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2-D SPECIAL FUNCTIONS

e Function of two independent spatial variables specifies amplitude (“brightness”) at each spatial
coordinate in a plane

— fulfill usual definition of “image”.
e Three categories:

1. Cartesian separable functions
— represented as products of 1-D special functions along orthogonal Cartesian axes
2. Circularly symmetric functions

— product of 1-D functions in radial direction and unit constant in orthogonal (“az-
imuthal”) direction

3. General functions

— includes pictorial scenes and 2-D stochastic functions.

2-D SEPARABLE FUNCTIONS

“orthogonal multiplication” of two 1-D functions f, [z] and f, [y]:

fle,yl = folo] < fy [y]

General expression for separable function in terms of scaled and translated 1-D functions is:

Pla) = £ 222 g, [ 1520

a

— a and b are real-valued scale factors

— xp and yp are real-valued translation parameters

Consider those which have general application to imaging problems.

e Volume of 2-D separable function is product of areas of component 1-D functions:
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2.1 ROTATIONS of 2-D SEPARABLE FUNCTIONS

e Example: square centered at origin with sides parallel to the z- and y-axes rotated by £% to
generate “baseball diamond” with vertices on z- and y-axes

e Rotation of function about origin is an “imaging system” with 2-D input function f [x,y] and
2-D output g [z, y]

— Amplitude g of rotated function at [x,y] is original amplitude f at location [z/,y']:

O{f [z} = glz.yl = fl,¥]
e Rotation specified completely by mapping that relates coordinates [z, y] and [2/, y'].

— Dlustrated by considering location with Cartesian coordinates [xg, yo] and polar coordi-
nates (rg, o)

* 1o = /T3 + Y2

0o = tan™! [ﬂﬂ}

Zo

*

*

Radial coordinate rg unchanged by rotation
Azimuthal angle becomes 6’ = 6, — ¢.

*

 Cartesian coordinates of original location in rotated coordinates [z, y)] in terms of
original coordinates [xq, yol:

zh = Izolcoslfo — 6] = x| (cos [fo] cos[6]+sinf6o] sin[4))
= xgcos[¢] + yosin [¢]
Yo = rosin[fo— ] =ro(sin[fo] cos[g] —cos[fo] sin[¢])

= —xgsin [¢] + yo cos )]

y
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The Cartesian coordinates of a particular location [zg, yo] is evaluated in the rotated coordinate
system [2',y'] from the polar coordinates (|ry|, 00 — ¢):
i = |£o| cos [0o — ¢] = o cos [¢] + yosin [¢], Yo = [rosin [6p — @] = —zo sin [¢] + yo cos [¢]



2.2

ROTATED COORDINATES as SCALAR PRODUCTS

Rotated z-coordinate written as scalar product of position vector r = [z,y] and unit vector
directed along azimuth angle ¢, which has Cartesian coordinates [cos [¢], sin [¢]], denoted by
p:

y sin [¢]

Notation for 2’ may seem “weird” because rotated 1-D argument 2’ is function of both x and
y through scalar product of two vectors.

2’ = xcos [¢] + ysin [¢] = [ v ] . [ cos 0] ] =rep

— rotated argument z’ defines a set of points r = [z,y] that fulfill same conditions as
coordinate x in original function.

— Rotated coordinate 2’ evaluates to 0 for all vectors r L p, (equivalent to r e p = 0).
— Vectors r specified by condition r 'E = 0 include coordinates on “both” sides of origin

— Complete set of possible azimuth angles specified by angles ¢ in interval spanning 7
radians, e.g., =5 < ¢ < +%. This means that the set of possible rotations is specified by
unit vectors p in the first and fourth quadrants.

Polar form of position vector r = (|z|,0) = (r,0) substituted into scalar product in terms of
magnitudes of vectors and included angle:

rep = |§| cos[f — @] =r cos[97¢]where|§|:1.

y-coordinate of rotated function written in same way as scalar product of position vector r
and unit vector directed along azimuth angle ¢ + Z;call it EL:

Y= wcos[ot ]ty sin[p+ 2]
= sy coslol = [ 0o [ B <rep

Polar form for rotated y-axis is:

~1
rep

o 18] o~ (6 )]
= 7 cos [Hfgﬁfg} =7 sin[f — ¢]

glwyl=fo '] fy W= fe[LeB] £y [z'ﬁl}

Formula is applicable to any 2-D separable special function



3 DEFINITIONS of 2-D SEPARABLE FUNCTIONS
3.1 2-D CONSTANT FUNCTION

Lz,y] =1[z] 1[y]

+oo
// 1{z,y] dx dy = o0

Ofe,y) = 0[z] fy[y]

“+oo
// 0fx,y] de dy =0

e Neither translations nor rotations affect amplitude of a 2-D constant function at any coordinate.

0 1

Og

Representations of the 2-D unit constant function in “image” format, where the amplitude is
represented by shades of gray according the the scale, and in “surface” format, where the
amplitude is the “height” of a 3-D surface.



3.2 2-D RECTANGLE FUNCTION
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Example of the 2-D rectangle function f [z,y] = RECT [%,%].

e Volume obviously is finite when both a and b are finite:

+oo o o
// RECT [xffo%] dz dy

+ _ +o0 _
:/ RECT [x a%] dx/ RECT [y—by“] dy = |abl

— 00

e 2-D RECT often modulates functions that have larger domains of support.

e Rotated rectangle by substituting rotated coordinates into definition

RECT[¢',y] = RECT |rep,rep’|=RECT [rep] RECT [rep"|
RECT [z cos[¢] +y sin[¢]] RECT [z sin[¢] +y cos[d]]

— Ttransition” locations [z, y] where RECT [z, y] = 3 by substitution:

¥ = xcos[¢]+ysin[¢]:j:%:>y:(—cot[¢])xim
y = xsin[¢]+ycos[¢]:I:%:>y(tan[¢])x:|:2cols[¢]



— Conditions define slopes and y-intercepts of two pairs of parallel lines in 2-D plane

— slopes + tan [¢] and — cot [¢] = tan [¢ + F]

— Dashed lines enclose support of rectangle

y

!

The loci of points that satisfy the conditions y = x (— cot [¢]) £

 sin(g)

1

2 sin[¢]

and y = x tan [¢] =

1
2 cos[¢]




3.3 2-D TRIANGLE FUNCTION

rrt (g g) = TR [7] Tar [

(1-2) (1) mer(z

_ = _ vl |7yl x oy
N <1 a b b RECT [2a’2b]

e Profiles of 2-D TRI function are straight lines only parallel to x- or y-axes.
e Shape of edge profile along other radial line includes quadratic function of radial distance=-parabola.

e Volume of 2-D TRI is product of 1-D areas:

“+o0

[ e 28] = ([ rwr 2] ) ([ (2] ) -
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2-D triangle function TRI [z, y], showing the parabolic character along profiles that do not
coincide with the coordinate axes.



3.4 2-D SIGNUM and STEP FUNCTIONS

a.

+
3
2

e Encountered rarely

e Possible definition based on “convention”:

SGN [z,y] = SGN [z] SGN [y]

— 41 in first & third quadrants
— -1 in second & fourth quadrants

— 0 along coordinate axes

e Volume is zero due to cancellation of positive and negative regions.

e Another possible definition:

fle,yl = STEP[2] 1[y]
flz,y]=STEP [rep| 1 [g .El:|

e Notation for unit constant may seem weird

— think of 1-D unit constant as having same unit amplitude everywhere in the 1-D domain

— when applied in 2-D domain, 1-D unit constant takes amplitude of STEP [go Q at r
along direction of p and assigns it to all points r along line perpendicular to p, i.e., in

direction of EL

— Action of unit constant is to “spread” or “smear” amplitude of 1-D STEP along perpen-
dicular direction

— use “rotated” form for 1-D unit constant only to produce 2-D functions by orthogonal

e volume = oo.

b. C.

Sf=H
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2-D SGN and STEP functions: (a) SGN [z]-SGN [y], (b) SGN [z]-1[y], (¢c) STEP [z]- STEP [y].
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3.5 2-D SINC FUNCTION

sive[£4] < sive ] sive V] - 2ELBLE]

b
Amplitude> 0 in regions where both of 1-D functions are positive or both are negative

Amplitude < 0 where either (but not both) is negative.

“checkerboard-like” pattern of positive and negative regions

e volume is product of the areas of the individual functions:

//:O SINC E%] dz dy = (/:o SINC [ﬂ d:c) (/:o SINC [%} dy>

= la| [b] = [ad|
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SINC [z,y] = SINC [z] - SINC [y]



3.6 2-D SINC? FUNCTION

SINC? |2, 8] = sive? 2] sine? [2]
_ sin” [£F] sin® [5]
(=) ()

e SINC? function is everywhere nonnegative

e volume same as that of SINC [E ﬂ]

a’b

/ /_ j SINC? [g %} dz dy = ( /_ j SINC? [ﬂ dx) ( /_ +: SINC? [%} dy>

= la| [b] = |ab|
0 1
L +4
L 43 g
g
L 2
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E +1 04
—0 y 02
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B

SINC? [z,y] = SINC [z] - SINC [y]
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3.7 2-D GAUSSIAN FUNCTION

GAUS [g %} — GAUS [ﬂ GAUS [%} — e T

2 2
= e—ﬂ'(ﬁ"rg—g)

e Volume is product of individual areas:

+o0 +o0 +o0
/ / GAUS [EQ] dxdy( GAUS H dx)( GAUS [E} dy)
—c0 a' b oo a o b
= la| [b] = [ab]
e Rotated version:
oy rep rep”
GAUS [—,—] = GAUS = —=
a’ b a b

_ e

GAUS [f L

. } —nstpt  n(5)
d d

= e d2

1

(e

Example of 2-D separable Gaussian function GAUS [z, 4] = GAUS [z] - GAUS [4]

11



3.8 2-D SINUSOID

e “meaningful” definition varies along one direction but is constant in the orthogonal direction
fle,yl = Agcos[2m€ox + o] 1[y]
= Agcos [2m€yx + Pg cos [2m x 0 x y]
o Gaskill suggests image of field plowed with sinusoidal furrows
e Rotated:
fl2',y'] = Ao cos (2m€oa’ + ¢y) 1[y'] = Agcos [2n, (e P) + ¢ 1 [g oﬁl}

= Agcos[2m (§ycos[0] =+ (§gsinh]) y) + ¢o] 1[—xsin 0] + ycos[d]]
= Agcos 27 (§,2 + m1y) + ¢o] 1[—wsin [0] + ycos [6]]

— Spatial frequencies of rotated function along “new” &- and n-axes are &; and 7,

& = +&, cosb]
N = +&, sin (0]
— specify rates of sinusoidal variation along z- and y-axes

— specify periods of 2-D sinusoid along z- and y-directions, respectively:

f [5”7 y] = Agcos [27 (&1 +my) + ¢0]
= Apcos [2% (Xil + %) + ¢0]
1
NS e
1
N\

e 2-D sinusoid oscillating along arbitrary direction recast into form where 2-D spatial coordinate
is 2-D radius vector r = [z, y].

e phase [{,z + nyy] is scalar product of r with “polar spatial frequency vector” Py = [ f}o ]
0

e Polar representation of vector is p, = (Po, ¥o)

lpy| = /& +

f(x) = Agcos [2% (L . £0> + %}
= Ay cos [27 <|§| ‘/_)O‘ cos[f — 1#0]) + d)o}

§o = ‘/_’0‘ cos [1)o]

Mo = ‘/_’0‘ sin [,]
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e spatial period is reciprocal of magnitude of spatial frequency vector:

e
pas————
S
S
=

=

=

% radians.

2-D sinusoid function rotated in azimuth about the origin by 6
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4 2-D DIRAC DELTA FUNCTION and its RELATIVES

Several flavors of 2-D Dirac delta function possible

— different separable versions of 2-D Dirac delta function defined in Cartesian and polar
coordinates

Properties:
5[1'*1'07(@*?90] =0forz—xg#0OQory—yo#0

“+o0
// 6 [x —x0,y — yo] dov dy =1

Expressed as limit of sequence of 2-D functions, each with unit volume

May be generated from 2-D RECT, TRI, GAUS, SINC, and SINC? in Cartesian coordinates

Separability of functions ensures that corresponding representation of é [z, y] is separable

e Most common representation of ¢ [x,y| based on 2-D RECT function of unit volume in the
limit of infinitesimal area:

b—0 d—0 b’ d
—1im d LRECT H « lim d LRECT [g}
T =0 | b b d—o0 | d d

4.1 PROPERTIES of SEPARABLE 2-D DIRAC DELTA FUNCTION in
CARTESIAN COORDINATES

6z, y] =6[z] o[yl

ol = lim Tim J = zY
6 [z,y] = lim lim {bd RECT [ ]}

1

o

4

L +3

L +2

1

2-D separable Dirac delta function § [z — 1,y — 1] =6 [z — 1] -6 [y — 1].
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e 2-D Dirac delta function may be synthesized by summing unit-amplitude 2-D complex linear-
phase exponentials with all spatial frequencies.

= ([ e ([ o)

—+ o0
_ // e+27‘ri§me+2ﬂ'iny dg d77

— 00

“+o0
= [[ e g dy = ooy

o0

Because odd imaginary parts cancel:

+oo
6,y = //_ cos [27 (§x +ny)] dE dn

Scaling property of § [t] =

sl3al = el3) old]
B 51s] 1 513
= 81a] o] = o 5[y

Translat by shifting separable components:

o |2 L = e =) 8Ly — )

Sifting property evaluates amplitude at a specific location

“+oo
//_ flx,y] 6 — w0,y — yo] drvdy = f[xo0,yo]

15



4.2 PROPERTIES of 2-D DIRAC DELTA FUNCTION in POLAR CO-
ORDINATES

e 2-D Dirac delta function located on z-axis at distance o > 0 from origin
— polar coordinates are 1o = « and 6y = 0.
e —a,y] =6lr—a] 6[y]

— Polar representation easy to derive because radial coordinate directed along x-axis
— Azimuthal displacement due to angle parallel to y-axis.

— Identify  — r, o — rg, and y — 70 and substitute directly, use 1-D scaling property

6lx—a] [yl = 6[r—ro] 6[rob]
= §fr—rol <|T—10| 5[9]) _ lr—rol [rro ol 51g)

e last step follows from observation that polar radial coordinate rg > 0
e Domain of azimuthal coordinate 6 is a continuous interval of 27 radians, e.g., —7m < 0 < +7

e Generalize for a 2-D Dirac delta function located at same radial distance 7y from the origin
but at different azimuth 6,

— Cartesian coordinates xg = 7 cos [0g], Yo = 7o sin [6]
6[r—z0,y —w] = 6z —ro cos[bp]] 6y —ro sin[fo]]
0fr —m] 8§10 — 0] =6 (r — o)

To

— Polar form is product of 1-D Dirac delta functions in the radial and azimuthal directions

— Amplitude scaled by reciprocal of the radial distance.

e Confirm that expression satisfies criteria for 2-D Dirac delta function.
e Easy to show that support is infinitesimal

e Volume is evaluated easily:

//—:o e ml /_+ & /Om <5[rr—0m]6 = %]) rdr
([jﬁw%V@><Aﬂmﬂ%fﬂrW>wmmm>o

+oo _ +o00
:1~/ Mroer/ Sr—roldr=1
0 0

To
e Extend derivation of polar form of 2-D Dirac delta function to rg =0

S -0
e Domain of r is semiclosed single-sided interval [0, +00)

— 1-D radial part 6 (r — 7p) at origin cannot be symmetric

16



— 6o is indeterminate at origin
— not valid for ry =0

— 2-D Dirac delta function at the origin must be circularly symmetric and therefore a
function of r only

— No dependence on azimuth angle 6:
6(r—0) = adfl]x
= adr]x1]0]
% « is scaling parameter ensures that ¢ (r) has unit volume
— Domains of polar arguments are 0 < r < +o00 and —7 < 0 < +7.
— Modify domains

* Radial variable over domain (—oo, +00)
* Azimuthal domain constrained to interval of 7 radians, e.g., [0,+m) or [73 +§)

+o00 +3 ptoo
1:/ / rdrdﬁf/ / 1[6] rdr df
“+o0
:/ d9/ rdrf/ abr] mrdr

— Area of § (r) over (—oo,+00) is unity

x a=(mr)""

8r)

17



1-D Radial Function 2-D Function

olr—r
ol Ir)=orn) dr-r,)= " o0-0,)
i N
y
||
1-D Radial Function 2_D Function
1 5(r)
_loh== olr-0)=—~2
oel-)=Laty a9
b y

Il = 0 A

2-D “radial” representation of Dirac delta function.
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4.3 2-D SEPARABLE COMB FUNCTION

COMB|z,y] = COMB[z] COMB|y]
+0o too
- (Z 6[:L'n]> (Z 5[y€]>

o Gaskill’s “bed of nails”
e Volume is infinite.

e Most important application is to model 2-D sampled functions.

L +4
L 43 10

[
CQM
Bly,, 6
I by
04

Oy

2-D separable COMB function COM B [z,y] = COMB [z] - COMB [y] .
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4.4 2-D “LINE DELTA” FUNCTION

ma [z,y] = 0[] - 1[y]

4

a “line” or “wall” of 1-D Dirac delta functions along y-axis

“line delta function”, “line mass”, or “straight-line impulse”

Most authors delete explicit unit constant 1 [y]

— do not distinguish 1-D Dirac delta function and 2-D line delta function along the y-axis.

e Volume is infinite:

//_;mﬁ[x]l[y] dxdy/_:oﬁ[x] dx /_:Ol[y] dy =1 x 00

1

o

2-D line Dirac delta function ¢ [x] - 1 [y] produces a “wall” of Dirac delta functions along the y-axis.
e Product of arbitrary function f [z, y] with line delta function

— apply sifting property:

fleyl (6] 1)) = (Fla,y] 6[z]) 1]y
= (f10,y] 6[x]) 1[y]
= [0y (8] 1[y))
e Volume of product of functions is:
+oo +oo
[ rwwswlipiardy = [ rio.u) 5l 1l dody
h oo oo
= f[Oyll[y]dy/ §la] dx
_j:ooo Lo
=/ f10,y] dy

20



e Line delta function ¢ [x] 1[y] “sifts out” area of f [z, y] evaluated along the y-axis

e Line delta functions oriented along arbitrary azimuth angle:

melz,y] = 6 [goﬁ] 1 [L.El}
= Oz cos[g]+y sin[g]] 1[—z sin[¢p] +y cos|[¢]]

e Line delta function oriented along the y-axis obtained by setting ¢ =0

4

e Notation for 1-D Dirac delta function may seem
product of two vectors.

‘weird” because the argument is the scalar

e Argument of Dirac delta function is zero for all vectors r in 2-D plane for which r e p = 0, for
allr L p.

e Complete set of line delta functions at all possible azimuth angles by selecting all angles ¢ in
interval —% < ¢ < +%

e Defining unit vector p lies in first or fourth quadrants.

e Action of unit constant is to “spread” or “smear” amplitude of 1-D Dirac delta function along

~

p.

y

r, = (;»3’ 91 + 73-)

The rotated form of the line delta function ms [z,y] = ¢ [E . E] -1 [L . EL} , where

P = (cos[¢],sin [¢]). Three cases of r are shown: r; and r; lie upon the line delta function and r,
does not.

21



e Use polar form of radius vector r = (r, ¢), where 0 < r < +oo and —7 < ¢ < +7

ma[z,y] = &[rep] 1[;.@%

e Expression determines the set of values of (r,8) on radial line through origin perpendicular to
azimuthal angle ¢.

e Write as function of azimuthal angle ¢ by recasting into more convenient form

— Apply expression for Dirac delta function with a functional argument

§[rep] 1[;0@% 6 [rcos [0 — ¢] 1[£.§l:|
— 8lglol) 1[rep"]
1

= o 06—l 1[rep’]
1 ~
= mﬂsﬁ*%] 1[£°BL}

— ¢y is angle that satisfies condition cos [0 — ¢y] = 0= ¢y =0+ 5

sepl tfeep’] =y ile- (03)]

r|sin [:|22
- Lifo-(o23)

— Line delta function through origin lying along radial line perpendicular to azimuthal angle
¢ is equivalent to amplitude-weighted 1-D Dirac delta function of angle ¢ that is nonzero
only for g =0+ %

— Sign selected to ensure that ¢ lies within usual domain of polar coordinates: —7 < ¢ <
+.

— Each unit increment of radial distance along y-axis contributes same unit volume.

— This expression seems to indicate otherwise for rotated function

— Contribution to volume affected by factor r—1.

— o resolve apparent conundrum, substitute expression for Dirac delta function as limit of
rectangle function

* Function consists of two symmetric “wedges” of fixed amplitude b1,

oo (0)] = i { mocr |22

* b measured in radians
- Second “wedge” about the angle ¢ = —Z results from convention that domain of

azimuth angle is -3 < ¢ < +3.

x In limit b — 0, the angular “spread” of wedges decreases while amplitude increases.

22



% Contribution of segments of wedges with unit radial extent increases in proportion
to radial distance r from origin.

* Factor of r~! compensates for increase in volume to ensure that contributions to
volume of segments with equal radial extent remain constant.

0 1
EE 2
. i
+3 1‘%\
[ n
LY
) g
L+ nﬁu
L "5
Yy
[ o8 4 1’%
s i 4 R
L =)
v F T
—-3 < o o
. - :\ﬁé "%v‘b +
T R
4 3 2 1 0 41 42 13 +4
X

n {d—{bRECT [‘%‘1} } :

“Angular” delta function as limit of rectangle, dgl

e Other forms may be derived by manipulating argument

e Slope-intercept form of a line in the 2-D plane

S[rep] 1 [gogl} = ¢ [Jrsin [®] <y+ %ﬁ)] 1]z sin[¢] —y cos[¢]]
_ Fl[dﬂ‘ 6[(y — (cot [=@] x +0))] 1]z sin[¢] —y cos[¢]]

e Dirac delta function evaluates to zero except at [z,y] that satisfy slope-intercept form of
straight line

e y-intercept is zero

e Slope is s = cot [—¢] = — cot [¢]
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v coﬂ@

Two examples of rotated line delta functions as 1-D rectangle functions of width b. In both cases,
the amplitude of the gray area is b='. (a) The rectangle is a function of # with width b measured
on the z-axis and “perpendicular width” bcos(¢); (b) the rectangle is a function of y with
“perpendicular width” bsin [¢].

Three examples of line delta functions:

a. b. . c. |
b b b
o
orep][rep’] | olp-rep]irep’] | ofrep’]irep]

Different “flavors” of line delta functions: (a) § [g_f)] 1 [;_f)l} through the origin perpendicular
to p; (b) 6 [po —-r _f)] 1 [L EL} perpendicular to p at a distance py < 0 from the origin; (c)
§ [L El} 1 [E . _f)] through the origin parallel to p.
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4.5 2-D “CROSS” FUNCTION

e Sum of two orthogonal line delta functions.

e Simplest version defined with “lines” coincident with Cartesian axes:

CROSS [z,y] = 6x] 1[y] +1[2] 6[y]

CROSS 0,0l =2 6 x,y]

)

Cross function with “arms’

oriented along the vectors p and El by substituting r e p for =
and Loﬁl for y:

CROSS [reprep'| =8[xep| 1[rep"|+1[xep| o [rep’]

o
—_—
\S]

CROSS [x,y] =6[x] 1[y] + 1[z] 6 [y]. Note that CROSS[0,0] =26 [z,y].

25



4.6 2-D “CORRAL” FUNCTION

e Superpose truncated line delta functions to construct rectangular “stockade” of Dirac delta
functions

e Sum of four sections:
COR [% %} =5 [x + g] RECT [%} + RECT [ﬂ 5 [y + g]
Jelr-(-3)]
- (5 {H%] +6 [I (g)]) RECT 4] + RECT | 2] (5 [y g] +6 [y g])
e Volume computed from separable parts:

/ mCOR[%%} dxdy/+oo <6 [x+g]+6[xg]> dw +OORECT[%} dy
§

) [J; _ g] RECT [%] + RECT [%

—c0 —00

el [ (g

=2d+2b=2(b+d)

1

o
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5 2-D FUNCTIONS WITH CIRCULAR SYMMETRY

e Vary along radial direction

e Constant in azimuthal direction

e All profiles along radial lines are identical

e Important in optics

e Optical systems are constructed from lenses with circular cross sections.

e Same amplitude at all points on circle of radius o centered at origin

e Amplitude of radial function f, (ro) replicated for [z,y] that satisfy 22 4+ y* = r2.

e Circularly symmetric function expressed as orthogonal product of 1-D radial profile and unit
constant in azimuthal direction:

floy = f@)=/f(r) 110, 0<r<+oo, -7 <0<+

e Rotation about origin has no effect on amplitude

e Symmetric with respect to the origin

— Domains of radial and azimuthal variables may be recast wiht symmetric radial interval
—00 <1 < 400

— Azimuthal domain —% <6 < +3.

e Volume calculated in polar coordinates

e area element dx dy replaced by area element in polar coordinates r dr df:

I/ +: fle.y) d dy :__” / :m f ) rdr

—+o0
2 fr(r) rdr
0

e Center of symmetry relocated to [zg, yo] by adding vector to argument:

f(L*LO) = f[:c,y]
= [fllzl cos[f] — |xo| cos[bo], [r]]
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5.1 CYLINDER (CIRCLE) FUNCTION

e Unit amplitude inside radius rq

e Null amplitude outside
e Circularly symmetric version of 2-D rectangle
1 for r< d—2”
OYL(—)={ % for r=4
)7 2 or =%
0 for r< %‘-
e Area of enclosed circle of unit diameter is 4 ~ 0.7854 <unit area of RECT [z, y].
e Volume of CY'L (d%):
+m +oo 2
r md,
do YL (=) rdor=—2
/—ﬂ' 0 ¢ <d0 > o 4
0 1

L +4

L 43

L +2

—+1

Example of 2-D cylinder function C'Y L (g)
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5.2 CIRCULARLY SYMMETRIC GAUSSIAN FUNCTION

e Circularly symmetric Gaussian function identical to separable Gaussian function if scale pa-
rameters a =b=d

_x2?  _my? _ o x2ty?
e d2 e 42 = e " a2
2
= e_ﬂ'(ﬁ)

r

= GAUS(E>

e Volume by integrating over polar coordinates after making appropriate change of variable:

/ " Gavs (2) dz dy /H " oavs (g) rdr df

-7 0

+o0 )
= 27r/ r e_”(Ld)z dr
0

—00

e Define new integration variable o = 7 (5)2

+oo 2

Foo r & _, o
/ GAUS(E>dxdyf27r/ St da=d

0

— 00

1

()

— +4

L 43

03
L 42 Q,
AUS(O,Sr) Og

L +1 0.4

L Oy

IS
)
[av)
L
<
+
x
+
[3e]
+
(953
+
iy

Example of 2-D circularly symmetric Gaussian f (r) = e (5)",
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5.3 CIRCULARLY SYMMETRIC BESSEL FUNCTION of ZERO OR-
DER

Jo [27rpo] 1[6] = Jo (27 2% +y? Po)
o Selectable parameter p, analogous to spatial frequency of sinusoid
— Larger p, ==shorter interval between successive maxima of Bessel function

e Appears in several imaging applications.

o Jy[2mrpy) 1[6] generated by summing 2-D cosine functions with the same period “directed”
along all azimuthal directions.

e Constituent functions have form cos [27 (nz + ny)], where \/€* + 12 = pZ.

+7/2

Jo [2mrpo] 110] = /_ o [27 (62 + ny)] d¢ where & +n* = pj

e Symmetry of integrand used to evaluate integral over domain of 27 radians:

L[t
Jo [27rpg) = B / cos 2 (€x + ny)] d¢, where €2 4+ n? = p?

—T

L[t

=3 / cos 27 (1€ cos[@] +rn sin[@])] de

e Rewrite integrals by substituting corresponding linear-phase complex exponential for cosine
function

1 +m/2 )
Borrp 1= - [ ey
—m/2

1 [t ,
= — eF2mil&etny) g4
2 J_,

1 +m
— %/ cos [27r (€ cos[@] +n sin[¢])] d¢, where & 4p? = P2

o Profile along the x-axis by setting 7 = 0. Spatial frequency ¢ along x-axis becomes £ = p;:

Jo 2] 1 [9“,7:0 = Jo [2mzp,]
1 +m/2

= ;/_ﬂ/Q cos [2mrpy cos [¢]] do
1 [t
=5 ) oo [27rpy cos[¢]] do

= Jo [2mag]] = Jo 277 ]

r=z.£=p,
e po cos[¢] is spatial frequency of constituent 1-D cosines of Bessel function

— Suggests alternate interpretation that 1-D Jy Bessel function is sum of 1-D cosines with
spatial frequencies in interval —p, < & < +p, but weighted in “density” by cos [¢]

— Largest spatial frequency exists when ¢ = 0, while the cosine is the unit constant when
¢==7.
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Equivalent expressions for 1-D Bessel function obtained by setting £ = 0 so that n = p,

— equivalent to projecting argument onto y-axis:

Jo [2myn]

L[6)]—

1 +m/2
0= —/ cos 277 (p, sin[¢])] do

7I' —m/2

1 [*3
o

= JO [27ry77]|r:y,n:p0 =

cos 277 (po sin[9])] d¢

Jo [277py)

— Projection of complex-valued formulations onto z-axis is:

(Jo [2mypo]

1 [9])|§:0 =

1 +7T/2 )
_/ e:l:27'rzrp0 cos[¢] d¢ where £2 +772 _ p(%

™ —m/2

— May be used as an equivalent definition of the Bessel function.

-0.41 0 1

L +4

L +3

12

——+1

I
'

W

N

1o
LX) ;'.;’;" H .""
0g \"““3 '“ .33! OA'OL b
ffy O \\ “‘i\“ :" ’ "i;;,;t,"lll,,,
A
0, ‘\ ' ‘ Wil ,/4;. \, ,,
Y o P /ﬂll Ill,;l:'%,o, ,',"o;"»' \s\\\\\
D

.oeow;ﬁ»;m
R

wmm%

0

Circularly symmetric function Jy (2mpyr) for py = 3.

31




5.4 SOMBRERO (BESINC) FUNCTION
e Circularly symmetric analogue to STNC' function

e Ratio of two functions with null amplitude at origin

— numerator is Bessel function of the first kind of order unity J; (7r)

— denominator is factor proportional to r.

SOMB (r) = %}ﬂmﬂ)
[—]
L+ o %

’ 04 //M\\
(I} Esqu( g ‘ .
. ] 0, ‘ o

1 °-: Y "’:’:“:‘m@'m’n
oy “\“‘t\\y/ '0“‘“\\\\\\"'4,'2;

04 Ny /“"M“““‘%\ i

—1 . S -

R0 R R IERREKS
00 0 0% K ERERR
S

SOMB (r) = 22z)

r

e Amplitude of SOM B (r) at origin obtained via I’'Hospital’s rule:

L (Jy [mr
SOMB (0) =2 lim {M}

r—0 == (7r)
L EE-S s -Em )],
&+ ()],
B,
™

e Asymptotic form of Jj [z] for large x used to derive expression for SOM B (r) in limit of large
I

lim {SOMB(r)} = /% sin = 4]

r—+oo r

_3 . 7T
X 7"2811’17'('7"72

e Compare z-axis profiles of Jy [rz], SINC [z], and SOM B [x]
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— All have unit amplitude at origin

— Product of periodic or pseudoperiodic oscillation and decaying function of x

— Peak amplitudes of Jy decay most slowly with increasing x (|J0 [rx]| o x‘%>,

— SINC [z] decreases as !
—~ SOMBz] as 2%
— Differences in locations of zeros
x zeros of SINC [z] located at integer values of x

« First two zeros of Jy [rz] located at @1 ~ 24948 ~ (0.7654 and x5 ~ 25201 ~ 1.7571

- interval slightly less than unity
* Interval between successive pairs of zeros of Jy [rx] decreases and asymptotically
approaches unity as x — oo
* First two zeros of Jy [rz] (and therefore of SOM B (r)) located at x ~ 1.2197 and
r ~2.2331
- Interval between zeros of SOM B (r) decreases with increasing r

- asymptotically approaches unity as r — oo.

o Foo r 4d?

a. b.

1 h h h h h h h 1
[} [}
k] k]
=1 =1
= =
o o
£ £
< <
""""""""" ——BSINC[X] | ; ; ; ; | ——BsINCIXI |
————— SINC[x] : : : : o | -----siNCix
--------- Jlmx : : : : O A |
1 T T T T T T T 1 T T T T T T T
0 2 4 6 8 10 12 14 16 0 0.5 1 15 2 25 3 3.5 4
X X

Comparison of profiles of BSINC' [z], SINC [z], and Jy [rz] (a) for 0 < z < 8 and (b) magnified
view for 0 <z < 2. BSINC [z] and Jo [rz] “fall off” at the most rapid and slowest rates,
respectively.
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6.2 2-D COMPLEX QUADRATIC-PHASE SINUSOID

» 2-D complex “chirp” function:

fiy] = Aet!' () 1]

Ix2* xz’ﬂ

= Ay cos ? *+ 1 SIn ? X l[y]
- it (£)? it (%)
f [X,y] = Age a 3B()e_ b/

= Ao By ei il (%)21 (%)2

» Magnitude of second function is not constant
—Contours of constant magnitude are elliptical

» Seta and bto d to obtain circularly symmetric complex chirp function:

Foy] = Aget!' (¥) Boeti! (¥)°
(:2+32)

A()Boeti! 2

Real and imaginary parts of 2-D circularly symmetric chirp function f (r) = e"'" ('5)2.
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