} = RECT {25O(mm_1)7250(mm—1)

for &, n measured in cycles per mm.



The corresponding coherent impulse response is:

hlz,y) = Fy LH[E, 0]} = 2502 SINC [250x, 250y] = 250% SINC [ -~ Y ]
mim

(pretty skinny!)
Incoherent impulse response is squared magnitude of hl[z,y):

h[z,y] = (250%) SINC?[250z, 250y] = 250 - SINC?

L Y
(525) mm’ (555) mm
and the incoherent transfer function is the 2-D Fourier transform:

§ n .
— F — TRI |, L .
H &, 1] 2{b [z, y]} R [250, 250] for &£, m measured in cycles per mm

cycles

9len = 50% — & ==£125
mim

1
e = 0 = &=+250"12>
mim

plx,y] is a square aperture with sides of length 50 mm where the left half of the
aperture (where x < 0) is covered with a sheet of glass of refractive index n = 1.5
and thickness 7¢ = 1000 nm.

First find the phase difference due to that piece of glass:

2T 2T
AQOZ@‘TO:W'lOOOHm:GW

so the phase difference is an integer multiple of 27 radians and thus has no
effective impact on the emerging light. The impulse response and transfer function
are identical to that in part (a).

The pupil function consists of four square apertures with sides of 10 mm whose
centers are arranged to form a square with sides 30 mm that is symmetrically
placed about the optical axis.

- Y
= RECT
Py REC [10mm’10mm}
* (0 [ + 30mm, y + 30 mm| + 6 [z — 30 mm, y + 30 mm))

+ (6 [z 4+ 30mm, y — 30 mm]| + 0 [ — 30 mm, y — 30 mm])
~ RECT |, |

10mm’ 10 mm
(0 [ +30mm, y] + 0 [x — 30mm, y]) - (§ [z,y + 30mm] + § [z, y — 30 mm])

Pl¢,n = (10mm)*- SINC [10mm - £, 10mm - 7] - (2 cos [27€ - 30 mm]) - (2 cos [277 - 30 mm])

= 400mm? - cos [27€ - 30 mm] - cos [27mn - 30 mm] - SINC [10mm - £, 10 mm - 7]
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The coherent transfer function is:

H¢n = pl—Xo-2f-& —Xo-2f-n] = p[-500nm - 200 mm - £, =500 nm - 200 mm - 7|
= p [—0.1 mm? - £, —0.1mm? - 77}

_1 _1
100mm 100 mm

* (5 [0.1mm2-§—30mm,n} +94 [O.lmm2-§+30mm,n})
(6 [£,0.1mm® - n — 30mm] + 6 [¢,0.1mm? - ) + 30 mm) )

— RECT[ 3 L]

(d) The pupil function is identical to that in part (c) but one of the four apertures is
overlaid with the same sheet of glass in part (c).

Again, no change



4. Consider the optical system shown in the figure. A transparency with a real non-
negative amplitude transmittance (NOT transmittance of squared magnitude) s; [z, y]
is placed in plane P; and illumination by a monochromatic, unit-intensity, normally
incident plane wave. Lenses L; and Ly are spherical with the same focal length f. In
plane P, which is the focal plane of L, a mowing diffuser is placed. The effect of
the moving diffuser can be considered to be the conversion of spatially coherent in-
cident light into spatially incoherent transmitted light without changing the intensity
distribution of light in plane P, in contact with L, is placed a second transparency,
this one with amplitude transmittance s [z,y]. Find an expression for the intensity
distribution on plane Pj.

. S
_ f A of | of
4’ |
F)1 PQ P3 P4

The system up to the moving diffuser is purely coherent. We recognize that the ampli-
tude at plane Py is the Fourier transform of sy [x,y]:

1 Ty
Pl =—. G | = L
The moving diffuser disrupts the spatial coherence of the light, so everything that hap-
pens between planes P, and Py is modeled as an incoherent system. The lens at P

creates a unit-magnitude image at Py. The “input” intensity at plane Ps is the squared
magnitude of the amplitude just given:

1 x
Hosbl = ool = |5z 51 |55 5]
2
_ 1 g [ o
e |7 {Aof’Aof]‘

The amplitude transmittance of the pupil of the incoherent system is:

t[ZL’,y] " 82 [l’,y]

he intensity point spread function of the imaging system between planes P, and Py is:

1 2

o (2f

hlz,y] = |h[z,y]]” =

) . fQ {82 {I7y]}|p—>%.f
T Y 2
5 [)\0 (2F)" Ao (2f)]
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so the intensity distribution at the output plane Py is:

Iz, y; Pl = Ilz,y; P * bz, y]

B 1
= W .

11




5. The bitonal transparency f [x,y] of an upper-case letter “E” (transparent character on
opaque background, as shown in the figure) is placed with its center at the origin of
coordinates (there is no specific “reference” source). The transparency is illuminated
by light with wavelength )y and the transmitted light travels down the z-axis into the
Fraunhofer diffraction region located at distance z;. The irradiance pattern is recorded
on a photographic emulsion and processed to obtain a “linear” response and replaced
at its original location. The transparency is reilluminated by light with the same wave-
length from a point source located at the origin. The diffracted light propagates the
distance z; to an observation plane.

Derive the amplitude and irradiance patterns that are reconstructed at the observation
plane.

The object consists of 10 pizels and may be written either as the sum of those samples
with appropriate shifts or as the difference of three rectangle functions:

_l
¢[z,y] = RECT E%} + RECT [z,y] — RECT{ 5 %1

El&n = 15-SINC 3,50+ SINC[¢,n] —6- SINC [2¢,3n] exp [—in¢]

x y 3r by 1 l Yy 1 { 2r 3y 1
E|—, = 15.SINC + SINC —6-SINC ex
l)\ozi )\021] {)\021 0<1 )\021 Aoz )\021 Aoz P
2
x Y 5| 3z By
= 225-SIN —
' [)\0217)\021] 5 SINC [)\0217)\021]
SINC? Y
+ [)\021 )\0Z1:|
2x 3y
—-36-SINC
/\02’1 >\oZ1
+30. SINC | 2% Y | srne Y
_)\021’)\021 )\021 )\021
[z oy ] 3y x
—12-SINC |— SINC —
_)\021’ )\021_ [Aozl )\021‘| €08 [ﬂ—)\ozl‘|
3r by x
-1 IN
80-SINC {)\021 )\0211 cos lﬂA021:|
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The transparency is illuminated by light from a point source and propagates a distance
25 to the image plane, which evaluates the autocorrelation of the signal:

e[ v
gle,y] =F, {‘ lkozl’kozl

= e|x, *e xZ, =L y=+2
} [z, y] e[z, ]| G
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6. This problem demonstrates the utility of the stationary-phase approximation in imag-
ing applications. Consider the 1-D modulated quadratic-phase function:

T —2.5

fz] = RECT [ } exp [+imz?]

(a) Try to evaluate f[z]* f[z] (I dare you!)
As usual, I suggest graphing the function first:
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The direct integral form for the convolution is:
olel = £l o) = (REOT [Z22] exp [eamat] ) « (RECT [E222] e [ima?)

— /+Oo (RECT {O‘ _52'5} exp [+z’m2]) (REOT [W} exp [+ir (z — af]) da

oo

x—2.5

If © <0 or x > 10, the rectangles do not overlap so the convolution g[x] = 0.
Ifo<z>5:

glx] = /093 exp [+ima?] exp [+im (z — a)2] dov
= /Ox exp [—l—iwoﬂ . (exp [—i—i7rx2] - exp [—l—iwoﬂ - exp [—QWixa]) do
= exp [+i7ra:2] . /1’ exp l+i7r <\/§a> 2] -exp [-2mizal do

0

If 5<x<10:

glz] = /_5 exp [+ima®] exp [+ir (z — a)Q] dov

But we don’t have the analytic solution to these integrals...

(b) Evaluate the stationary-phase approximation F [¢] of the Fourier transform of

f 2] (casy)

14



Flg = / :O <RECT {x _52‘5] exp [H'mﬂ) exp [~ 2mica] dz

— /+°<> RECT lx _52'5] exp lz{ (E.I - 27‘(’.%)] dx

™

1] = -2 27z
nlel = ¢
x
"] = 2 (=—1
Wl = 2 (5 -1)
M/ [IO] = 0= Ty = 5
plxe) = T2 —on €2 e = —qit
5 :L‘o:f 5
" 2m "
§
Fle) = |fwoll - exp[+igu o] - exp |+iT ] - 2m
° ’ 1\ G
_ [€ —2.5] , X 27
= RECT N exp [+i¢ (—7E)] - exp [ 4] =
_ (¢ —2.5
= REC’T_ 5 exp [—im€?] - exp[ 4]
~ rEcT S22 e l_m <§2 B 1)1
L5 4
which is complex valued and has both even and odd parts.
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(c) Use the result of part (b) to find an approximation for expression in part (a)
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Apply the filter theorem to F [€]:
Flfll s fl) = (Pl ~ (Fg)
= (RECT [f _52'5} cexp [—im€?] - exp [ ZD
(F [§]>2 = RECT F _52'5} - exp {—Z'W <\/§§)1 - exp [—I—za

il = 7 {(Fig)’)
_ {RECT lf _52'5} . exp l—m (\/55)2] exp [—Hg]}
— exp +zg /_ :O RECT F _52‘5] exp {—m (ﬂfﬂ - exp [+-2micx] de

- - +oo _
= exp —Hg /oo RECT F 52'5} - exp {%—im (—g (\/55)2 +27T§>} d¢

- - +o0
— ew [+ig] [ RIQ-explrioule] d

- 2'5} and €] = _2_7r€2 + 27€
5 x

where R[§] = REC’T{

To evaluate the convolution, apply the stationary phase approximation to compute
the inverse Fourier transform:

Wi = ~Zetom
g = 0:—4150—%—0:50 +§
2
nlS] = _? (50) + 27y = _% <+g> + 2 <+g>
_
= 24
WE = —— = u G
glr] ~ exp _+i— (R (o] - exp [—H -exp [+izp [&)] - M )

— exp “g : (RECT F“ = } exp [H } exp [HI (W_ F)

= exp —Hg . (RECT [% _52‘51 exp [—1—24] exp [—Hx( 5 )])
— L e [4iZ] e [4i2] <RECT 227 e
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1 T 5 7 )2
] ~ /= ex 7 RECT - ex | —
glel =\ e [+ig] ( {10} bIF (ﬁ)])
RaaleMm:ql i H _:::.:T?oﬁ:a‘::ﬂ F‘a.‘t-:‘f:ﬁﬂ T
£ 7§
{ E »n.s:—--
x X

(d) Use the result of part (b) to find an approximation for f [z] % f [¢] = f [z]*xf* [—x].

)

Plalfle = F Py = el
£

- 7 {'RECT [

_52'5] -exp [—im€ ] exp[ 4}

e =

= 5-SINC [5x] - exp [+2miz (2.5)]
5-SINC [5z] - exp [+5mix]

which is a SINC function modulated by a complex sinusoid. Compare the estimate
to a calculation via the DF'T.

(a)

G5

—— Imaginary Pa F ll of a uwwnum ni stal Iunﬂry phase
" —— Imaginary Past of aocomeiation via DFT

—— Real Part l utocorrelal om.i ummrypnnu |
—— Real Part of autocoemelatio {

Real Part of autocorrelation
H
Imaginary Part of autocorrelation
3
‘bs.:—-
&
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(e) Find an approximate expression for the Fourier transforms of the real and imag-
inary parts of f [x].

—2.5

Re{f[z]} = RECT r

] cos 7]

This is the product of an even function and a function with no symmetry, and so
Re{f [z]} has even and odd parts. Thus its transform is Hermitian. We know
some relations between the real and imaginary parts and of the even and odd parts
of the function and the Fourier transform. For example, we can decompose f [z]
mnto:

flo] =Re{f[z]} +i Im{f [2]} = feven [7] + foaa [7]
where:

Re {f [2]} = Re{feven [2]} + Re{ foua [z]}

We also know the Fourier transforms of the even and odd parts of a real-valued
function:

FARe{feven [2]}} = Re{Fepen [§]} = Bven part of Re{F[{]}
FA{Re{foaa[x]}} = Im{F,u ]} = Odd part of ITm{F ]}

SO, the transform of the real part of f[x] is the sum of the even part of the real
part of F'[§] and the odd part of the imaginary part of F[£]. In this example, we
have the estimate F' [€]

F[¢) = RECT F _52'51 - exp [—m (,52 _ i)]

= RECT

Re{F[g]} = RECT F 52 5] - cos {—m (52
F 5} - CoS {er <§2

Im{F[g]} — RECT F _52‘5] - sin [—m (g . i)
1
4

|
— —RECT [5_52'5]*1“ [*”( - )]

where the cosine and sine chirps are BOTH even functions of &. The even part
of the real part is:

<Re {F [é]})m _ 1 (RECT { ] + RECT F 2{ 5]) . cos [ﬂ'ﬂ (52 —1 i)]
= (REOT { } + RECT {f . D - oS {+i7r (52 - Z)}
= —RECT {%1 Cos [er (52 — Z)}
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The odd part of the imaginary part is:

(Im{ﬁ [S]}) L= % (RECT [ﬁ] — RECT [5 _52'5D . —sin {ﬂ'w (62 ~ i)]
1 §+25] £E—25 e ‘ 1
= 3 <REC’T [ 3 ] RECT l = ]) sin {—H?T (52 4)}

_ %RECT ll%} - SGN [€] - sin [*” <§2 B i)]

So the approximation of the transform of the real part of f|[x] is:
F{Re{f[z]}}
o~ 1REC’T s - cos | +im | &2 — 1 +1 1RECT £ - SGN [€] - sin | +im | £ — 1
2 10 4 2 10 4

— Real Part of gix] via DFT Imagisary Part of glx] via DFT
Real Part of glx] via Stationary Phase Imagiary Part of gv] via Statisnary Phase
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