1051-716-20091 Solutions to Midterm Exam

1. The “ramp” function may be defined:
flr] = RAMP [x] =2 - STEP [x]

(a) Sketch f[x] = RAMP [z]

RAMP[x] A




(b) Find expressions for the even and odd parts of f [z] AND sketch them.

f[x] = feven [ﬂ"’fodd [:L‘]
foenle] = 5(fla]+f[~a]) = 5 (o STEP[a] + (~z - STEP[~a])
x if >0
- %{ 0 i 7=0 =|fuwnlr] = 5|1
—z if <0
furltl = 5(fls] = fl-a)) = 5 (- STEPa] - (~z - STEP [~a])
1 x if x>0 1
= - 0 if 2=0 =|foulr] ==x
2 x if <0 - 2
fix] A
o
B
1
N
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EVEN part % |z| in BLUE, ODD part %x in RED; note that they are identical for x > 0.

Several students did not recognize which was even and which was odd from the
graphs! This should be obvious: the even function is symmetric ( f [—xz] = +f [z])
and the odd function is antisymmetric ( f |[—x] = —f [+z]).



(c) Evaluate f [x] * f [x] AND sketch it.
This was a problem from HW#/

RAMP [x] * RAMP [x] = /_+00 (a- STEP[a]) - ((xr — ) - STEP [z — a]) dov

+oo
- /0 (- (z—a)) - STEP [x — o] da

— {/Ox(a'(l‘a))da if x>0

0 it <0

2 a=0
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(d) Evaluate f [x] % f [z].

RAMP [z] kRAMP[z] = RAMP [z] % (RAMP [—z])"
= RAMP [z] * RAMP [—z| because RAMP [z] is real valued
+o00
- / RAMP o] - RAMP [ (z — a)] da

oo

+oo
= / RAMP [a) - RAMP [o — ] da

[e.9]

/_+00 (a-STEP|[a]) - (o« — ) - STEP [ — z]) dav

= /0+Oo(a-(a—x))-STEP[a—x]doz

+o0
(a-(z—a))da if >0

= z =o00-1][x]

400
/0 (- (z—a))da if <0

So the autocorrelation evaluates to infinity (i.e., is not defined) at all coordinates.



2. Evaluate the integral and sketch the output(s):

/+0<> cos [2m€yx + ¢p) - (cos [2m€x] + sin [27&x]) dw

where £, and ¢, are real-valued numerical constants.

This is the Hartley transform of a real-valued sinusoid with arbitrary initial phase.
First, I suggest that you break the input cosine into its even and odd parts:

cos [2m€ox + ¢o] = cos [¢] cos [2myx] + (= sin [¢y]) sin [27ya]

This gives four integrals:

Iy [¢]

cos [¢y] /_ " cos [2m€yx] - cos [2méx] dx

oo

L[] = (—sin [gbo])/ C><>sim [27€yz] - cos [2m€x] dx

—00

“+o00
L[] = cos[ay] / cos [2m€yx] - sin [27€x] dx

—00

L[] = (—sin [qﬁo])/ OOsin [27€yz] - sin [2n€x] dx

—00

Note that the integrands of I and I3 are the products of one even and one odd func-
tion, and that the limits are symmetric. Together, these mean that the integrals are
evaluating the areas of odd functions, which must be zero:

L[§=13[¢ =0

The integral I, may be evaluated via:

1 1
cos Acos B = 5 o8 [A — B] +§COS[A—|—B]

+o0o “+o0o

Rfe = coslay) 5 [ coslem (€ -+ €)aldncoslog] 5 [ coslan (€~ aldo

We have already seen that the integrals evaluate to zero if the arguments of the cosines
are nonzero, that they are infinite if the arguments are zero, and that they obey the
requirements for Dirac delta functions:

/_+OOCOS[27T<§O+£)I'] de =66+ & =0 [€+ &)

o0

— 1[g) = coslan) - (01 + € + 316 — €]

Similarly, we can evaluate 14 [£] via:
: . 1 1
sin Asin B = 5 o8 [A—B] — 5 cos [A+ BJ
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It [¢§] = (—sin [qﬁo])/_ oosin [27€yz] - sin [2m€x] dx

“+o0o

+oo
— (sinfer) 5 [ cosprlgo+ €aldo— (—sinfa) g [ cosler(§o—)alds
= (Gomlanl) - (-0le + &)+ 3le &)
So the final output is the sum of I, and I4:

B+ I = Goostal - B0+ €+~ )+ (Fainlaa]) - (=3le + &l + 3le ~ &)

— (5 costoul —sinlou)) ) 160+ €]+ 5 cosln] +sinloc) ) -3 &

which depends on the value of ¢!

L[] I[E]

]7_ 0.5 cos[d,]

- 0.5 sin[o,]
¢ - r
& ‘ & } ‘ 2

£[E] +1[E]

0.5(cos[¢,]+sin[¢,])
0.5(cos[¢g]-sin[y]) T i
£ 2
Sample values of the output:
b = 0= htli=5 06 +&+5 0l -6l
b = 5 = h+L= ——5%+ﬂ % 5t -l

Note that the output is ALWAYS real valued.



3. For TWO (2) of the following three expressions (your choice), find and sketch the
Argand diagram of the sets of complex numbers z that satisfy these sets of conditions

independently:

(a) 2t =1+

P1
o

b3

2| exp [+ig] = 2* = |2|* exp [+id¢)]
V2exp [4—2’ <z + 27r€>}
4
V2 = |z| = 9%
exp [+ide,] = % +onl = 46

116 —|—g€ where £ =0,1,2,3

™ 1 .

16 = 2zp =28 -exp [—1—2-1—6}

o - 21:2%‘exp l—l—zg—ﬂ

16 16
m:_lf)_w — 22—2% expl—f—z N—W]
16 16 16
25—7T:—7—7T = 23 = 5 exp{—l—z %—W]
16 16 16

=018 a4
G2 olOntlel e b pes s

z,= 218 exp[+in/16]

z,= 218 exp[+il7n/16]

z, = 218 exp[+i25n/16]




z = |z|exp[+ig] = 2% = |2|° exp [+i3¢]
-8 = —8+0i= ]8| exp [£i (7 + 27()]
27l) (7 +2n¢
z = |8\3 exp l 7T+ T 1 = 2exp [:I:z(—S)}
Z0 = 2exp

z1 = 2exp :i:i< +

T
I 3
[ 4 b .
zg = 2exp |*i (g + ?>] = 2exp lil;] = 2,

z,=1 exp[+in/3]

z, =1 exp[+in]=-1

z,=1 exp[-in/3]




=

() 22 =—-2+4+3i

22 = —243i = 2= (-24+30)>=4—9—6i—6i
|z =—5—12i|

Vz=-2+3;

z=(-2 + 3i)?
=—5-12§



4. Evaluate THREE (3) of the following expressions; you may use any expressions derived
in class without proof, but state what you use.

a) flx] = cos 2méyx + ¢y] * RECT || where &, by, and ¢, are positive real num-
0 0 bo 0 0
bers.

T

bo

cos [2m§ox + @] * RECT { 1 = /+0° cos [2m§pa + ) - RECT lx — 041 do

) bO

x—&-%
= /b cos [2m€ya + @] da

o0
2

Change variable of integration:

u = 2réya+ ¢y = du =21, da = da = du

2m€,

o = xib—zo - u:2W£0<xi%)+¢o

= 27m€pT + ¢+ mEoho

z+b421 1 2mox+Pg+mEobo
/ cos 2wy + @] dav = / cos [u] du
:cf%Q 271—50 2mEgx+po—mEgbo
1 : € o1+ o+ bo
- 271'50 (Sln [U] 2W§0$+¢0*7"50b0)
1

= 3 - (sin [27€yz + ¢y + TEGho] — sin [2wEyx + Py — TEbo))
7€

Recall that:

sin[A+ B] = sinAcosB =+ cos Asin B
sin [27€x + ¢y + wEho] = sin[2mEyz + ¢y cos [1€bo]| + cos [2mEyx + ¢y sin [7E Do)
sin 27€yz + ¢y — mEgbo] = sin [27€yx + ¢y cos [1Ebo] — cos [2mEyx + Py] sin [7€bo]
sin [27€yx + ¢ + o] — sin [2wEyx + ¢y — TEGDo| = 2 cos [2mE T + Pp) sin [7Eybo]
So the final result is:

cos [2m€yx + ¢p] * RECT [E] - L 2 cos [2m€x + ¢ sin [7€bo]
by si b
= i%ﬁ;o] - cos [2m&x + ¢y

= (|bo| - SINC [bo&]) - cos [2mEyT + ¢y

so the output is a replica of the input scaled by the factor (|bo| - SINC' [bo&,))

10



(b) g[z] = cos [2myx + @) * TRI [%] where £, by, and ¢, are positive real numbers.

The purpose of this example is to see if students can assess the difficulty quickly
and move on to more reasonable cases in parts (c) and (d). But the solution IS
possible (though exceedingly tedious — not somthing you would do on a two-hour
test) by direct integration, but is trivial if we apply the filter theorem:

Fi{cos [27r§0:13 + ¢o)} = F1{cos [27&yz] cos [gbo] — sin [2myx] sin [¢] }
= cos [¢y] - ( [5 + o] +0[€ — &ol) —sin[dy] - ( €+ &0l —01€ = &l)

) ( 6 sy ]) e < o) 4 dn m]) 5]

= S exp[idg] - S[E + &) + 5 exp i) -6~ &

Fi {TRI [lﬂ } = |bo| - SINC? [bo¢]
0

Fi{cos 2wy + ¢y} - Fu {TR] Lﬂﬁo} }

= (Gowlion sle+ &+ gemlrion 3le &l ) bl - SINC?

= Dol exp (i) SINC? (o] 36+ €] + W exp [ide] SINC? [t - € — &)

_ % - SINC? [+boto] (exp [~igg] - € + &o] + exp [+idy] - 0 € — &)

gl = ff1{|b0| SINC? [+bo&,] (exp - wo]~5[5+501+exp[+¢¢01-6[5—%1)}

= o sanee g - (" (exp o] 616 + &) + ! {exp Liv] -8 &]))

_ “70’ - SINC? [+bo&y] - (exp [~i (2m€z + y)] + exp [+i (27€oz + ¢y)])

- (|b0| SINC? [+bo&y]) - cos [2m&,a + b

which (again) is a replica of the input function cos [2r&yx + ¢y] modulated by the
Fourier transform of the impulse response T RI [%} evaluated at the frequencies

of the input function. In fact, not the similarity with the answer to part (a) — the
only difference is that the cosine function in (a) is multiplied by SINC' [boé,] and
that in (b) is multiplied by SINC? [boé,]

11



(c) rle] =
flal *e fla] =

(e7*-STEP [x]) % (e~

(e7*-STEP [z]) % (¢" - STEP [x])

+oo
~*.STEP [«

(-
(™)

[
s

+oo

Sl f7=a] — f o]

*. STEP [x])

fl—x] because f[x] is real valued

(e - STEP [z]) * (e’("’”
(e7"- STEP [z]) * (¢" - STEP [—z])

) ("% STEP [~ (z — a)]) da

e . STEP o — ] da

e da if >0
T oo
/ (e7®)-e"*da if <0
 Jo

(1
e if >0 1
\ 569” if <0 2
A
1.0+
08+
06+

12
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(d) s[z] = (RECT [zt + 1]+ RECT [x — 1]) * STEP |—x]
STEP[~a] % (RECT [z + 2] + RECT [z — 2])
— (STEP|-2]* RECT [z +2]) + (STEP |[~a] * RECT [z — 2))
= (STEP |—z] % (RECT [z] x§[x +2])) + (STEP [—x] * (RECT [z] * 6 [x — 2]))
= (STEP|[—z|* RECT [z]) x§ [z + 2] + (STEP [—z| * RECT [z]) % § [z — 2]

The easiest way to solve the convolution is to look at the individual pieces. Recall
that:

STEP [z]* RECT [x] = /+0° STEP o] RECT [z — o] do

—00

+o00
= / RECT [z — o] da
0

0 if x<—%
= 1 if x>—|—%
x+%

: 1 1

Y 257
204

57T

N
v

05—

The substitution of the reversed STEP function reverses the convolution:

STEP[—z|* RECT [z] = /+0° STEP[—a] RECT [z — ] da

—00

0
= / RECT [z — o] do

1 i <2
= 0 if x>+%

—r+3 if —I1<z<+d

13



YosT
20+
15
ot
0.5 \
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X
0.5+
Now we have to add two translated replicas:
1 if x<—%—2
(STEP |[—x] * RECT [z]) xd [x +2] = 0 if T >+5—2
—r—2+3 if —1-2<a<+1-2
1 i z<-2
= 0 if x> —%
—x—% if —ggxg—%
y 2.5-‘-
20+
15
Lo
05+
: : : : . : . . . H—
5 4 3 2 1 1 2 3 4 5
X
05+
1 if r—2< —%
(STEP[—z]* RECT [z]) * [ — 2] = 0 if  z-2>+1

—(z—=2)+1 if —i<z-2<+43
1 if <+l
= 0 if x>+
—r+ 2 if +2<a<43

14



<
—

05
5 4 3 2 1 1 : 4
-05
Now add these two together:
0 if x> 2
_ 5 3 5
T+ ¥f )2 <z < 2,
slz] = 1 if $>2>—3
e L 5 5 _3
r—5 if 5 < §5 5
2 if T S -5
25
20
15
0
0.5
5 4 3 -2 1 | : 3 4

nE
-U.0

STEP[—1] % (RECT[x + 2] + RECT[z — 2))
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5. For the real-valued 2-D function shown below, white corresponds to amplitude Re { f [z, y]} =
1, gray to amplitude Re {f [x,y]} = 0.5 and black to Re{f [z, y]} = 0.

(a) Determine the limits of the region of support of the autocorrelation.

We know that the autocorrelation is Hermitian (even real part, odd imaginary
part). Since f[x,y| is real, the autocorrelation is even. The function clearly
mncludes a term with C'Y L (%), so the autocorrelation must be bounded by the au-
tocorrelation of this cylinder C'Y' L (g) *CY L (%), which is bounded by a cylinder
of diameter 4. Since the vertical extent is +1 — (—%) = g, the vertical extent
is +3. The horizontal extent of the autocorrelation is +4. The overall support is

elliptical.

(b) Evaluate the amplitude of the autocorrelation at [z, y] = [0, 0].

This is the volume of the square of the function. Since the amplitudes are “all”

half-unity, this is easy to evaluate. The amplitude of the square of the function is

1 1

(5)2 = 7 and the volumes of the individual pieces are obtained by taking half of

the volume of the cylinders:

1 r 1\* 1
V = . (5 - volume of CYL (§> —CYL (7")) + (§> 5 volume of CY L (r)

3 (e (3))+ () (3)

T
volume = —
8

e N e

16



(c) Determine the answers to (a) and (b) if f[z,y] were purely imaginary, i.e., if
Re{f[z,y]} = 0[z,y] and the imaginary part is as shown.

|n0thing changes: support is the same and amplitude at origin is the same.

(d) OPTIONAL, EXTRA CREDIT: write down the functional form of the real-valued
function f[z,y] as the SUM OF TWO (and only two) terms, where each term
may be the product of two (or more) special functions.

fleyl =CYL (g) STEP[y] + CYL(r)- SGN [~y

17



6. For ALL of the following, sketch the functions and determine their areas or volumes
as appropriate:

(a) 0[z° — ]

P -z = x(x2—1)20 — r=0,%1
5l¥ 2] = Sz (@—1)-(x+1)]=5g[s]

olx] , A

-2.0 -15 1.0 -0.5 0.5 1.0 1.5 2.0

Slglal] = Z ‘”“"‘x"

Z€eros 896 T=xnp

glz] = 0ataz=0,=+1
% = 322 -1
%H = 3t o1, =42l =
%m:o = [32°—1| _,=1-1=+1
%H = |, = |42l =
§[a° —z] = 5[x+1]+|_—11|5[]+ [z +1]

18



A7 — x]

Area = /+OO (%5[IE+1]+5[$]+%5[$+1]) dx:;

—00

19



(b) 6 [r—ry

dr—rg] =d[r — 0,y — o] =[x — 20] - 0 [y — w0

Volume =1-1=1

f +1
/y
Yo ~
= 1y
///
X

20



d(r—mp)

Volume

d(r—mr)-1(0)

/9 ”/T

7“—7‘0

-1(0) -r-dr-df

/ d(r—mg)-r-dr
r=0

27T~/_ d(r—rmp)-

=0

ro - dr

27r7“0-/_ d(r—mp)-dr

=0
21rg - 1 = 271y

21




7. Sketch the following functions and find expressions for their even and odd parts. (OP-
TIONAL EXTRA CREDIT: sketch the even and odd parts).

(a) flo,yl =0z —1y—1]6 (r—v2)
We (or should know) that convolution of some function f [x.y| with a Dirac
delta function yields a replica of f[x,y] centered at the location of the Dirac delta
function. In this ezample, we could consider either of these to be f[x,y| but since
the second is a ring delta function, it is the obvious choice for f[x,y], which
makes this really a snap to solve:

5[x—1,y—1]*5<7”—\/§) = 5[x—1,y—1]*5<\/w—\/§>
_ 5(\/($—1)2+(y—1)2—\/§>

This is a ring delta function centered at [z,y] = [+1,+1] with radius o = V/2,
which means that the ring just touches the origin of coordinates.

The even and odd parts are:

Jeven [2] = %(5[$—1,y—1]*5(7‘—\/§)+5[x+1,y+1]*5(r—\/§)>

foad [x] = %(5[$_17?/—1]*5<7‘—\/§>—5[x+1,y+1]*5<r—\/§)>

and their sketches are:

22



V2

-

— +1

+0.5

-0.3

Even part of flx,y] (LEFT) and odd part (RIGHT). Note that the sum of these yields

23

flx,y).



(b) g[z] = cos [r (x* — 22 + 1)] (Hint: simplify before sketching)
We can easily see that:
(2 —20+1) = (z —1)°
glz] = cos[m(z— 1)2]

= cos [r2®] %8 [z — 1]

so glx] is a 1-D chirp with unit chirp rate centered about x = +1:

y A

The even part is the average of the function and its reversed replica:

Geven [2] = 5 (cos [ (x — 1)*] + cos [7 (—z — 1)*])

(Cos [7? (x — 1)2} + cos [W (z + 1)2])

NN Il NN I N e

(cos [7? ((x2 + 1) — Qx)] + cos [7r ((332 + 1) + 295)])
Now recall that:

cos [A + B] = cos Acos B F sin Asin B
= cos|[A+ B] +cos[A— B] =2cos Acos B

so that:

% (cos [m ((z* +1) = 2z)] +cos [7 ((2° + 1) +22)]) = cos[r(2® +1)] - cos [27a]

= cos [27z] - cos [r2” + 7]
[

cos [2mx] - — cos [mz?]

which is a cosine with unit period modulated by a “negative” chirp function with
unit chirp rate.

24



By the same procedure, find the part to be:

Jodd [x] = (cos [71' (x — 1)2] — cos [7r (—x — 1)2])

N =N

(cos [71 (x — 1)2] — COS [W (z + 1)2})

cos[A+ B] —cos[A — B] = —2sin Asin B
= Goaa[r] = —sin [r (2® + 1)] - sin [272]
= —sin [7?$2 + ﬂ - sin [27z]

= +sin [272] - sin [72?]

which is a sine with unit period modulated by a sine chirp with unit chirp rate.
FYI, the graphs of the even and odd parts.

Y |

15—

sin [rz?] (blue dash), sin [27wx] (red dash), and Geven [T] (solid black)
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Exam Statistics: (normalized to 100%)

=613
oc=16.7
max = 91.1
min = 20
5
4
5 3
©
e |
Q.
- 2
1
0 {

0] 10 20 30 40 50 60 70 80 90 100

Score (normalized to 100%)

Comments: the mean score on this exam were worse than usual over the years —
the midterm average generally is in the range of 70% — though there were three
grades (% of the total) over 85%, which is typical. There were lots of simple errors
(e.g., people who could graph the even and odd parts of RAMP [z] = z-STEP x]
correctly, but misidentified which was even and which was odd, which may be the
simplest concept we’ve considered). My recommendation is to devote more effort
to the task. FEwven if you are doing well, you should be spending something like
12+ hours per week to the course outside of class, including readings other than
the course notes.

26



