SIMG-717-20052 Solution Set #b5

. For each of the transfer functions, sketch H, [{] and evaluate and sketch the corre-
sponding impulse response h,, [z]. Also classify the filters as lowpass, highpass, phase,
etc.

(a) Hyg] =etm

1
hi[x] = FyH{exp[+iré]} = Ft {exp {+2m’g] } =0 |:£L’ + 5]
allpass (translates the function)
(a) (b)
T oy P vt

Amplitude of H[Z]
Real Part of hix]

(b) Hy[¢] = €™ =—1+0i

hole] = Fit{e™}=F {1/} =t 0 [a] = —6[x]

allpass (inverts the function)

Amplitude of H[Z]
Amplitude of hix]




(C) H3 [5] — €+i7r(1—RECT[27r])

hil] = Ff! {€+i7r(17RECT[27r])}
|2¢] < % = [¢] <i = RECT[2{]=1 = H;3[{]=exp[+in(1—1)] =1
2% > 5 = |6 > = RECT[2] =0 = Hyl =00 =
2¢] = % — g:ii — RECT [2¢] :% — Hyl¢] = et (73) = 4

1
H3;[§] = 2-RECT 2] —1[¢] + (two isolated points with amplitude +i at £ = i_1>

hsle] = Fol{2-RECT[2¢] —1[€]} =2- %SINC 2] - s =sive[3] - ol
allpass (phase filter)

(a) (b)

- = . s i

— Real Pant of Hz)
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Amplitude of H[Z]
Amplitude of hix]

(d) Hy[f] = RECT[€] - H [§] = RECT [€] - e*ime
Hy[§] = RECTIE]-e"™ = RECT¢] - "™

hale] = SINC[a]+6 [x " %] — SINC lx + %]

lowpass filter with linear phase

Amplitude of hix]
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(e) Hs[¢] = RECT[¢] - Hy [¢] = RECT[€] - e*im(1=RECTI2))

Hs[§] = RECT[¢]-e"mU-RECTRD = RECT [¢] - (2- RECT [2¢] — 1[€])
hs[z] = SINC [:g]*(smc E] —5[:4)

— SINC|[z] * SINC [g} — SINC'[z] %6 [2]
= F,'[RECTI[{]-2RECT [2¢]] — SINC [x]
— SINC [g] — SINC[4]

lowpass filter
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. For the function:
flx] = COMB [z] * RECT [2x]

(a) Sketch F'[¢]

50% duty-cycle square wave
Fl| = COMBI. %smc E}

(a) (b)
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For each of the transfer functions listed, sketch H [¢], the corresponding impulse
response h [z], and the output that results if f [z] is applied to the input. Also
classify the filters as lowpass, highpass, phase, etc.

(b) H[¢] = RECT [¢]

(a) (b)

——— Real Part of
Iesaginary v, als)

Amplitude of H[Z]
Amplitude of g[x]




(¢) hlz] = RECT [x]

H[¢] = SINC[¢§] = G¢] = COMBIE] - %SINC E] . SINC'[¢]

12 —| ——RealPartof Fe] |11
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G[g]:%.é[g] = g[x]:%&[x] (same output as #2b)
(d) H[¢] = —RECT [4€ + 2] + RECT [4¢ — 2]
Hl = —RECT l4<£+;>]+RECTl (g %)}
_ (£+5) (€-3)
= —RECT (i) + RECT (i) ]
- nscr 5] (ofee 2] vafe-4)
hiz] = iSINCEI—ZSm 27r%x]

_ —%S[NC’ E] - sin [rz]

(a) (b)

of g[x]

Amplitude of H[Z]
Amplitude

........



note that the rectangles in H [€] do not enclose any of the Dirac delta functions
in F[€], which means that:

GlEl=FE-H[=0[¢ = gla] =0]z]

H[=1+¢

hla] = f11{1—#(2mg)2}
= F1) - A {2mi))
= §fa] ~ 0"l

The transfer function increases faster than the SINC function decays, so this
transfer function will significantly amplify the amplitude at large spatial frequen-
cies, and thus it “sharpens” the function. This gives significant “overshoots” at
the edges, as shown in the illustration made using the DF'T.

Amplitude of H[Z]
Amplitude of gix]




3. Show that the autocorrelation of the impulse response of the constant-phase and linear-
phase allpass filters are on-axis Dirac delta functions.

transfer function of constant-phase allpass filter is

Hg] = 1[¢]- exp [+id]
impulse response of constant-phase allpass filter is
hlz] = 0lx]-exp[+ig]

hiz] Jeh(z] = hlz]=h"[-a] = (6 [2] - exp [+ig]) = (6 [2] - exp [+ig)])"
(6 [z] - exp [+i0)]) * (8§ [z] - exp [—id)])

= (0[] % 0 [z]) - exp [+ig] - exp [—id)]

= dlx]x0x] =|0[x] = h|z] kh[z]

transfer function of linear-phase allpass filter is

H¢] = 1[¢] - exp [+i2m¢x)
impulse response of constant-phase allpass filter is

hlx] = §[x— x)

hillJeh[z] = hila]« b [=2] = (6 [(+2) — xo]) * (3 [(=) — w0])
= Jx —xo] %0 [—x — x0]
= 0z — o] * 0 [— (x4 x0)]
= 0[z — x| * 0 [z + o]
— bl — (a0 — w0)] =[] = h [a] kA [e




4. Evaluate the M-C-M or C-M-C chirp Fourier transforms (whichever is more conve-

nient)
F[Z] = ([ie o=@ wer=(@) ey

= e ({( et ) e o))

for the following functions:

(a) fla] =0z
use the M-C-M




(c) flz]=1]z]
use the M-C-M

([1 [g;]-e*”f(%f}*em(%)z).efm(%f - (giw(%Y etin(E >2> ein(E)’
(eii”(ﬁ)z*eﬂ'“(%)z) = Fy {<|a|e e+m§> <|a|e+i%e_im252)}
Fot{lal’}y = ol o]
— (e*”(i)Q v eﬂ'w(%f) (5 ) e (E)
= o (6] @) =[jaf 6 [a]

(d) fla] = exp [+2mi,z]
use the M-C-M

Fl]-e (%) = exp[+2mityz] - exp [—m (gﬂ
— exp [—m (g - Oz§0>2] cexp [+im (agy)’]

Now do the convolution:

[ la] - ()] 4 erin(e)

= (o [-in (2= ag) | -exp [hin (0] ) <esp [+in (2)]
 expoir o) (s o (2 o) ] s [ (2))

J- (e [-im (2)7] <5 [£ - ] emp [1am (£)])
(e [-im (2) ] e [ ()] +5 [ - o]
] d

= exp [+im (&)’ (!al25[$]* [“O‘&JD
= Jaf exp [+ir (a&)?] -6 [~ ~ at,]
— |l exp [+ir (ago)’] 5{%5%0]
= Jof*exp [im (a&)?] - 6 [2 — a2,



Now do the postmultiplication:
([f [ZL‘] . efirr<§)2] % e+i7r(%)2) . efirr(g)z
= |a)’exp [+im (af’o)ﬂ 6 [z —a”€y) - exp l—m (2)21

(07

= |af exp [+im (a&y)’] - 6 [& — a®&] - exp [_iﬂ <a2§0>2]

= |oz|3 -0 [x — a2§0} . (exp [+i7r (ago)ﬂ - exp [—m (0450)2})
o

= |O‘|3 0 |T = @250}
2

~ la|-5 [x —O;t fo]

= ol 3|5 -

the transform of a linear-phase exponential is a translated Dirac delta function
(e) flz] =exp[+ima?] = F [4] =exp [+iF] exp [—m (%)2]
use the M-C-M with o = 1. The premultiplication gives:
exp [+imz?] - exp [—im (x)2] =1[z]
Now do the convolution:

1[z] * exp [+imz?] = Fy'16[¢] - exp [WLZE} " exXp [_mfﬂ}

{
= Ft {5[5] - exp [+Z£} . 1}

= 1z]-exp [—Hg]

Now do the postmultiplication:

Xz

1[z]-exp [—H%} - exp [—i7r (x)ﬂ =F [I] — F[{] =exp [—H%} - exp [—iw (5)2}
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5. Use the C-M-C chirp Fourier transform to find an expression for f [z] *exp [—I—zﬁr (%)2]
in terms of F [%}
PIE] = et ({(Flal e e G @ s @)
a? |
the first convolution has the same form as the desired function

o o e)\2 IRy N2
cross-multiply :  |a|-e™1 . F [%] = {(f [x] * etin(%) ) cemim(E) } « (%)
o

now want to convolve from the right to generate a Dirac delta function that “cancels”
the last term

€+z‘7r(§)2 N e—m(g)z - F {(|a\ e+i§€4m2§2> (|a\ efigeﬂ‘m?gz)}
2

2lg
SN—
N

now multiply both sides from the right by etim(

fla] xetm(3) = (|a| R iem(%)z) etin(2)’

R[] ) )
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