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1. Use the filter theorem to evaluate:

(a) GAUS
£
x
3

¤
∗GAUS

£
x
4

¤
=

+∞Z
−∞

exp
h
−π

¡
α
3

¢2i
exp

h
−π

¡
x−α
4

¢2i
dα

Obviously, this is the same pair of convolutions given in HW#4, but now we can use the filter
theorem to solve:

GAUS
hx
3

i
∗GAUS

hx
4

i
= F−11

n
F1
n
GAUS

hx
3

io
· F1

n
GAUS

hx
4

ioo
= F−11 {3 ·GAUS [3ξ] · 4 ·GAUS [4ξ]}

= F−11
n
12 · exp

h
−π (3ξ)2

i
· exp

h
−π (4ξ)2

io
= F−11

©
12 · exp

£
−π (9 + 16) ξ2

¤ª
= F−11

n
12 · exp

h
−π (5ξ)2

io
= F−11 {12 ·GAUS [5ξ]}

GAUS
hx
3

i
∗GAUS

hx
4

i
=
12

5
GAUS

hx
5

i
which is “wider” than either input function.

(b) SINC [3x] ∗ SINC [2x] =

+∞Z
−∞

³
sin[3πα]
3πα

´³
sin[2π(x−α)]
2π(x−α)

´
dα

SINC [3x] ∗ SINC [2x] = F−11 {F1 {SINC [3x]} · F1 {SINC [2x]}}

= F−11
½
1

3
RECT

∙
ξ

3

¸
· 1
2
RECT

∙
ξ

2

¸¾
= F−11

½
1

6
RECT

∙
ξ

2

¸¾
=

1

6
· (2 · SINC [2x])

SINC [3x] ∗ SINC [2x] =
1

3
SINC [2x]

which is proportional to the “wider” SINC function.
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2. Use the Fourier transform of e+iπx
2

to derive the 2-D transformF2 {f [x, y]} = F2
n
e+iπ(x

2+y2)
o
=F2

n
e+iπr

2
o
;

sketch the profiles along the x-axis of the real part, imaginary part, magnitude and phase.

F2
n
e+iπ(x

2+y2)
o

= F2
©
exp

£
+iπx2

¤
· exp

£
+iπy2

¤ª
= F1

©
exp

£
+iπx2

¤ª
· F1

©
exp

£
+iπy2

¤ª
=

³
exp

h
+i

π

4

i
· exp

£
−iπξ2

¤´
·
³
exp

h
+i

π

4

i
· exp

£
−iπη2

¤´
=

³
exp

h
+i

π

4

i´2
·
¡
exp

£
−iπξ2

¤
· exp

£
−iπη2

¤¢
= exp

h
+i

π

2

i
· exp

£
−iπ

¡
ξ2 + η2

¢¤
F2
©
exp

£
+iπ

¡
x2 + y2

¢¤ª
= i · exp

£
−iπρ2

¤
= i ·

¡
cos
£
πρ2

¤
− i sin

£
πρ2

¤¢
= sin

£
πρ2

¤
+ i · cos

£
πρ2

¤
Re
©
i · exp

£
−iπρ2

¤ª
= sin

£
πρ2

¤
Im
©
i · exp

£
−iπρ2

¤ª
= cos

£
πρ2

¤
; note that the real and imaginary parts “swap”¯̄

i · exp
£
−iπρ2

¤¯̄
= 1 [ξ]

Φ
©
i · exp

£
−iπρ2

¤ª
= tan−1

"
cos
£
πρ2

¤
sin [πρ2]

#
= tan−1

"
− sin

£
πρ2 − π

2

¤
cos
£
πρ2 − π

2

¤ #

= tan−1

"
−
sin
£
πρ2 − π

2

¤
cos
£
πρ2 − π

2

¤# = −³πρ2 − π

2

´
Φ
©
i · exp

£
−iπρ2

¤ª
=

π

2
− πρ2
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The profiles of both representations: space domain first:

-5 -4 -3 -2 -1 1 2 3 4 5

-1.5

-1.0

-0.5

0.5

1.0

1.5

x

Real Part

Re
©
exp

£
+iπx2

¤ª
= cosπx2

-5 -4 -3 -2 -1 1 2 3 4 5

-1.5

-1.0

-0.5

0.5

1.0

1.5

x

Imaginary Part

Im
©
exp

£
+iπx2
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= sinπx2
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exp
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¤¯̄
= 1 [x]
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Frequency domain: plot along ξ-axis.
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©
i exp
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3. Use the general form of the derivative theorem in Eq.(9.143) to derive an expression for the “half-order”

derivative of f [x], i.e.,
µ

d
1
2

dx
1
2

¶
f [x].

Derivative theorem:

F1
½
dnf

dxn

¾
= (+2πiξ)

n · F [ξ]

=⇒ F1

(
d
1
2 f

dx
1
2

)
= (+2πiξ)

1
2 · F [ξ]

=
√
2π · exp

h
+i

π

4

i
·
p
ξ · F [ξ]

For example, if f [x] = SINC [x] =⇒ F [ξ] = RECT [ξ] :

d
1
2

dx
1
2

{SINC [x]} =
√
2π · exp

h
+i

π

4

i
·
p
ξ ·RECT [ξ]

=

½ √
π · (1 + i) ·

√
ξ if |ξ| < 1

2
0 if |ξ| > 1

2

-1.0 -0.5 0.5 1.0

-1.5

-1.0

-0.5

0.5

1.0

1.5

xi

Real Part

Re
©√

π · (1 + i) ·
√
ξ
ª
·RECT [ξ]

-1.0 -0.5 0.5 1.0

-1.5

-1.0

-0.5

0.5

1.0

1.5

xi

Imaginary Part

Im
©√

π · (1 + i) ·
√
ξ
ª
·RECT [ξ]

-1.0 -0.5 0.5 1.0

-1.5

-1.0

-0.5

0.5

1.0

1.5

xi

Magnitude

¯̄√
π · (1 + i) ·

√
ξ ·RECT [ξ]

¯̄

-1.0 -0.5 0.5 1.0

-1.0

-0.5

0.5

1.0

xi

Phase (units of pi)

Φ
©
exp

£
+iπx2

¤ª
= πx2

4



4. Use Rayleigh’s theorem to evaluate the areas of the following: (§9-5)

(a) SINC [x] · e−πx2 Z +∞

−∞
(f [x] · h∗ [x]) dx =

Z +∞

−∞
(F [ξ] ·H∗ [ξ]) dx

Z +∞

−∞

³
SINC [x] · e−πx2

´
dx =

Z +∞

−∞

³
RECT [ξ] · e−πξ2

´
dξ

=

Z + 1
2

− 1
2

e−πξ
2

dξ = 2 ·
Z 1

2

0

e−πξ
2

dξ

This is the partial area of a Gaussian function and may be evaluated in terms of the so-called
“error function”

erf [x] ≡ 2√
π

Z x

0

e−t
2

dt

u ≡
√
πξ =⇒ dξ =

1√
π
du

ξ =
1

2
=⇒ u =

√
π

2

2 ·
Z 1

2

0

e−πξ
2

dξ = 2 ·
√
π

2
· 1√

π
·
Ã
2√
π

Z √
π
2

0

e−t
2

dt

!

= erf

∙√
π

2

¸
The error function is tabulated and you can look up the value:

erf

∙√
π

2

¸
∼= 0.78991
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(b) SINC3 [x]Z +∞

−∞
SINC3 [x] dx =

Z +∞

−∞

¡
SINC2 [x]

¢
· (SINC [x]) dx =

Z +∞

−∞
(TRI [ξ]) · (RECT [ξ]) dξ

=

Z + 1
2

− 1
2

TRI [ξ] dξ

= 2 ·
Z + 1

2

0

(1− ξ) dξ = 2 ·
µ
ξ − ξ2

2

¶¯̄̄̄ξ= 1
2

ξ=0

=
3

4Z +∞

−∞
SINC3 [x] dx =

3

4
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Graph of TRI [ξ] ·RECT [ξ], whose area is equal to the area of (SINC [x])3.
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(c) SINC4 [x]Z +∞

−∞
SINC4 [x] dx =

Z +∞

−∞

¡
SINC2 [x]

¢
·
¡
SINC2 [x]

¢
dx

=

Z +∞

−∞
(TRI [ξ]) · (TRI [ξ]) dξ

=

Z +1

−1
(TRI [ξ])2 dξ

= 2 ·
Z +1

0

(1− ξ)2 dξ = 2 ·
Z +1

0

¡
1− 2ξ + ξ2

¢
dξ = 2 ·

µ
ξ − 2 · ξ

2

2
+

ξ3

3

¶¯̄̄̄ξ=1
ξ=0

=
2

3Z +∞

−∞
SINC4 [x] dx =

2

3
<
3

4
=

Z +∞

−∞
SINC3 [x] dx
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Graph of (TRI [ξ])2, whose area is equal to the area of (SINC [x])
4.
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(d) SINC5 [x]Z +∞

−∞
SINC5 [x] dx =

Z +∞

−∞

¡
SINC2 [x]

¢
·
¡
SINC3 [x]

¢
dx

=

Z +∞

−∞
(TRI [ξ]) · (RECT [ξ] ∗RECT [ξ] ∗RECT [ξ]) dξ

RECT [ξ] ∗RECT [ξ] ∗RECT [ξ] = TRI [ξ] ∗RECT [ξ]
From HW#4-4e:

RECT [ξ] ∗ TRI [ξ] =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0 if ξ > +3

2
1
2ξ
2 − 3

2ξ +
9
8 if +1

2 ≤ ξ ≤ +3
2

3
4 − ξ2 if −12 ≤ ξ ≤ +1

2
1
2ξ
2 + 3

2ξ +
9
8 if −32 ≤ ξ ≤ −12

0 if ξ < −32

Z +∞

−∞
(TRI [ξ]) · (RECT [ξ] ∗RECT [ξ] ∗RECT [ξ]) dξ

=

Z +∞

−∞

µ
(1− |ξ|) ·RECT

∙
ξ

2

¸¶
· (RECT [ξ] ∗RECT [ξ] ∗RECT [ξ]) dξ

which is the sum of four integrals:

Z − 1
2

−1
(1 + ξ) ·

µ
1

2
ξ2 +

3

2
ξ +

9

8

¶
dξ +

Z 0

− 1
2

(1 + ξ) ·
µ
3

4
− ξ2

¶
dξ

+

Z 1
2

0

(1− ξ) ·
µ
3

4
− ξ2

¶
dξ +

Z 1

1
2

(1− ξ) ·
µ
1

2
ξ2 − 3

2
ξ +

9

8

¶
dξ

=
17

384
+
49

192
+
49

192
+
17

384
=
115

192
∼= 0.598 96

Z +∞

−∞
SINC5 [x] dx =

115

192
<
2

3
=

Z +∞

−∞
SINC4 [x] dx
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Graphs of TRI [ξ] (solid red) and RECT [ξ] ∗ TRI [ξ] (dashed green)
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Graph of product TRI [ξ] · (RECT [ξ] ∗ TRI [ξ] ), whose area is equal to that of (SINC [ξ])5.

Note that the areas of SINCn [x] decrease with increasing n except for n = 1, 2:Z +∞

−∞
SINC1 [x] dx =

Z +∞

−∞
SINC2 [x] dx− 1Z +∞

−∞
SINC3 [x] dx =

3

4Z +∞

−∞
SINC4 [x] dx =

2

3Z +∞

−∞
SINC5 [x] dx =

115

192
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5. Evaluate and sketch f [x] = SINC [x] ∗ 1x .

SINC [x] ∗ 1
x
= F−11

½
F1 {SINC [x]} · F1

½
1

x

¾¾
F1 {SINC [x]} = RECT [ξ]

We know that:
F1 {SGN [x]} = 1

iπξ

The transform-of-theorem tells us that

F1
½
1

x

¾
= iπ · F1

½
1

iπx

¾
= iπ · SGN [−ξ]

so the convolution is the product of the rectangle and the signum function, which may be rewritten more
conveniently:

SINC [x] ∗ 1
x
= F−11 {RECT [ξ] · iπ · SGN [−ξ]}
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xi
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RECT [ξ] · SGN [−ξ] = RECT [2ξ] ∗
¡
δ
£
ξ + 1

4

¤
− δ

£
ξ − 1

4

¤¢
From the graph, we see that we can rewrite this spectrum is a more convenient form:

SINC [x] ∗ 1
x

= iπ · F−11
½
RECT [2ξ] ∗

µ
δ

∙
ξ +

1

4

¸
− δ

∙
ξ − 1

4

¸¶¾
= iπ ·

µ
1

2
SINC

hx
2

i
· 2
i
sin

∙
2πx · 1

4

¸¶
= +π ·

µ
SINC

hx
2

i
· sin

∙
2πx

4

¸¶
= +π ·

Ã
sin
£
π x
2

¤
π x
2

!
· sin

hπx
2

i
= +π2 · x

2
· SINC2

hx
2

i
Note that:

+π2 · x
2
· SINC2

hx
2

i
=
1− cos [πx]

x

10



-10 -8 -6 -4 -2 2 4 6 8 10

-3

-2

-1

1

2

3

x

Real Part

SINC [x] ∗ 1
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2
· SINC2
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6. Evaluate and sketch the following:

(a) F1
n
cos
³
2π

x

2

´
+ sin

³
2π

x

2

´o
F1
n
cos
³
2π

x

2

´
+ sin

³
2π

x

2

´o
= F1

n
cos
³
2π

x

2

´o
+ F1

n
sin
³
2π

x

2

´o
=

1

2

µ
δ

∙
ξ +

1

2

¸
+ δ

∙
ξ − 1

2

¸¶
+ i · 1

2

µ
δ

∙
ξ +

1

2

¸
− δ

∙
ξ − 1

2

¸¶
=

µ
1 + i

2

¶
· δ
∙
ξ +

1

2

¸
+

µ
1− i

2

¶
· δ
∙
ξ +

1

2

¸
Note that we can rewrite cos

³
2π

x

2

´
+ sin

³
2π

x

2

´
as:

cos
³
2π

x

2

´
+ sin

³
2π

x

2

´
=
√
2 ·
µ
1√
2
cos
³
2π

x

2

´
+

1√
2
sin
³
2π

x

2

´¶
=
√
2 ·
³
cos
hπ
4

i
cos
³
2π

x

2

´
+ sin

hπ
4

i
sin
³
2π

x

2

´´
=
√
2 · cos

h
2π

x

2
+

π

4

i
which confirms that the sum of two sinusoids with the same amplitude and frequency is a sinusoid
with that frequency and a (possibly) different amplitude and phase.
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(b) F1
½
sin

∙³x
2

´2¸¾

F1
½
sin

∙³x
2

´2¸¾
= F1

½
sin

∙
π

π

³x
2

´2¸¾
= F1

(
sin

"
π

µ
x

2
√
π

¶2#)

= F1
½
sin

∙
π
³x
α

´2¸¾
where α = 2 ·

√
π

Recall that the transform of a chirp function is:

F1
©
exp

£
+iπx2

¤ª
= exp

h
+i

π

4

i
· exp

£
−iπξ2

¤
=

1 + i√
2
· exp

£
−iπξ2

¤
The transform of a scaled chirp function is:

F1
½
exp

∙
+iπ

³x
α

´2¸¾
= |α| exp

h
+i

π

4

i
· exp

h
−iπ (αξ)2

i
= |α| exp

h
+i

π

4

i
· exp

"
−iπ

µ
ξ

α−1

¶2#

=⇒ F1

(
exp

"
+iπ

µ
x

2 ·
√
π

¶2#)
=
¯̄
2 ·
√
π
¯̄
· exp

h
+i

π

4

i
· exp

⎡⎣−iπÃ ξ

(2 ·√π)−1

!2⎤⎦
which is a chirp with rate (2 ·√π)−1 ∼= 0.282 09 < 1, so this chirp oscillates “faster” than the
space-domain chirp.
Break into real and imaginary parts:

F1

(
exp

"
+iπ

µ
x

2 ·
√
π

¶2#)
=

¯̄
2 ·
√
π
¯̄
·
µ
1 + i√
2

¶
·

⎛⎝cos
⎡⎣πÃ ξ

(2 ·
√
π)
−1

!2⎤⎦− i · sin

⎡⎣πÃ ξ

(2 ·
√
π)
−1

!2⎤⎦⎞⎠
=

r
π

2
·

⎛⎝cos
⎡⎣πÃ ξ

(2 ·
√
π)
−1

!2⎤⎦+ sin
⎡⎣πÃ ξ

(2 ·
√
π)
−1

!2⎤⎦⎞⎠
+i ·

r
π

2
·

⎛⎝cos
⎡⎣πÃ ξ

(2 ·√π)−1

!2⎤⎦− sin
⎡⎣πÃ ξ

(2 ·√π)−1

!2⎤⎦⎞⎠
Now recall that:

cos [A]± sin [A] =
√
2 ·
³
cos
h
A∓ π

4

i´
=⇒ cos

⎡⎣πÃ ξ

(2 ·
√
π)
−1

!2⎤⎦± sin
⎡⎣πÃ ξ

(2 ·
√
π)
−1

!2⎤⎦ = √2 ·
⎛⎝cos

⎡⎣πÃ ξ

(2 ·
√
π)
−1

!2
∓ π

4

⎤⎦⎞⎠
Since real and imaginary parts are BOTH even functions, we can equate the real parts and the
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imaginary parts of the transform:

F1
½
cos

∙³x
2

´2¸¾
=

r
π

2
·
√
2 ·

⎛⎝cos
⎡⎣πÃ ξ

(2 ·√π)−1

!2
− π

4

⎤⎦⎞⎠
=
√
π ·

⎛⎝cos
⎡⎣πÃ ξ

(2 ·√π)−1

!2
− π

4

⎤⎦⎞⎠
F1
½
sin

∙³x
2

´2¸¾
=
√
π ·

⎛⎝cos
⎡⎣πÃ ξ

(2 ·
√
π)
−1

!2
+

π

4

⎤⎦⎞⎠
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√
π ·
Ã
cos
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µ
ξ

(2·
√
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−1

¶2
+ π

4

#!
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(c) F1
½
SINC

∙
x

3
− 1
2

¸¾

F1
½
SINC

∙
x

3
− 1
2

¸¾
= F1

½
SINC

∙
2x− 3
6

¸¾
= F1

½
SINC

∙
x− 3

2

3

¸¾
= F1

½
SINC

hx
3

i
∗ δ
∙
x− 3

2

¸¾
= F1

½
SINC

hx
3

i
∗ δ
∙
x− 3

2

¸¾
= 3 ·RECT [3ξ] · exp

∙
−2πiξ · 3

2

¸
= 3 ·RECT

∙
ξ

3−1

¸
· exp [−3iπξ]

= 3 ·RECT
∙

ξ

3−1

¸
· (cos [3πξ]− i sin [3πξ])

=

½
3 cos [3πx] if |x| < 1

6
0 if |x| > 1

6
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Real Part
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xi

Imaginary Part
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7. Use the theorems of the Fourier transform to prove that:

r [x− x0]Fr [x− x0] = r [x]Fr [x]

r [x]Fr [x] = r [x] ∗ r∗ [−x]
r [x− x0]Fr [x− x0] = (r [x] ∗ δ [x− x0])F (r [x] ∗ δ [x− x0])

= (r [x] ∗ δ [x− x0]) ∗ (r [−x] ∗ δ [−x− x0])
∗

= (r [x] ∗ δ [x− x0]) ∗ (r∗ [−x] ∗ δ [−x− x0])

= r [x] ∗ r∗ [−x] ∗ δ [x− x0] ∗ δ [− (x+ x0)]

= (r [x] ∗ r∗ [−x]) ∗ (δ [x− x0] ∗ δ [x+ x0])

= (r [x]Fr [x]) ∗ (δ [x] ∗ δ [x+ x0 − x0])

= (r [x]Fr [x]) ∗ δ [x]
= r [x]Fr [x]

By the filter theorem:

r [x− x0]Fr [x− x0] = r [x− x0] ∗ r∗ [−x− x0]

= F−11 {R [ξ] · exp [−2πiξx] ·R∗ [ξ] · exp [−2πiξx]}
= F−11 {R [ξ] ·R∗ [ξ]}

= F−11
n
|R [ξ]|2

o
= r [x]Fr [x]

In words, the autocorrelation is not affected by translation of the input function.
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8. Evaluate the following Fourier transforms and sketch them as real-and-imaginary parts and as magnitude-
phase:

(a) SINC [x] · SINC
£
x
2

¤
F1
n
SINC [x] · SINC

hx
2

io
= RECT [ξ] ∗ 2 ·RECT [2ξ]

= 2 · (RECT [ξ] ∗RECT [2ξ])

Recall from HW#4:

RECT

∙
x

d0

¸
∗RECT

∙
x

b0

¸
=

µ
d0 + b0
2

¶
· TRI

"
x¡

d0+b0
2

¢#−µ |d0 − b0|
2

¶
· TRI

⎡⎣ x³
|d0−b0|

2

´
⎤⎦

=⇒ 2 · (RECT [ξ] ∗RECT [2ξ]) = 2 ·

⎛⎜⎜⎝µ1 + 1
2

2

¶
· TRI

⎡⎣ ξ³
1+ 1

2

2

´
⎤⎦−Ã¯̄1− 1

2

¯̄
2

!
· TRI

⎡⎢⎢⎣ ξµ
|1− 1

2 |
2

¶
⎤⎥⎥⎦
⎞⎟⎟⎠

=
3

2
· TRI

∙
ξ
3
4

¸
− 1
2
· TRI

∙
ξ
1
4

¸

-1.0 -0.8 -0.6 -0.4 -0.2 0.2 0.4 0.6 0.8 1.0

-1.4
-1.2
-1.0
-0.8
-0.6
-0.4
-0.2

0.2
0.4
0.6
0.8
1.0
1.2
1.4

xi

y

Since this is a real-valued and nonnegative function, the imaginary part is 0 [ξ], the magnitude is
identical to the real part, and the phase is 0 [ξ],
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(b) cos [πx] ·GAUS [x]

F1 {cos [πx] ·GAUS [x]} = F1
n
cos
h
2π

x

2

i
·GAUS [x]

o
= F1

n
cos
h
2π

x

2

io
∗ F1 {GAUS [x]}

=
1

2

µ
δ

∙
ξ +

1

2

¸
+ δ

∙
ξ − 1

2

¸¶
∗GAUS [ξ]

=
1

2

µ
GAUS

∙
ξ +

1

2

¸
+GAUS

∙
ξ − 1

2

¸¶
=

1

2

Ã
exp

"
−π

µ
ξ +

1

2

¶2#
+ exp

"
−π

µ
ξ − 1

2

¶2#!

-3 -2 -1 1 2 3

-0.6

-0.4

-0.2

0.2

0.4

0.6

xi

y

also a nonnegative real function, so the magnitude is identical to the real part and the imaginary
part and phase are both 0 [ξ]
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(c) cos [2πξ0x] ·RECT
£
x
b

¤
F1
n
cos [2πξ0x] ·RECT

hx
b

io
= F1 {cos [2πξ0x]} ∗F1

n
RECT

hx
b

io
=

1

2

µ
δ

∙
ξ +

1

2

¸
+ δ

∙
ξ − 1

2

¸¶
∗ |b| · SINC [bξ]

=
|b|
2

µ
SINC

∙
b

µ
ξ +

1

2

¶¸
+ SINC

∙
b

µ
ξ − 1

2

¶¸¶
so that the Dirac delta functions in the spectrum of the cosine are now SINC functions of width
b−1 and amplitude b.

sin
£
π
¡
x+ 1

2

¢¤
π
¡
x+ 1

2

¢ +
sin
£
π
¡
x− 1

2

¢¤
π
¡
x− 1

2

¢

-5 -4 -3 -2 -1 1 2 3 4 5

-0.4

-0.2

0.2

0.4

0.6

0.8

1.0

1.2

x

y

sin[πb(x+ 1
2)]

πb(x+ 1
2 )

+
sin[πb(x− 1

2 )]
πb(x− 1

2)
for b = 1 (red), for b = 2 (blue), and for b = 3 (purple). Note that the “widths”

of the SINC functions decrease with increasing b.
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(d) sin [2πξ0x] ·RECT
£
x
b

¤
F1
n
sin [2πξ0x] ·RECT

hx
b

io
= F1 {sin [2πξ0x]} ∗ F1

n
RECT

hx
b

io
=

i

2

µ
δ

∙
ξ +

1

2

¸
− δ

∙
ξ − 1

2

¸¶
∗ |b| · SINC [bξ]

= i · |b|
2

µ
SINC

∙
b

µ
ξ +

1

2

¶¸
− SINC

∙
b

µ
ξ − 1

2

¶¸¶

-5 -4 -3 -2 -1 1 2 3 4 5

-1.0

-0.8

-0.6

-0.4

-0.2

0.2

0.4

0.6

0.8

1.0

x

y

sin[πb(x+ 1
2)]

πb(x+ 1
2 )
− sin[πb(x− 1

2 )]
πb(x− 1

2)
for b = 1 (red), for b = 2 (blue), and for b = 3 (purple). Note that the “widths”

of the SINC functions decrease with increasing b.
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