1051-716-20081 Solution Set #1

1. Calculate all roots of the following equations and express them as both real/imaginary parts and as

magnitude/phase
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23 = (0.95106 +0.30902i)° = i
2 = (04i)° =i
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(b) 22 +1=0
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Check answers:
22 = (0.5+0.86603-i)° = —1
4= ()=
Z = (0.5—0.86603-i)° = —1
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4—i=/(42+412) €% =V17- ¢ — |2] = V17 2=4.1231

~1
tan~! {T} =~ —0.24498 radians = —0.07797 radians = —14.04°
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~tan~! {T] >~ _().12249 radians = —7.02°
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(17)‘11 exp {+i '3 tan~! [T” =~2.0153 —-0.24810 - ¢, Oy = —0.12249 radians
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(\/17) exp |+ (tan™! | | + 527 ) [ = —2.0153+ 0248105, = —z
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Check answers:

2 = (2.0153—0.248109) =4 —
2 = (—(2.0153—0.24810-i)2:4—i)



2. Determine the requirement that must be satisfied for the three complex numbers z1, 29, and 23 to lie
on a straight line in the complex plane:

The real and imaginary parts must satisfy the constraints for a straight line. The slopes of the lines

connecting z1 and ze and z1 and z3 must be identical. Recall the “two-point” equation for a straight
line:

Yy—h _Y2—U

xr — T o — I

where [z,y] — x + iy = z, so that v = Re{z} and y = Im{z}. In this situation, the same equation
must be satisfied for both zy and z3 measured from zy, which means that:

Y- _ Y- _ YU
r— I T2 — T1 Tr3 — T1

This also means that the ratios ﬁ must be real. Put another way, the lines connecting pairs of
points must have the same slopes AND the same intercepts of the two azes.
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3. If z3 =4 —3i and z5 = —1 + 24, find the analytic and graphical solutions to:

(a) [z1 + 2|
|21+ 22| =1(4 = 3i) + (-1+2i)| =[3—i| = V32 + 12 = V10 =2 3.1623
magnitude s real and nonnegative =—> phase ¢ =0
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Real Part
(b) |21 — 22|
|21 — 2zo] = (4 — 3i) — (=1 +20)| = |5 — 5i| = /B2 + 52 = 5V/2 = 7.0711
again, phase ¢ = 0 because magnitude is real and nonnegative
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(c) 21 — 2

22 =(4—30)" — (—1+42)" = (443i) — (-1 — 2i) =5 +5i
|25 — 23| =[5 +5i|=5-|1+i| =5-v2
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(d) |227 — 325 — 2|
127 —325—2 = [2-(4+3i)—3-(—1—2i)—2| =8+ 6i+3+6i—2
= |9+ 12i] = /(92 + 122) = 15
angle is 0
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4. Describe the set of z that satisfy the constraint z - z* = 4
z=x+iy — 22" =22 +y?> =4 = Circle centered at origin of complex plane with radius r = 2.

$2+y2:4
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5. Find the complex numbers z that are complex conjugates of the values of Z73.

z = (z*5> — =3
z = |zlexp[+ig] = 2" = |[z]exp[—ig]
1 1 ) 27l .
272 = zp=|z| Zexp|—i 5 —1—7 , L = integer
. 1 3
equate magnitudes : |z = = 2|2 =1 = |2|=1
V2l
_ _ ¢ ¢ _
equate phases : —¢ = —5 +br = ) +br = ¢ =21l
6 = 0= ¢=0 = 2z =1-¢Y=1
¢l = 1 = ¢=21 = z1=1-"2"=1=2

z=1+14-0=1lexp[+i-2n¥] are solutions |

check:
= 1P=1"=z
zl_% = |1|7% (exp {—i- (§+£7T>:|)2
2 = |lexp[—i-g]
¢

— 5+€7T:¢ = ¢+ 2l =2¢p = ¢ =214

If you believe that |z| =1, select an arbitrary complex number z with phase angle ¢. The complex con-
jugate AND the reciprocal are both located at angle —¢. The square roots of the reciprocal are located

at angles —% and —% + 7. The only possible solution for —¢ = %3 is ¢ =0.



6. Use complex analysis to demonstrate that:

(a) cos[30] = 4cos® [0] — 3 cos[0]
(b) sin [36] = 3sin [0] — 4sin® [6]

Euler relation: e = cos [0] + isin [6]
(a): (e i0)3 = % = cos [30] + i sin [36]
(b): (cos [0] + isin [0])® = cos® [0] + i (3 cos® [0] sin [0]) + 34 cos [0] sin® [6] + (i° sin® [6)])

= cos® [0] +i (3cos® [0] sin [0]) — 3 cos [0] sin® [0] — (isin® [0])
= (cos®[0] — 3cos [] sin® [0]) + i - (3 cos® [¢] sin [§] — sin® [0])

Real part may be rewritten as:

cos® [0] — 3cos[0]sin® [f] = cos[d] - (cos® [] — 3sin® [0])
= cos[f]- (cos® [6] — 3+ (1 — cos® [0]))
cos [0] - (4 cos” [6] — 3)
= 4cos®[0] — 3cos [0]
Imaginary part may be rewritten as:
3cos® [f]sin[0] —sin® [] = 3. (1—sin®[f]) - sin[0] — sin® [4]
3

= 3sin[0] — 3sin” [0] — 51113 0]
= 3sin[f] — 4sin® 6]

FEquate real and imaginary parts:

cos [30] = cos® [0] — 3 cos [0] sin” []

sin [30] = 3 cos? [6)] sin [0] — sin® [6]




7. Evaluate the integral
+o00
/ (Ao + Ay sin [27€,8]) - RECT [z — 8] dB
—o0
Since this is integrating over the “space” variable (3, the answer is a function of x, Ay, A1, and &,.
First, note that

sin [27€, 8] = cos [27r§06 - g}

I will solve this for the general case:

—+o0
/ (Ag + Ay cos 2m€y S + ¢y]) - RECT [x — 5] dfs

—00

and then substitute in ¢ = —F to get the specific resull (you did not have to do this).

+o00
/ (Ag + Ay cos [21€yB + ¢y)) - RECT [z — ] df

—00
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+oo
= A / RECT [z — B] dB + A - / cos [2m€ B + ¢o) - RECT [z — ] d

— 00 — 00

x+% :ch%
ZA()/ ) 1d,6—|—A1/ ) COS[27T€0/B+¢O] dﬁ

:c+%
| cos 278 + &) dB

=3

z-‘r%
= Ao- ((m—k%) - (:c— %)) +Al~/_l cos [27€o [ + ¢o] d
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— AO +A1 / ) COS [27T£05+¢0] dﬁ
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now do the integral of the cosine:

recall cos[A + B] = cos [A] cos [B] F sin [A] sin [B]
sin [A + B] = sin [A] cos [B] =+ cos [A] sin [ B]

— [ cos[znty+ ou] dB = cosle] [ cos[2ny] 45— sinla,) [ sinfomcy] s
Tecall:/cos [aof] df = +ozi0 -sin [apf] and /sin [aof] df = _ozio - cos [apf]

+oo
/ (Ag + Ay cos 218y B + ¢y]) - RECT [z — 3] df

—00

az+%

sin [27€, 0]

= Ao + cos [¢pg] - A1 - ome
0

- (— sinfoo] - - =0

1
T—3

x+%>
e 2 (cnlol (s oty (o+2)] s ores (- 2)])
e e O e S R e )

+
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Second term:

sin 27, (=43 )| ~sin 2rty (23|

= (sin [27&yx] cos [r€] + cos [2m€ x| sin [w€,]) — (sin [27&yx] cos [w€y] — cos [27€ x| sin [7E,])

Third term:

= 2sin [1€,] cos 27z,

cos [27750 <x + %)} ~ cos {zﬂgo (m _ %)]

= (cos [2m&yx] cos [r€y] — sin [2m€yx] sin [7€,]) — (cos [2mEyx] cos [m€y] + sin [27m€ x| sin [7E,])

Collect terms:

Now select ¢y =

The constant part is unaffected by the integration over a region of unit length, but the sinusoid is scaled
by the SINC' function, which evaluates to unity only for &, = 0 (which would mean that the sinusoid
has infinite period, i.e., it is a constant too). The SINC function evaluates to zero at &, = 1, which
would occur if the sinusoid had unit period, which is the same as the width of the rectangle. In other

= —2sin [7,] sin [27z&,]

+oo
/ (Ag + Aj cos [21€y B + ¢y]) - RECT [z — 3] df8

— 00

2sin [Wf(;]wcgoos 2rado] A, sin [y] - 2sin [W&;];fi: [2mxg,]
Ag + Ay cos [¢y] - Sinﬂ[?g()] ~cos [2mag,| — Aqsin[g] - Sinw[ﬁf()]
0 0

Ao+ A1SINC [&y] - (cos [pg] - cos [2ma€y] — sin [¢g] - sin [27wx,))

Ay + A cos [¢g] -

- sin [27a)

_T.
R

/m (Ao + Ay cos [onéy5 — T ) - RECT [z ~ ) ap

— 00

+oo
/ (Ao + Ay sin[27€y0]) - RECT [x — ] df

— 00

Ao+ A1SINC &) - (— sin {—g} - sin [27Tx§0]>
= Ag+ A1SINC [§] - sin [2mz&,)

words, the integral of a cosine over a single period is zero.
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Tllustration of amplitude reduction by uniform averaging: (a) the rectangle function; (b) a low-frequency
sinusoid before and after averaging, showing small reduction in amplitude; (c) higher-frequency sinusoid
shows more reduction; (d) sinusoid with period equal to width of rectangle is averaged to the constant; (e)
sinusoid with shorter period has its amplitude “inverted” (contrast reversal), so that what were mazxima are
now Minima.
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