1051-716-20091 Amended Solution Set #4

1. Perform the following convolutions and sketch the result in each case:

(a) STEP [z] « STEP [x]

STEP [x] x STEP [x]

+oo
/ STEP o] - STEP [z — o] da

+oo
= / STEP [z — o] da
0

/lda if >0
0
0

if <0

</0z1 da) - STEP [z] :‘w‘STEP[x]ERAMP[;EH

STEP[X] * STEP[x] ,, A

ol |




(b) STEP [x] * (z - STEP [z])
STEP [x] % (x- STEP[z]) = (x-STEP|z])+STEP [x] by commutative property

—+oo
= / a-STEP[a]- STEP [z — o] da

+oo
= / a-STEP [z —a] do
0

B Jyoda if >0
n 0 if <0

1,2

_ (/Oxada) \STEP[s] =| 5 - STEPLz]

STEP[X] * x STEP[X] ,, b

1571

10T




(¢) (z-STEPz])* (x- STEP [x])

(x-STEPz]))* (x-STEP[z]) = (x-STEP]z])+*STEP [z] by commutative property

= /+Ooa~STEP[a]~(x—a)~STEP[x—a] da

+oo
= / a-(z—a) - STEP [z — o da
0

_ {foza-(x—a) da if x>0

0 if <0
3 28 23
= — — — | -STEP =|— - -STEP
(5-%) srerel=| 5 steri)

(X STEP[X]) * (X STEP[X]) ,, 1

1571

10T




(d) STEP [z] x RECT [x]

STEP [z] « RECT [x] =

+oo
/ STEP [a] - RECT [x — o] da

1 it z>+3
= {ffélda:x—(—%) if —1<z<
0 if r<—3%
1 1
= <x+§>~RECT[m]+STEP[aU—§
STEP[x] * RECT[x] A
14T
12T

1.0

0.8

02T

04T




(e) STEP [z] «x TRI [z]

STEP [z] « TRI [z]

“+oo
= TRI[z]* STEP [z] = / TRI[a]- STEP [z — o] da
= / TRI [a] da
1 if x>1
B f_ol(l—i—oz) doz—l—fom(l—a)doz:%—l—(a:—””—; if 0<a<1
[f0+a) do=1(x+1) if —1<z<0
0 if < -1
STEP[x] * TRI] A
14
12
1.0
0.8 /
0.6 /
i
¢ —
-3 2 1 2 3
-0.2 X
-04




(f) s[x] = STEP [z] x (RECT [z + 2] — RECT [z — 2])
STEP [z] « (RECT [x + 2| — RECT [x — 2])

(STEP[x] * RECT [z + 2]) — (STEP [z] * RECT [z — 2])
(STEP [z] « (RECT [z] *d [z +2])) — (STEP [z] * (RECT [z] % § [z — 2]))

= (STEP|z]« RECT [z]) [z + 2] — (STEP [z] * RECT [z]) 0 [x — 2]

From (d), we know that:

STEP [z] * RECT [x]

(STEP [z] + (RECT [] * 6 [z +2]))

(STEP [z] * (RECT [z] % d [z — 2]))

Add the two together:

T+

5) - RECT [z] + STEP {x - 5}

1 1

(x-l—%) - RECT [z] + STEP [m—%]) %6 [z +2]

(x+2)+ %) -RECT [x+ 2]+ STEP [($+2)

T +

(z2)+%)~RECT[x2]+STEP[(:L’2)

T —

E

g) “RECT [z + 2]+ STEP [$+g]

( %) . RECT [z] + STEP [x—%])*é[w—ﬂ

:

3

5) RECT [z — 2] + STEP [w - g]

2

STEP [x] *« (RECT [t + 2] — RECT [x —2]) = (x + é) -RECT [z + 2]

3 3
— STEP [m—i—ﬂ + (:c—a) - RECT [z — 2]
0 if >3
5z if S<r<d
2 2 2
= 1 if %>x>—%
c+3 if -i<z<-3
0 if z< -3
25T
20T
57T
/ l \
: —— — : H—
5 4 -8 -2 -1 1 2 3 4 5
X

05—

STEP[z] « (RECT[x + 2] + RECT[x — 2])



2. For f[z] = e * - STEP [z], evaluate and sketch the following convolutions:

(a) flz]«f[z]

+oo

(e7* - STEP[a]) * (e~* - STEP [a]) ¢ STEP[a]) - (7). STEP [z — o] ) da

@) . STEP [z — a]) da

/.
s

0

_ Joe e (”” Ddo if x>0
- if <0
= / e e~ (@Yo . STEP [1]

0

= e_x/ do - STEP [z] = | x-e *-STEP [x] ‘
0

fx] * fx] , A

08T
06T
04T

02T

ol |

02T




(b) fla]* f-2]

Note that since f [x] is real valued, this is the autocorrelation of f[z]
fla]* fl—a] = flz] % f+x] if fx] is real valued,
so we expect the autocorrelation to be real and even with its maximum value at the origin:

(e‘x-STEP[xD*(e_(_”)-STEP[—x]) = (e STEP[z])  (¢** - STEP [x))

+oo
/ (e STEPa]) - (7~ . STEP [~ (x ~ 0)]) da

— 00

+oo
e’ / e ?*.STEP[a]- STEP [a — 2] da
0

- f;oo e 2 da if x>0
T =20 go if =z <0

0
_ %e’z it >0
o §6+I if xr S 0
1
= | el

f[x] * f[-x] , oA

~
o
x




3. You may substitute any function f [z] and any impulse response h [z] in the following expression. State

the conditions on f [z] and h [z] that ensure that the result is correct. Explain your reasoning.

flalxhiz] = fl-2]

We can think of this in either the space or frequency domains:

flal«hlz]
fl=x]

hlz — a]
fl=a]

In the frequency domain:

F[¢]- H [x]
and F[—¢]

So

Note that you can also select h|x] =

means that:

_ /+Oof[a} hiz—a] do

— 00

+o0
= f[—x]*d[w]z/ fl—a] 0]z —a] da

= J[z—q] :>h[;]=5[m]
= fl+a] = f|z] is even

1[¢] = hla] =6zl

= P[] — H[¢]=
= f ==

= Fl¢] = [la]

|hle] =6 2] and fla] = f[a]|

|nle] = ~0[a] and f[z] = —f[-a]]

1[z] for an even f[x], so that the convolution calculates the
constant area of f[x]. If fx] is odd, then the we can “reverse” the function if we also negate it, which



. Perform the following convolutions and sketch the result in each case:

(a) RECT [z] « RECT |x]

|
’—’—~\\

RECT [z] * RECT [x] RECT[ |- RECT [z — o] da

RECT [z — a] da

it x>+l 0 if x>+l

B ‘Hzlda if —1<z<o | 1tz if -1<z<0
. 0 if r<—1
if T < —1

(1— |z]) - RECT{ }:TRI[:U]

RECT[x] *RECT[x] &
14T

127

1.0

N
wd
x Y

02T

04T
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(b) RECT [z] %0 [x — 1]

RECT [z] %6 [z — 1]

RECT [x] %6 [x — 1]

a+l = a=u—-1 = da=du
1 3

- = = —
—1—2 U —1—2

1
—_ = — —
U —1—2

T ele
(S
[« %Y
B
\
=
&
g
Il

|
W=

0 if x> +§
= 1 if +3<z<+3 =RECT[z—1]
iif T = —i—%
0 if az<+1
RECT[x] *d[x-1] A
14T
2T
0T
08T
0.6 T
04T
02T
| | | : | -
3 -2 1 T 1 2 3
02+ X
04T

11




(¢) RECT [z] « RECT [z — 1]

RECT [z] * RECT [x — 1]

RECT [x] * (RECT [z] * ¢ [x — 1])
(RECT [z] * RECT [z]) * 6 [z — 1]
TRI (x|« [z —1] (from part a)
TRI [z —1] (from part b)

0 if T > 42
2—z if 1l<ax<+2
T if O<z<l
0 if z <0
RECT[x] * RECT[x-1] &

AN
e

N
e

o
N

AN
e

S
N

<)
~

12




(d) RECT [z] * (%J[x])

RECT [x] = dixé [x]

+o0 d
/ RECT [a] - d—<5 [z — a] da

oo T

d [T
g/_oo RECT [a] - d [z — o] da

d

d 1

— <STEP [:c + —] — STEP |:£E - =
dx 2

1

)

1

d 1 d

g

+1

13



(e) RECT [z] «* TRI []

+o0
RECT [x]*TRI [x] = TRI[a:]*RECT[x]:/ TRI[a]- RECT [z — o] do
—o0
+oo a
- / (1-|a|) - RECT [5}-RECT[x—a] do
—o0
1 3
= j 1--=_2
0if < 2 5
1 3
0if >+ +2 +2
x
I J 1 I Fa
2 1 X+— +2
2
{x(l
2 2 1
s 1, 3 9 _ 3 1
RECT [x] * TRI [x] = 14+a)- lda=zz"+-z+<if —-<z<-—=
o 2" T9'T g 2 2
X
ul!
— ./,: Y+«
-2 1 x—— x+— +1 +2
2 2
‘ Sx=+ ‘ 1

0

o2 1 1
RECT [x]«TRI [x] = (1+a)-1da+/ (1—a)-1daif—§<x<—|——
0

2
x2—1x—|—§ 4 _112_}_1%-_’_%
2 8 2 2 8

S~

N o=

Il
=W

1 1
J— 2' _— — p—
x if 2<£L’<+2

14



|
|2 | |l I x—ll +|1 Jch_| I?' o
2
‘r Sxs=+ ‘ 1
! 1 3
RECT [x]«TRI [z] = / (1-—a)-1daif ty<z<+j
e
1, 3$+
= —"I; —_—— —
2 2 8
0 if zc>+%
sa? -3z 435 if +%§x§+%
RECT [z] « TRI [x] = 3 g2 if —g§x§+?
sa?+3x+3 if —3<a<-—3
0 if x<—%

oo~

~
-
//
—

//'--'\\ _

-3 -2 -1 1 J4 3

ao
-U.2

TRI [z] * RECT [z] (red) and TRI [z] (blue), showing the increased width and the “pushing” of the values
towards the mean by to the convolution.
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5. Show that the following expression is true for arbitrary real values dy and by:

] (45) |y

First assume that dy > by > 0 (the opposite case is easy to prove via the commutative property of
convolution). It is helpful (as usual) to look at this graphically:

xT

RECT {d

} « RECT H -

do + by
bo

2 )~TRI

0

Sample rectangles of different widths dy > by

For translations where the narrower rectangle is enclosed by the wider rectangle, the overlap area is the
area of the narrower rectangle:

If —@ <z < —i—do—gbo, the narrower rectangle is enclosed by the wider rectangle and the overlap area is
the area by of the narrower rectangle.

For values of © where the smaller rectangle does not completely overlap the larger, the convolution de-
creases linearly with the offset until the two do not overlap, which occurs for x < fﬁ;ﬂl and x > ﬁ;ubl,
as shown:

@y b2
= T {d, +b,)/2—b,
i = (d,~ b2
I&Cl
1 | I | | Eoa
(el +hh2 ~(dy -by/2 (e, -b )2 (e, +b )2
The slope of the side for x > 0 is
—bo —bo 1
dotbo\ _ (do—bo\ -
(f52) — (7) bo



and that for x <0 is:

+bo +bg
SEE -

So we could write consider the slanted sides to have been generated by a triangle with unit slope and
height @ :

(do + bo

-TRI
7 )T

x
dotb
(£e57)
We now merely subtract off the top portion, which is a triangle of height ﬁ;ﬂ —bgy and width parameter

do—bg .
5

T T _ do + bg T do + bo T
RECT [d_o] + RECT [%] = < 5 > TRI (d ;b )] ( 5 bo> TRI (d ;b )]
. do + bo x do — bo x
= < 5 >~TRI (ﬂ;‘ubl)]_( 5 )-TRI —(@1)]

Note that this is true for the conditions given: that dy > by. If do < by, the first (“wider”) triangle is
unaffected, but the width and height of the second become negative. We can remedy this by evaluating
the absolute value:

T x - d() + b() - . d() — b() -
RECT {do] x* RECT [bo] = ( 5 ) TRI {(d oy | 5 TRI {(d T )]
Test for the known case of dy = by:

x x do + do x do — do x |

RECT {—} « RECT {—] = < > -TRI - “TRI | ——
z z 2 ) (@),

= do-TRI|o-| = 0-TRI 2] =do-TRI || as it should be.
do 0. do

17



6. Evaluate the following 2-D convolutions and produce “appropriate” sketches (i.e., axial profiles, “top
views”, or perspective views).

(a) (RECT [z] 6 [y]) = (6 [z] RECT [y])
The functions are separable so the problem simplifies to the product of two 1-D convolutions:

(RECT [x] §[yl) = (6 [z] RECT [y]) = (RECT [z] %6 [x]) (6 [y]* RECT [y])
= RECT [z] RECT [y]| = RECT [x,y]

18



(b) COR[z,y] * COR [z, y]

COR[x, ]—(5[ ;]w{ 1DRECT[]+RECT{]<5[ ;]M{ ;D

The convolution has 16 component terms, BUT many are identical except for locatio

COR[w,] * COR[w,y] = {([ %}RECT[]) (6{x+%]RECT[y])}
+{< 5|+t % RECT[y])*((S {z—] RECT[y])}
+{<5 _ac—i—% RECT[y]> * (RECT[J@](S {y+%D}
+{<6 -x—i—% RECT [y]) \ (RECT ok {y— éD}
v { (5 x _ % RECT [y]) . (5 {x + %] RECT [y])}
+ { (5 - % RECT [y]> ] (5 {z - —] RECT [y])}
+{<5 x—% RECT[y]> . (RECT[J@](S {W%D}
+{<5 x—% RECT [y]) " (RECT 2] 6 {y— éD}
+{<REOT[]5:y+%:>*(6{x+%]RECT[y])}
+{<RECT[]5:y+%:>*(5{z—]RECT[y])}
+{<RECT[]5:y+%:>*(RECT[x]5{y+%D}
+{<RECT[]6:y+%:>*(RECT[x]5{y—%D}
+{<REC’T[]5:y—%:>*(6[x+%]RECT[y])}
+{<RE0T{]5:y—%:>*(5{x—%]RECT[y])}
+{<RECT[]5:y%:>*(RECT[;E]5{Q/+%D}
+{<RECT[]5:y_%:>*(RECT[x]5{y—%D}

So we see that there are two basic forms of convolution — the first is:

(0[x — x1] RECT [y]) * (6 [t — x2] RECT [y])

or
(RECT [z]6 [y — y1]) » (RECT [x] 6 [y — 1))
which may be evaluated easily:

(0 [z — 21] RECT [y]) * (0 [x — x2] RECT [y])
= (0[z —a]* 0z —wo]) - (RECT [y] » RECT [y])
=[x — (1 4+ x2)] - TRI [y]

19



This is a 2-D function that is triangle along one azis and a delta along the other. In words, it

produces a “wall” function modulated by a triangle.
The second convolution is of the form:

(0 [z —a1] RECT[y]) * (RECT [2] 0y —w])

(RECT [z] 6 [y —w1]) x (0 [z — 1] RECT [y])
And, again, the first of these yields:

(0 [z — 2] RECT [y]) * (RECT [x] 6 [y — 11])
= (0 [z — 1]« RECT [z]) (RECT [y] =6 [y — 1))
= RECT [x — z1] RECT [y — 1]

which is a 2-D rectangle function centered at [x1,y1]. So it’s just a matter of placing these terms

in their proper locations. The sum of the 16 component convolutions yields:

COR|[z,y] * COR[z,y] =[x+ 1] TRI[y]+ 0 [z] TRI [y]

.
" 2]
©
¥ 3]

.
¥ 2]

+RECT [x + %] RECT _y + %— + RECT —:B + %— RECT [y — %]
+§[e] TRI[y +8[x—1] TRI[y
VRECT |2 — % RECT |y + % + RECT | — % rECT |
+RECT _x + % RECT _y + % + RECT _:B — % RECT
 LTRI[]S[y+1]+TRI[2)5[y]
FRECT |2+ % RECT |y - % + RECT |2 — % RECT |
 LTRI[2)6[y) + TRI[2] 8y — 1]

The terms may be combined to give a simpler expression:

COR[z,y| * COR[z,y] = (6 [z + 1] +2[z] + 6 [x — 1]) TRI [y]

+TRI[z](6ly + 1 +2 6yl + [y —1])
+2 RECT [x + %] RECT {y + %} +2 RECT [ %

1 1 1
+2 RECT [x + 5] RECT [y — 5} +2 RECT [ -3

| reCt |y -3

2

| wcrl

=[(0lz+1]+20[z]+d0[x—1])TRI[y|+TRI[z](6[y+1]+2d[y]+d[y—

1])+2 RECT [%,

z
27

5]

The sum results in 6 “line-triangle” functions and a rectangle function with amplitude 2. The
sum of the “line-triangle” functions at the origin yields a 2-D Dirac delta with volume 4 added
to the rectangle. The mazximum amplitude is located at the origin, as it should be since the
autoconvolution of a real-valued function is the autocorrelation, which has its maximum amplitude
(equal to the volume of its square) at the origin. The results are shown in pieces and summed

together below:

20




“Line Triangles” composed of weighted line delta functions that ap-
pear as part of the convolution COR [z] * COR [z]

Rectangular part, 2- RECT [%, 4] within COR [z,y] * COR [z, y]

End Result: COR [z, y] * COR [x,y] displayed as the sum of the two
terms before with the weighted line delta functions “on the axis”.

21



7. The convolution of two scaled Gaussian functions and of two SINC functions are GAU S [£]*GAU S [£]
and SINC [3z] * SINC [2z].

Evaluate these integrals either rigorously (by direct integration) or approximately by graphical means
(HINT: the rigorous solution is possible using complex integration and thus requires background that
most of you probably do not have. A graphical approximation is reasonable.).

+oo
(@) GAUS 3]+ GAUS [5] = [ exp [~ (5)"] exp [~ (252)7] da
GAUs 3]« Gaus 2] = T ool (E)2 z—a\?|
3 * 1= /exp _—77 3 exp |—7 1 o
+oo _ ) , ,
[l o )]
+oo _ ) ) ,
Lol (G @)l Qe o] e
+oo - ko 9 o »
- Joaloe () o [ G eer]
+o0 _
[ [on (o M ML)
= exp_ T \Y T35 8% T 35 6% o
+o0 r o5 9 0 5
— o 2 L2 i
= /exp 71'144< 2 25ozx—|—<25x> )] dov
complete the square:
Oé—gx : = o — —xa+ —a?
25 5 25
— 27§ +ﬂ 2
@ T s T 5"
2 18 (N (a0
T \nY) | T\* T 25Y) T s
y 25 9 \* 144
i ] _ 25 9 144 ,
GAvs [5] »aavs[] /eXpl 144 ((O‘ 25””) 5% )] dor

5 9 12
Solve the integral by substituting v = —|a— —z|=da=— du
12 25 5
a = Foo=u==£x

22



Uu=-4o0
2
= -1—? exp |:—7T (%) ] / exp [—Wuz] du
+oo
/ exp [—77u2] du = 1 =

GAUS [g « GAUS [ﬂ

5 5 5
Result is a “taller” and “wider” Gaussian

+22 exp {—w (5)1 = en(e) = %GAUS B

GAUS[x/3] * GAUS[x/4]

AN

[
\\

-10 -8 -6 -4 -2 0 2 4 6 8 10

N
o

exp {—T( (%)2} (green), exp {—7‘(‘ (%)2} (blue), and their convolution (red)

23



(b) SINC [32] * SINC [2z] = 70(51“[3”“]) (Si“@g <z—a>]) do

3o 2m(r—a)

—00
Solution of integral (b) is more difficult, enough so that you are EXCUSED from having to do it
— this is just to show the difficulty of doing convolutions by direct integration:

SINC [32]  SINC [22] = 70(5“1 [3”0‘]) (Sin (27 (”3_0‘)]> da

3ra 21 (z — )
oo et3mia _ o—3mic e+37ri(x—o¢) _ e—S‘n’i(x—a) J
- [ (T ) (e ) *
+o0 . . . .
1 (eJrSTrza _ 6737”(1) (e+3ﬂ'z(a:fa) _ 67371’%(9:7(1))
=— / da

2472 a(z—a)

—00

T 24p?

—0o0

1 s etHin(at+2e) 4 g—in(at2e) _ g—in(5a—2z) _ +in(5a—2z)
= d
/ ( a(@—a) > )

Now, break up integral into sum of terms with positive and negative exponents

1 T etim(at+2z) _ +im(5a—2x) J oo e—im(at2z) _ o—im(5a—2x) p
T 242 /( oz — ) ) OH_/( a(z—a) ) “

— OO — 00

Solve these integrals by contour integration in the complex plane (not that I expect you to know
or recall how to do this....)

close contour of the first integral (with positive exponents) in upper half plane

s0 that eT™W) 0 as y — +00

—+o0

e+i7r(o¢+2z) _ €+i7r(5oc—2a;) e+i7r(z+2w) _ e+i7r(5z—2z)
/ do = 7{ dz
oz — ) z(x—2)

The contour integral may be solved via the residue theorem
evaluate the residues at z =0 and z = x

at z = 0, residue is:

1 €+i7r(z+2x) _ €+i7r(52—2:c) €+i7r(z+2m) _ €+i7r(5z—29c)
- 24m? z(x — 2) : Z:0+ z(x—2) (z—2)

1 (e+i7r(2:c) _ e+i7r(—2x) e+i7r(ac+29c) _ e+i7r(5ac—2:c))

)

T 24p2

T T
1 e+i7r(2m) _ e+i7r(—2x) _ e+i7r(3:c) =+ e+i7r(3:c) 1 e—l—iTr(Qm) _ e+i7r(—2:c)
T 042 ( T ) = 24n2 T
1 9; etim(2z) _ ot+im(—2x) 1 % eT2miz _ p—2mix
C24m2 2% x __247r2'§'( 2 )
1 21
=553 ;Zsin 27z

24



— e gration paths

z=xtiy

Imaginary

m

Real

]

— Real

close contour of the 2nd integral (with negative exponents) in lower half plane

so that e~ 0 as y — —0

+oo ) ) ) .
efwr(aJer) _ efwr(Socme) efzﬂ(z+2z) _ efwr(Szsz)
/ da = % dz
oz —a) z(x—z)

no poles enclosed by this contour, so
residue at z = = evaluates to 0
integral = 2mi - sum of residues
1 2i 1 2i 2
=9mi- [ — Csinrrl =omi - [ ——— ) 22 gin[2
i ( 247r2> . sin [27z] = 24 ( 247r2) . sin [27z]
. . 1 sin [27z)
= 9i dmi - [ —— ) 22
e ( 2472 ) 2nx
1
= gSI NC [2x]
1
SINC [3z] * SINC [2z] = gSINC [2x]
| A :
o8 | o8 H ¥ o
3 Il = 0 || § ]
g, | g, f 2
5 | 3 . i g =~
ilF i g’ i
AAANANN -"n.""ul ||‘|. illll'f ] . 02 "'||h|| |'II / 5 n fEid e

(¢) Comment on the difficulty of the evaluation.
We will revisit these problems after proving the so-called “filter theorem” of the 1-D Fourier
transform, where the solution becomes “trivial”.
Actually the first one is not too difficult, just tedious. The second is both difficult and tedious. As
we shall see shortly, solution of either problem by the filter theorem is “trivial”.
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