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1. Use the results derived in class to evalu

f1[7]
fa[7]

T
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Solution Set #2

ate the 1-D Fourier transforms of:

Jo [2m€yx]
Jl (271'501')
2méyx

Sketch the functions and their Fourier transforms.

(a) filz] = Jo [27€pz]

we know from the Hankel transform that the 2-D transform of Jy is a ring delta function

Fa{do[2mEor]} =

1
27r§05 (p— &)

we also know from the Radon transform that the inverse Fourier transform

of the convolution of the ring delta with a line delta is the “central slice” of the Jy

T (0= &) * 01€)- 1)

Fi! {

so, F1{Jo [2m&yx]}

Fa{Jo 2n€or] - (Lz] - 0 [y])}

} = Jo [27&or] - (L[] -0 [y]) = Jo [2m&ox] - (L[a] - 0 [y])

g (0= &)= O 11|
Fo {ol2mtr] - (112] - 51)
Fo{Jo[2m&ox] - (1[z] -0 [y])}

st (0= 0+ (6] - 1)
27350 /7:: 5 (\/52 +? — éo) dn

which we evaluated in class
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(b) folo] = LzSer) — 120000 _ LSO B [2¢0]

2w€gx 2m€gx)

we know from the Hankel transform that
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we also know from the Radon transform that:

Fy ' {F &« [ 1)} = fla,y] - L[x] 6 [y] = fl,0] - 1[2] 6 [y]
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2. Find expressions for the moments of the following functions and use them to evaluate
the areas, mean values, and variances.

(a) fz] = SINC[x]

We know that the spectrum is
F¢] = RECT[g]

which we would expect to have an “unusual” power series. Evaluate the moments

of flx]:
+o00 /4 _
m, = SINC [z] 2 dx:%d—fREOT[g]‘ :{ L jor =0
. (—2mi)" d¢ £=0 0 otherwise
+o0
my = SINC [z] dv = RECT [{]|._y =1
- = —— S (RECT[)| =0
my = MASINCa]) = “omi dE . =
1 d2
from moment theorem : my=——= — (RECT [f])‘
(—2mi)” d§ =0

which looks like it is zero. However, by direct integration:

to [sinmx 9 1 [t _
my = cxidr = — (x -sinmz) dz,
o T T J o

which is the area of the even function that grows with increasing |x|. The area is
not well defined, which means that this is not a useful series for the spectrum.

+o0 1 d@
my, = / SINC?[z] 2 dox = T, [g]‘
—o0 (—2mi)" d€ =0
1
= TRI0] =1
m = R
~ L 9oprig| =0 becouse TRIT i
m; = Comd) G o ecause is even
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because the second derivative of TRI €] is not defined
by direct integration, we have
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which is well defined and infinite!
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We know the spectrum:
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The variance of SINC? [x] is infinite!!
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(d) GAUS [z]

GAUS [z]
F'[0]

L)
L)

£=0

o (e —2m) o)

dg £=0

e = F{] =GAUS[¢] =™
l=myg=1

(—2m&) e ™
0 = my =0 (as expected because GAUS is even)

(47?252 — 27?) e

= () (M)

Note that all odd moments vanish because GAUS is even.



3. Evaluate the first four moments of the functions in the previous problem and use them
to construct an equation that approximates each spectrum; graph the approximate

spectra. . . 2m Coni) me Z
Flgl=3" T | Z_; ¢

£=0

(a) f[z] = SINC[z]

my = 1
m; = 0
my; = O
msy = OO

Series solution for RECT [£] is not useful
(b) g[z] = SINC?[z]

my = 1
m; = 0
Imy; = o0
mg = OO

Series solution for TRI [£] is not useful
(¢) he] = e ()STEP[] = LSTEP 2] - (]) = H[g] = 35

[o] T2mi(bE)
First, find the series solution for the transform

— 1 _ 1 _ - P STV
H[E] = 1+2mibE 1 — (—2mib€) _ZZ_;( 2mibg)

— 1 2mibE + (2mib€)? — (2mibe)®
= (1 —(2mbe)%) +i (—2mb¢ + (2mbE)°)

The moments are:

my = 1

m; = b

my = 2b2
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m; = ( ) 48im3b® = 6b3
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Real Part of H[]

H[ = ) i ¢
=0
— 14
—27i)? —2ri)°
=1 (—2mib) + & 27|”) -(262)§2+%-6b3-§3
= (1—(2mb€)%) +i - (—2mbé + (27bE)°)
same as above
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(d) GAUS [z] = e~

The transform and its power series are:
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4. Find the algebraic expression for the moments of f [x] = § [x — x¢| and show that the
resulting power series are identical to the spectra for o = 0 and z¢ = 1.

First, the known spectra are
Fi{d[z -0} =
Fl {(5 [ZL‘ — 1]} =

€]

1
1 e

The definition of the moments:

400 +oo
m, = / Jd [x — x0] :dex:/ S [x — mo] xf d

00 —00
+oo

= xé/ § v — 2] do = xf

(a) For zo =0, the moments are:

mgy = 00 =7
To evaluate, return to the definition of moments:

mOE/+OO5[x] 20 dx:/+oo(5[x] dz =1

—00 o0

Lesson: check all expressions if uncertain.
my =0°=0 for £ >0

[e'¢] RV A0
— Z %g - ( %7'”) my - ,50 =1[¢] as required
(=0 ’ '

(b) For xo =1, the moments are:

m = 1°=1
F [5] _ io: (_27‘;‘)é my 55 _ Z ( 27TZ§ io: 27TZ§ 672m£
=0 ) =0 =0

from the known series for €+ZO



