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1. Use the filter theorem to evaluate:

“+oo

(@) GAUS 3]+ GAUS [5] = [ exp [ (5)"] exp [~ (252)7] da
Obuviously, this is the same pair of convolutions given in HW#/, but now we can use the filter
theorem to solve:

GAUS [ﬂ*GAUS E] = f;{ 1 {caus g]} {GAUS[ 1}
= F7U{3 - GAUS[3¢]-4- GAUS[4§]}
= F[ {12 exp{ 7r(3§)2] exp[ }}
= Fit{12-exp[-7 (9+16) %]}
— Fr {12 exp[ 7 (5 )2}
= FrU{12.GAUS[5¢]}

GAUS [g} « GAUS [ﬂ - EGAUS H

which is “wider” than either input function.
“+ o0

(b) SINC [32] * SINC [2z] = / (snfsmal) (sn2rte—all) g

3ra 2m(z—a)

— 00

SINC [3z] * SINC [2x] TH{F{SINC [32]} - FL {SINC [22]}}

Fit {%RECT [g] : %RECT E]}

e {%RECT [g] }

% (2. SINC [24])

SINC [32] + SINC [22] = %smc [24]

which is proportional to the “wider” SINC function.



2. Use the Fourier transform of e ™" to derive the 2-D transform F {f [z, 9]} = F» {e“"'”(‘”z“‘y%} =F, {e‘””z };
sketch the profiles along the x-axis of the real part, imaginary part, magnitude and phase.
Fa {e“”(wzﬂz)} = Fo{exp [+ira?] - exp [+imy?] }
= F {exp [—&—iwxﬂ } - F {exp [—l—i7ry2]}
= (exp |:+Z%:| - exp [fiwfz]) . (exp [Jrz%} - exp [fimf])
T 2 . .92 . 9
= (exp [+i7]) - (exp [<ime?] - exp [—imn?])

= exp [—Hg} - eXp [—W (52 + 772)]

Fo {exp [+m (3:2 + y2)]} =1-exp [—iwpz]

= . (cos [Wpﬂ — 1sin [WPZ])
= sin [Wpﬂ + 14 - cos [Wp2]

Re {z - exp [—mpﬂ } = sin [WpQ]

Im {z - exp [—mpZ]} = cos [7rp2] ; note that the real and imaginary parts “swap”

|i - exp [—imp?]| = 1[¢

@ {i-exp[-in?]} = tan~! [“’s W]] _ ton"! [M]

sin [7p?] cos [mp? — Z]
= tan71 ——Sin [sz _ %] = — (7702 - z)
cos [mp? — Z| 2
d {z - exp [—mpﬂ } = g — 7p?




The profiles of both representations: space domain first:
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3. Use the general form of the derivative theorem in Eq.(9.143) to derive an expression for the “half-order”
1
derivative of f [z], i.e., (%) f =]
T2

Derivative theorem:

d"f o
F1 {d:r_"} = (+2mif)" - F[¢{]
= £ {Z; } — (42mi¢)® - F[€]

= \/%-exp {—I—z%}\/EF[f]

For example, if flx] =SINC[x] = F[¢] = RECT[{]:

ddi {SINC[z]} = V27 exp {+z‘ﬂ V€ RECT[¢]
€T2
VI (L+i) Ve i I¢] <§
0 if [¢]>3
Real Part , . Imaginary Part
1.0
0.5
} f . ' } +H— ¥ f ' y : +H—
-1.0 -0.5 0.5 1.0. -1.0 -05 0.5 1.0 .
s Xi 0 Xi
-1.0 -1.0
=15 =15
Re{y7 (1+1i) &} RECT[¢] Im {7 (1+1) &} RECT[¢]
Magnitude , . hase (units of pi) 1.0_‘_
05T
! =' — ] — —t -
-1.0 05 0.5 10. -1.0 05 0.5 1.0 .
05 Xl ] X1
05T
-1.0
-1.5 10—
|7+ (1+14) -y RECT [¢]] ® {exp [+ira?]} = ma?



4. Use Rayleigh’s theorem to evaluate the areas of the following: (§9-5)

2

(a) SINC [z]-e™™ o o
/ (fla] - [a]) do = / (Fle] - H*[¢]) de

—00 —00

[ et )ar = [ ancri o)

+3 2 B >
= / e ™ d£:2-/ e~ de

—1 0

2

This is the partial area of a Gaussian function and may be evaluated in terms of the so-called
“error function”

erf [x] = NG e dt
0
u = ﬁfﬁd{z%du
S

The error function is tabulated and you can look up the value:

orf [\/71 ~ 0.78991



(b) SINC?[2]

+oo

/ T SINC e = (SINC? [a]) - (SINC [a]) dz = / " (TRIE) - (RECT[]) de

= TRI ¢
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Graph of TRI [¢]- RECT [€], whose area is equal to the area of (SINC [z])*.



(c) SINC*[z]

+oo +oo
/ SINC*[z]dx = / (SINC? [z]) - (SINC? [z]) da

/ (TRI€))- (TRIE)) dé

/ (TRI[¢

+1 2 3\ §=1
— 2. . _ N oge—a. (e—2. & L& _2
— 2/0 (1—-¢)? d§_2/0 (1-26+¢%) de=2 (5 2 2+3)£_0—3
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Graph of (TRI [€])?, whose area is equal to the area of (SINC [a])*.




(d) SINC® []

+o0 +oo
/ SINC® [z] dx / (SINC?[z]) - (SINC? [2]) dw
+o0
= [ (TRIE]) - (RECT [£] « RECT [£] * RECT [€]) d¢

RECT [§] * RECT [¢] « RECT [§]) = TRI [§] * RECT [§]
EFrom HW#/4-4e:

0 if &> +3
162 349 jf 4l<e<q
RECT [(] « TRI[§] = -8 i 5 <E<+g
s gery it —f<es

o
=
=

7%
A

\

[\el [N}

+00
[ (TRI[¢)) - (RECT [€] * RECT [€] * RECT [€]) d¢

_ /:O ((1 —|¢])- RECT ED (RECT [¢] * RECT [¢] x RECT[¢]) dé

which is the sum of four integrals:

% 1, 3,9 0 3
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3 3, ! 1, 3.9
+ “‘5)'<Z‘5>d5+/%(1‘5)'(§f ~je+y) de
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Hoe 5 15| 2 oo .
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02—
Graphs of TRI[£] (solid red) and RECT [¢] « TRI [£] (dashed green)
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Graph of product TRI[¢] - (RECT [€] « TRI[€] ), whose area is equal to that of (SINC[€])°.

Note that the areas of SINC™ [z] decrease with increasing n except for n=1,2:

+oo +oo

SINC'[z] dv = SINC? [x] dx —1
e 3_

SINC?[z] dov = 1
e X

SINC*[z] dv = 3
e 115

5 — -

- SINC® [z] dz = 199



5. Evaluate and sketch f[z] = SINC [z] * 1.
1 1
SINC'[:E]*E:]:1 Fi{SINC [z]} - F4 -

F1{SINC [z]} = RECT [¢]

We know that: 1
F1{SGN [z]} = —

i€

The transform-of-theorem tells us that

Fi {l} =ir-Fy {i} = im - SGN [—¢]
x 1TX

so the convolution is the product of the rectangle and the signum function, which may be rewritten more
conveniently:

SINC [z] * é = FY{RECT[¢] -in - SGN [¢€]}

Amplitude A

— | et

05T
: : : Pt b : : Ho—
-10 -08 -06 -04 -02 0.2 0.4 0.6 0.8 1.0 .
1 Xi

05T

1.0

RECT [¢]- SGN [-¢] = RECT [2¢] + (§ [ + 4] =6 [¢ — 1])

From the graph, we see that we can rewrite this spectrum is a more convenient form:
1 o 1 1
SINC’[x]*; = dn-F; {RECT 2] * 5.5—!—1 -6 f—z
) 1 ] 2 1
= qr- <§SINC’ [5} . gsm [27730 . Z])
T .| 27z
= +m- (SINC [5} - sin {T})
(sm (5] ) [
= +7- Z - sin {—}
775 2

= 4n2. g - SINC? [g]

3

Note that: ) fra]
2 T o [2] _ 1 —cosma
2. 2 SINC [ 2} —=
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Real Part 3‘

N
]

8 '5 4 ' - ' 1- y. 4 (
\Y
-3
1 2 T 5[] 1 —cos[nz]
SINC [z] ¥ = = +n?- = - SINC [_ _ 1 —cosimz]
x 2 2] -
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6. Evaluate and sketch the following:

(a) F1 {cos (277%) + sin (271%)}

{om (o5) (3]} 1 fon o) o o)
(et ) 332
ol (55) ol
Note that we can rewrite cos (2r%) +sin (275 ) as:
cos (273 ) +sin (2n5) = V2. <% cos (273 ) + % sin (27%))
[ () v [ o)

x T
2 * [2 - _}
\/_ COS T B + 1

which confirms that the sum of two sinusoids with the same amplitude and frequency is a sinusoid
with that frequency and a (possibly) different amplitude and phase.

@)

cos[nx] + sin[rx]

(6) ©

Real Part of F[Z]

—_—

—
Imaginary Part of F[Z]

—
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o)
o)

Fi

Fi

F1

sin

sin

{
{
{

sin

Recall that the transform of a chirp function is:

Fi {exp [+i77m2] }

The transform of a scaled chirp function is:

#ife [+in (2)]}

= Fi {exp

exp [—i—z%} - exp [—iWEQ]
144

V2

- exp [—i7r§2]

|| exp [+z§] - exp [*iﬂ' (045)2}

|| exp [—H%] - exp

i (#)2] } = [2- V7| - exp [+ - exp {—iﬂ (ﬁf]

which is a chirp with rate (2 - \/7_r)_1 >~ (0.28209 < 1, so this chirp oscillates “faster” than the

space-domain chirp.
Break into real and imaginary parts:

o or (22 ]}

‘2\/;}

+i -

Now recall that:

cos [A] £sin[A] = V2 - (COS [A:F T

142

V2

£

( )(“(

¢
(2 vm

)

4

—> cos W(%) =+ sin ﬂ(%) =2 | cos W(%) :Fz
2 vm) 2 V) evn') 4

Since real and imaginary parts are BOTH even functions, we can equate the real parts and the
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(c) Fi {SINC E - ﬂ }

R {SINC E -

i/}

Fi

Fi

Fi

{S[NC’

{SINC’

o)

{S[NC’

3- RECT [3€] - exp {—27716 . g}

3-

RECT {

3-1

3 ] - exp [3ime]

5. RECT [%] - (cos [3n€] — isin [37€])

{

3 cos [3rz]
0

if |z <

1
it fo > 1

Real Part 4_A

/

-1.0

-0.5

0.5

1.0
Xl

Imaginary Part ,

-1.0 -0.5 05

1.0 .
Xl
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7. Use the theorems of the Fourier transform to prove that:

r [z — xo] Yk [ — xo] = r[z] k7 [2]

7] Jer [2]

r[x — x0] k1 [ — 20]

By the filter theorem.:

r [z — zo] Y1 [ — o)

rlx] xr* [~z

(r[z] * 6 [z — zo]) J (r[x] * I [x — x0])
(r[z] * 6 [x — m0]) * (r [—2] * 0 [~ — 20])"
(r[z] % 0 [z — @o]) * (r" [~a] % 0 [~z — 20])
rlx]xr* [—xz] % § [z — xo] % 0 [— (z + x0)]
(rz] *r* [—x]) * (6 [z — zo] * I [x + x0))
(r [z] Jer [x]) * (8 [x] * 8 [x + 20 — 20])

(r [x] Jer [a]) 6 [2]

r (2] ke [2]

rlz — xo] * ¥ [—x — T0]

FrHRE] - exp [-2miga] - R [€] - exp [-2mifx]}
Fi {RIE - R[]}

FH{IR1E1}

7 (2] Jer [2]

In words, the autocorrelation is not affected by translation of the input function.
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8. Evaluate the following Fourier transforms and sketch them as real-and-imaginary parts and as magnitude-
phase:

(a) SINC[z]-SINC [%]

F{SINC[2] - SINC [g} } = RECT[g]+2- RECT %]

2. (RECT[€] * RECT [2€))

Recall from HW#/:

RECT [dﬁ] « RECT [3] _ (do H’O) “TRI
0

— 2. (RECT[¢] x RECT [2€]) =2 - (

:;TRI[g] —1~TRI[§]
4 4

1.U 1
08T
06T
04T
02T

02 __ 0.2 0.4 0.6 0.8 1(;(I
04T
06T
08T
10T
12T
AT

Since this is a real-valued and nonnegative function, the imaginary part is 0[£], the magnitude is
identical to the real part, and the phase is 0[¢],
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(b) cos|[mz] - GAUS [z]

Fy {cos [nz] - GAUS [2]} = cos [2n5] - GAUS [a] |

y
— =

cos [271’;] } « F1 {GAUS [z]}

] et o

avs[e+ 2] +aavs[e-3))

(]3]

>
I
+

Nl—= N~ N
by

N7 N - N

exp + exp

y o.e-‘-

f H—
3 3 .
Xl
02T
04T
0.6 —

also a mnonnegative real function, so the magnitude is identical to the real part and the imaginary
part and phase are both 0 [€]
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(c) cos[2m&ya] - RECT [%]

Fi {cos2nga] - RECT [Z]} = Fi {eos 2négal} « 71 {RECT 1]}

— 3 (sfe+3]+afe-3]) - sinca

- (e YJeonel(c- D)

so that the Dirac delta functions in the spectrum of the cosine are now SINC functions of width
b=! and amplitude b.

sin [7r (x + %)] sin [71 (3?

1
2
m (@ +3) (e —3)

sin[ﬂ'b(m+
wb(xz+

sin[ﬂ'b(zf

1,

) for b=1 (red), for b =2 (blue), and for b =3 (purple). Note that the “widths”

of the SINC functions decrease with increasing b.

Nl Y
el ey

T T
3 mo(z—3
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(d) sin[2n&ea] - RECT [£]
i {sin[2réye] - RECT [%] b= A fsinlrgyel} < A {RECT [%} }
_ % (5 [g+ﬂ iy [g— %D £ 1b] - SINC [be]

W (smep (s 1)) -smve (s 1)

b(i7 )] for b=1 (red), for b =2 (blue), and for b =3 (purple). Note that the “widths”

of the SINC' functions decrease with increasing b.
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