1051-716-20111 Final Exam Solutions

(Statistics on last page)

1. (Essay) In class, I stated that the recipes for the inverse and matched filters are related,
even though the applications seem to be quite different. Write a few paragraphs with
appropriate equations that compare and contrast both the applications and the recipes
for the two filters. Show how the form of the "approximate" filter for one application
may be applied to the other. Feel free to use sketches to illustrate your points.

Solution: The transfer function W (€] for the ideal inverse filter w [x] is the reciprocal
of the transfer function H [£] of the original filter h|x]:

1 . 1
W[ﬁ]ZH—E]:H €] - HEP

In the second expression, the first term includes the correction for the intrinsic phase of
the filter and the second term is a “double amplifier” that corrects for the attenuation of
the two terms H [€] and H* [€]. The associated impulse response is the inverse Fourier
transform:

wle] = FPHW [} = 7 {H* g ﬁ} o]+ {ﬁ}

The transfer function M [£] of the ideal matched filter m [x] is the reciprocal of the
spectrum F (€] of the “original” test object f |[x]

1 ) 1

M = F—[g]:F €] FE
1 1

miel = [l A {rF[sn}

To avoid amplifying frequencies where noise is dominant, the “classical” matched filter
does not implement the double amplification by deleting the last term; the classical
matched filter calculates the autocorrelation of the object centered at its location:

mlr] = fr[=x]«d[z] = f*[-2]
We can apply the “classical” approrimation to the ideal matched filter by defining:
W =H[€]-11] = h"[=a]* 6 [a] = h* [~a]

This will correct for the phase without correcting for the attenuated frequencies.



2. A general 1-D complex valued function f [x] = Re{f [z]}+i-Im {f [z]} may be decom-
posed into four components based on symmetry (even or odd) and complex character
(real or imaginary).

(a) Write down the equations for deriving the four component parts of f [z].
Solution: we know the definitions of the even and odd parts:

feven [37] = w
) — LI

and the definitions of the real and imaginary parts:
flx] = Re{f [z]}+i-Im{f [x]} where Re{f[z]} and Im{f[z]} are both real valued

These lead to the expressions that

Re{f[z]} = (Re{[f[z]}).pen + Re{[[2]}),uq

(Be {1 [1]}),,, =~ ReAT [el)
(Re {f [2]}),, — elL Lo} _QRG {f[~l}

I {f[e]} = (m{f[2]})pen + IS [2]}) paa

(1 {1 [a]}),, = A o)
(1 {f ]y = 2L ) = I {7}




(b) Determine the character (real, imaginary, or complex and even, odd, or neither)
the Fourier transform of each of the four component parts.

We know that the “kernel” exp [—2mi (§x + ny)] of the Fourier transform is Her-
mitian (real part is even — cosine — and imaginary part is odd — sine).

1. If the input function f [x] is real and even, the product f [x]-exp [—2mi (£x + ny)]
has an even real part and odd imaginary part; the area of the odd imaginary
part must be zero, so the Fourier transform of an even real function must be
even and real.

2. If the input function is real and odd, the product f[x]-exp[—2mi (x + ny)]
has an odd real part (odd X even is odd) and even imaginary part (odd x odd
is even); the area of the odd real part must be zero, so the Fourier transform
of an odd real function must be imaginary and odd.
3. If the input function f [x] is imaginary and even, the product f [x]-exp [—2mi (§x + ny)]
has an even imaginary part and odd real part; the area of the odd reao part
must be zero, so the Fourier transform of an even imaginary function must
be imaginary and odd.

4. If the input function is imaginary and odd, the product f [x]-exp [—2mi (£x + ny)]
has an odd imaginary part and even real part (i-odd X i-odd is real and even);
the area of the odd imaginary part must be zero, so the Fourier transform of
an odd 1maginary function must be real and odd.

even and real part of f[z] — even and real part of F [€]

odd and real part of f|x] — odd and imaginary part of F []

even and imaginary part of flx] — even and imaginary part of F []

odd and imaginary part of f[x] — odd and real part of F[€]




3. Consider the 2-D convolution:

plx,y] = (Jo 2T

Evaluate the result

z? Z y2] - exp [—Hﬂg]) * (Jo [271' i 1_ y2] - exp [—Zﬂ'%])

of this convolution up to a constant; in other words, you need

derive only the form of the function, not its amplitude. HINT: Sketch(es) are essential
to solve this problem.

Solution: as an attempt at clarity, let’s define names for the two component functions:

[ x2 + y?

9
™1

+ing)
- eX 1T —
P
_2 [r2 [+2 l’] 1[ ]
T 1 exp 7TZ4 Y

27 tomiozo x| 1)y = Land ¢ =1
. =] -ex . = . — — — —
Tore 5| exp miex g Y po =7 and & = 7
N

9
T A

- exp [—2mix]

1

[ 1
27r-r-§] - exp l—27ri-ac-ﬂ -1yl

= Jg[_27r-r',00]-exp[+27ri'x~§o]'1[y]

fl [l’,y] = JO
- ]
— ] _
f2 [33734] = JO
- ]
1
Po = 3
Note that fo[z,y] =
plz,yl
Fo{fulz,vl}

&0 = _%
(f1lz,])"
= FHHRE{A |y} Falfo]n,y)}}
= fg{Jg l?ﬂ-r-%l}*fg{exp {—l—%m’-x-ﬂ 1[3/]}

_ 5<p%)*<i{f+ﬂ-6[m>
_ 5(\/(&%) +n2%)

Fildaleal) = o (o=3)(¢]¢-] -om)




— dp- ) = Je+¥il dn]

— &p- ) x A5 ]
4%

14
Mo

Spectra of the two component functions fi[x,y] and fo|x,y], which are seen to be ring
delta functions that intersect at two locations on the n-axis. This shows that the
space-domain representation of the convolution will be a cosine along the y-axis.

From sketch, we see that the intersection of the two ring delta functions occur on the
n axis (meaning that £ =0). We can find the intersections using trivial trigonometry:

o=y (8) - (3) = Lo

So the intersection of the two rings creates a pair of Dirac delta functions:

2 2
(i) o3 o () o

= Ao (6 [&] -0 [+ —mo) +51[&] -0 [n— o))

where 1y = T

plo,yl =Fy {Ac(3[g] - 0 [n+ —mo] +31€] -3 [n—mol)} =2+ L[] - Ao - cos [2mngy]

)

We did not calculate the exact weighting of the Dirac delta functions in the intersection.

plr,y] o< 2-1[x] - cos [27?4 =2-1[z]-cos |27
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where the x axis runs left-right and the y axis runs

bottom-top




4. Determine the area of f [z] = (SINC [z])*

SOLUTION:
Parseval’s Theorem /+0° |f [2]]? dz = /+0° |F[€))? de
(SINC[z])* = [flz]]" = fla] = SINC?[1]
—  F[{|=TRI[]
+o0 +oo
/ |SINC? [2]|” da::/ ITRI [€]]* d¢
0 it &< -1
s ) 1467 if —1<€<0
ITRI[S]]" = 1-6? if 0<é<1
0 if E>1
[TRI[xi]|"2 ;4
s g0
-

TRI[€] (blue dash) and |TRI [€]|* (red solid)



/+°O|TRI[£]|2 i = /0 1+ d£+/0+1 (1- 67 de

—00 -1
+1

0
= / (1+2¢+€%) d§+/ (1—26+¢%) d¢
-1 0

- /_:11d§+2~(/_i5d5—/015d§>+ :152d£

26=0 2 6=1 3 |&=+1
:<+1—<—1>>+2-<% - )+%

=1 2

- (-3 (- ()

e=—1

/ (SINC [z])* dz = g

—0o0

MANY MANY of you tried to solve using the central ordinate theorem (NOT the
“central limit theorem” as many stated). The problem here is that you have to find the
central ordinate of TRI [€] T RI [£], which results in the same calculation, but MANY
of you assumed (I imagine, they did not “derive”) that:

TRI[]-TRIE] = TRI[¢]

which clearly isn’t true.



5. Evaluate and graph the real part, imaginary part, magnitude, and phase of F'[{] =
Fu{F o]}, where [ [s] = i+ ——
SOLUTION: The linearity of the Fourier transform ensures that

, 1 : 1
F[f]:fl{_z'l_'_ﬁ}:_Z'}—l{m}

Now recall the known transform

1
14 2mi

— Filrl-al} = Fi (el STEP ]} = Rl-€) = e = 5

rlx] =exp[—z| - STEP[z] = R[]

Fi{r[z]+r|[—z]} = Fi{exp|—x] - STEP [x]+ exp[+x] - STEP [—z|} = F; {exp [— |z|]}

B 1 1 (1—2mi&) 4+ (142mi) 2
R+ R[-¢] = 1+ omie T 1—2mic (1 —2mi€) - (1+2mi€) 1+ (2n€)

Now use the “transform of a transform” Theorem:

7 {ﬁ} ——

— Ao — 5ol

Scaling Theorem:

1 1 1 1
A=) - A = o5 exp |- [on]

rig - Aloign) oA { s oo g ew i)



Im{FIxi]} °°7
0.08 "

0.06 T

Re{F [£]} in blue dashed line and Im {F [£]} in red solid line

I%{ﬂ{rljﬂ}}: €]
Im{}"l{z'-1_:x2}}:%-%-exp[—|2ﬂf”§0
A { =i | = ViR P I+ (Y = (D)
O{F [} = —5 - 11¢
o
do a5 40 o5 ] 65 10 15

Re{F [£]} in blue dashed line and Im{F [£]} in red solid line
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IM{FIXi]} 4]

02T

12

14T

O {F[¢]} (blue dashed line) in units of m radians

11




2
6. Evaluate and graph the autocorrelation of f [z] = (2 + 27) - exp l+i7r <E> }

Solution:

2

f 2] % f [a] fla)* £ [=a] = FOH{IF [}
[ [z] (2+27) - exp l+i7r <g)2}
— Fl=(2+2) 5 {eXp [+m @)21 }
(24 2i)-|2] - exp [+zg} -exp [—im (2{)2]
PP = |@+20)- 120 exp [#iF] - exp [im (2]

= 20 (i) 2 fexp [+iF]] | - fexp [im (2]
= 16|14+ -1-1[¢]
= 16-2-1[¢(]=32-1[

gli] = flalkflr] =32 F {1} =326 4]

This is a Dirac delta function at the origin with area of 32 units.

32 8[x]

glx]

40

30

20

10

-10
-20
-30

-40
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7. Consider the input signal f [z] = COMB E] which is filtered by h [x] = RECT [z]

(a) Evaluate and sketch the output g [z] = f [z] * h [x]
SOLUTION:

glz] = COMB [g] *« RECT [x]

_ <§f 5[2—4) « RECT []

_ (Z 5 [“;”D « RECT [z]
= Z(Jff (5[:15—271]) * RECT [x]

n—=——0oo

“+o00
= 2- )  RECT [z —2n]

This is a sequence of unit-width rectangle functions at the even integer values of
z. The spectrum G [€] is:
x
Glg = A {OOMB H} . F {RECT [a]}
= 2.COMB|2¢]- SINC [¢]

: ( f 5[2§—k]> . SINC'[¢]

k=—o00

(S b)) e

k=—o00

(f 6[5—%]) SINCIg

k=—o00

(£ 5[-4]) smefs

k=—o00

I I
b b

[\SR")

which is the SINC' function evaluated at the half-integer values of &, i.e., at & =
0.+ %, +1, 43, ete.

29
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(a) (b) (©

= :
11 Y S
x
(a) £ [e] = COMB 3|, (b) hla] = RECT[a], (¢) g[x] = f[] + h o]
(a) (b) (c)
15 15 b
2 os z 7 os
0 ol [
| T [ | T
R = s t:) a8 12 1:5 '0'5-155 42 8 4 0 4 8 12 18 '0'511:5"'.1'2"'-5"'41“'E_:”'i”'ém|'2“'1:s

(o) Fl§] =2-COMB[2], (b) H[{] = SINC[E], (¢) G§] = F¢]- H¢]

14



(b) Specify and sketch the transfer function W [£] of the pseudoinverse filter for h [x]
SOLUTION: The transfer function of the inverse filter W [€] is:

H[§] = Fi{hfa]} =SINCI
W[ = (SINCIE)™

and of the pseudoinverse filter:

<o [ (SINC[E]) ™" if €# 41,4243,
W[ﬂ:{ 0 if € =+1,42 43,

so the pseudoinverse filter “blocks” the integer frequencies, but corrects the am-
plitudes at the half-integer frequencies.

1.5

,1
o7
o
'S

£ 05
[
£
7
Ll

0

-0.5

15



(c) Evaluate and sketch the estimate of f [z] that would be recovered by applying the
pseudoinverse filter to g [x]

SOLUTION: The estimate of the output spectrum includes the DC term and the

F¢] = (F&]) — (the amplitudes at the nonzero integer frequencies)
+00 oo
= (Z 5{5—%}) — ( > 5[5_@) +3¢]
k=—o00 k=—o00

= d[¢]+COMB {5— %1

flz] = 1[z]+ COMB [x]-exp l—i—?m'x . %]

= 1[z]+ Z 5[x—n]> - exp {+2mm-%_

n—=—oo

— 1]+ f(g[x_n].expljtﬁixé]

n=—oo

—+00

= 1[z] + Z d[xr—n]- exp l+2m’-n-%_>

n=—oo

= 1[z]+ Z d[z —n]-exp [+i7m]>

n—=—oo

= 1[z]+ Z d[x —n]- (exp [—l—m])")

n=—oo

= 1[z] + Z 5[x—n]-(—1)”)

n=—oo

which does not much resemble the original function f[z] = COMB |x]

/1]

1

16



(d) Explain any artifacts present in the estimate of f [z]

SOLUTION: Because the spectrum of the original function f|x] = COMB E]

consists of only a discrete set of frequencies at half integers and since the transfer
function H [§] “blocks” the nonzero integer frequencies, only the DC' term and the
odd half-integers appear in the spectrum, with their original values.

LESSON FROM THIS PROBLEM - SKETCH THE RESULTS OF EACH STEP
IN THE PROCESS IF YOU ARE UNSURE!

17
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8. Derive f [z,y] if F[(.n] = (\/[(5 —1)°+ (n+ 1)2]> ; show the steps in the deriva-

tion, do not just write down a result.

Solution: Note that:

N[

[(€—12+(m+12 7 = [@+42] 2+0le—1n+1]
= %*5[@“—1,7}—1—1]

Floyl = F {Flen)y = 7 {%} S~ L+ 1))

_ Hgl{%}?{l{ﬁf—lerlJ}

+o0
FoH{ole-1,n+1]} = //5[5—1,n+1]‘exp[+27ri(§x+ny)] d€ dn

+oo
= //(5 (€ —1]-0[n+1] - exp [+2milx] exp [+2miny] d€ dn

+00 +0o0
= / d[€ —1] - exp [+2milx] dE - / d[n+1] - exp [+2miny] dn

= exp[+2mi-1-x] exp[+2mi(—1)y]
= exp|[+27i(x — y)]

1 tooq
’Hal{—} = /0 ;~27Tp~<]0(271'p7‘> dp

“+o0o
= 27T~/ Jo (2mpr) dp
0

1 oo
= 2m- 3 / Jo (2mpr) dp
u=too du
= W'/__Oo J()('LL)%
1 Uu=-+00
= — - .9
5 /u__oo Jo (u) du .
_1__ 1
r /2 + y2

18



flz,y]

— HO_I {_

X | =
H’_/

1
172—1—3/2

3

Fy {olE—1n+1]}
- exp [+27i (z — y)]

(cos [+27 (x — y)] + i - sin [+27 (x — y)])

19



9. Evaluate the 2-D convolution RECT E, y} % (0[z] - 1]y] + 1[z] - § [y]) and sketch the
profiles along the = and y axes.

RECT[%JJ::RECT[g}aRECTMA
gley) = (RECT 3| RECT[y)) * (5[] - 1[s] + 1[c] - 61[y)

:
= (RECT 3] - RECT{y]) « (51a] - 1[y)) + (RECT | 5| - RECT b)) = (1 o] -5 y)
:
|

:(Mm mmMMmemme@HMwame

Lyl + (2-1[z]) - RECT [y]

N &

- REOT[

glz,0] = REOT[%]quy:oy+@-1pD.RECT@::m
- RECT[%]J:%@-Hﬂ)J

_ 2+RECT[%}

0
90,y = RECT H 1yl +(2-1[z=0])- RECT [y]
= 1[y]+2- RECT [y
= 142 RECT [y]
(a) (b)
35 3.5
3 3
2.5 25
2 — 2
S 48 % 15
05 05
0 0
P B 4 0§ 5 5 4 B T S T S S

¥
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10. For s[x] = COMB |z}, h|z] = SINC [z], and f, [x] = SINC? [%] (n =1,2,3), find
the forms of and sketch the three functions g, [z] = (f,, [x] - s [z]) * h [z]

gilr] = (fila] slz])*hlz] = (snvc? m .COMB [x]) « SINC [1]

SINC?[z] - COMB|[z] = SINC?[z]- +ZOO d|x—n]= +ZOO SINC?[x] -6 [x —n]

n=—oo

= f SINC?[n] - § [z — n]

n—=—oo

= 4 SINC?[-1] 6§z — (=1)] + SINC2[0] - 6 [x — 0] + SINC? [+1] - 6 [x — (+1)] + - -

= 0[x]
= gilz]=(fi]z] s[z])xh[z] = [x] * SINC [x] = SINC [x]
g1[w] = SINC [x] # SINC? [z] = f1 7]

g1 [7] (red solid) and f, [x] = SINC?[x] (blue dashed), showing the the input is not
recovered correctly.

21



g2 = (falz] - s[a]) % h[z] = (51NC2 [g} .COMB [x]) « SINC []

SINC2[ } .COMB |z Z SINC’Q[ ] 5[z —n]

:7:2205]]\702 [g] <0 [z —n]

=...+ SINC? {—%1 5[z — (=1)]+ SINC?[0] - §[x — 0] + SINC? [—i—%} 0w —(+1)] + -

( f SINC? [ ] 5w —n]) « SINC [1]

n=—oo

which isn’t much help, so let’s evaluate in the frequency domain

G2 [¢ (Frifalaly « Fi{sfa]}) - Fudh[z]} = (F2 €]+ S[E]) - H[€]
§

€] =
Rl = Fifbl}=xA {51N02 [g}} —2.TRI[2¢] =2 TRI {%]
SlE] = Fi{s[z]} = F {COMB[z]} = COMBI¢]
H[{] = Fi{h[z]} = RECT]
_ §
Gale] = (2 TRI {ﬁ} «COMB [5]) RECT

Sketch them:

(a) (b) (©

I51= S{2]
e
——
e
i
—
_,_,——'—'_'_'_'_'_
o=
'-':__\_\_\_‘_\_\_‘__-
EER- ]
‘_‘__\__‘_‘—‘—~—._\__'__|_
e
alx]
N R @ e -
1
|

R i e e I | T R e et I | ]
4 3 2 A /] 1 2 3 4 4 -3 2 4 o 1 2 3 4 4 & 4 2 0 2 4 & 8

(a) Fy €] S[€] =2-TRI [&] * COMB¢ (b) RECT[€] (blue) and

0.5

(F2[€] = S[e]) - RECT[¢] = 2- TRI [g5] (red); (0) fl {2 TRI[5]} = SINC® [3]

which shows that

Gale] = 2-TRI {%}

g2 [¢] = SINC? [ 5| = fo la]

22



g2 7] (red solid) and f [x] = SINC? [£] (blue dashed), showing the the input IS recovered
correctly.

glz] = (fzle] s[z])*hz] = (smc? [g] .COMB [x]) « SINC [z]

0

Fil6) = Fi{fsla]} =3-TRI[3¢]=3-TRI

Sl = F{COMB[} = COMB]
§

Fy[§]*COMBI¢] = 3-TRI 0] « COMBI¢]

Graph it:

3.5

2.5

1.5

F 2] * S[e]

0.5

-0.5

F3[§] % S[E] (red) and (F5[¢] « S[E]) - H €] (blue)

23



From the graph, we see that the transfer function “cuts out” the central replica of the
triangle from the “sawtooth” spectrum. Thus the image gs[z] is:

gs[r] = SINC® | 2] = fula]

e
3

4

5

X

92 [2] (red solid) and f3[x] = SINC? [£] (blue dashed), showing the the input IS recovered
correctly.

Note that fs [x] and f5[x] were correctly “imaged” by the system, but that fy [x] is not.

24



1 -2
11. Consider the function f; [z] = 1 COMB lx 1 }

(a) Evaluate and sketch its Fourier transform F} [£].

g = ﬂ{i-COMB lx;ﬂ}:i'ﬂ{COMB [IQZH

= - 4|- COMBAE) - exp[~2rit -2
= COMB [4{] - exp [—4mi€]

+o0
= (Z 5[4§—k]> - exp [—4mi€]
k=—o0
o ST,
k=—o00
+00 r k]
= i . k_z_oo(s § ~1 - exp [—4mi]
1 X[k k
= Z kzzooé -5— Z - eXp |:—47TZZ:|
1 X [k
= = Z ) 5—1 - exp [—imk]
k=—oc0 -

1
This is a set of Dirac delta function with weights oscillating between +- at mul-
tiples of € =k - i

(a) (b)

1
0.5 0.5
£ 0 WWW%%

2 :
05 05
1 1
15 -15
8 & 4 -2 0 2 4 6 8 8 5 4 =2 0 2 4 6 8

(a) weights applied to the Dirac delta functions in fi [z]; (b) weights applied to the Dirac
delta functions in Fy [£]

25



(b) Evaluate and sketch the Fourier transform of fy [z] = — - COMB l

B = Fl{i.C'OMB {””12” {C’OMB {x+2”

_ 1.|4|-COMB 4€] - exp [+2ri€ - 2]
= C’OMB [4€] - exp [+4mi€]

T+ 2
4

,.;;

= (Z §[4¢ — /f) - exp [+4mig]
k=—o00
= ( f— —>]> - exp [+4mig]
k=—o0
N P A
il k_X_:OO _5—4_ - exp [+4mi&]
1 & [ k] k
1 & [ k]
= 1 k_z_ooé _5 1 - exp [+imk]

13 sfed]

k=—o00

This is the same set of Dirac delta functions as in part (a), so the plots are the
same too.

(c) Compare the sketches of the transforms Fj [£] and F [£]; what does the comparison
tell you about f; [x] and f5 []?

The two spectra are identical, which means that fi[x] = fo[x];

| the two expressions describe the same functi0n|.

26



12. Two imaging systems have respective transfer functions H; [£,n] = RECT [£,n] and

Hs [€,n) = CY L (VE+7P).

(a) Sketch the transfer functions

27



(b) Evaluate the impulse responses hy [z, y] and hy [z, y] .

Hy[§,n] = RECTI[{,n] = RECTIE]- RECT [n]

sin [ra] sin [ry]

hi[z,y] = SINC|z|-SINC[y] = SINC [z,y] =

T Y

28



H2 [57 77]

hg (T)

h2 [Ia y]

CYL <\/§2 + n?) =CYL(p)

Ho' {CY L (p)} = SOMB (r) =2-
J1 <W\/m)

' /22 + 92

Jy (mr)

wr

2

29




(¢) Make an approximate sketch in the [z, y] domain of the locations of the first zeros
of the two impulse responses, i.e., draw lines in the [z,y] plane that show the
locations closest to the origin where hy [z,y] = 0 and hy [z.y] = 0. Be sure that
the lines belonging to each are labeled unambiguously.

The line of the first zeros of the SINC function follow the path of the “corral”
function:

hi[z,y] = 0 where COR|x,y] #0
ha [z,y] = 0 approximately where § (r — 1.22) # 0

Line of Zeros of:
—— — hfxy]

|l [ hofx ]

7 =1 T r 122
| ! . .
3 2 | +h +2 +3
|
I e (S A

(d) (OPTIONAL BONUS) Which of these two systems will have the better resolu-
tion? Explain.
The “wider” impulse response will “blur” the image more. The choice of wider
impulse response is ambiguous, but the system with the circular impulse response
18 somewhat wider, so this would be one criterion for the choice.
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Population

w

N

—

o

L

0O 10 20 30 40 50 60 70 80 90
Score (90 Possible)

Statistics: (90 possible points)
mean p | 61.6
o 18.7
Max 87
Min 9
Median | 58
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