
Chapter1

O verview

1.1 InformationTheory
W ebeginwiththequestion, “W hatis amessageandhowis itcommuni-
cated?” M essagesarepassedbetweenpeoplewhentheytalkorwrite. T he
spokenformisprobablytheearliest, withwritingcomingmuchlater. Today,
messages arealsopassedbetweenpeopleandmachines, betweenmachines
andpeople, andbetweenmachines.

M essages takemanyforms, suchas acousticpressurewaves createdby
speakingorsinging, printedcharacters, drawings andpaintings, andmany
more. H owdoweseparatethemessagefromtheforminwhichitispresented?
Inwhatwaysareamessageanditsformrelated?M cL uhan1 saidthemedium
is themessage. W henisthattrue?

Informationtheorydealswith bothmessages and theirphysicalmani-
festations, whichwecallsignals, from anengineeringratherthanacultural
viewpoint. T hegoalis toextendourcapabilitytostoreandcommunicate
messages bymakinge¢cientuseofthestorageandcommunicationmedia.
Italsoaddresses thetaskofsensingthestateofnature, suchas detecting
thepresenceofairplaneswitharadarsystem, whenthesignalsareweakand
noisy.

W euseade…nitionofamessagethatfocusesonitssymbolicandmath-
ematicalpropertiesratherthanitsmeaning. W e…ndthatthemostsuitable

1M arshallM cL uhan(19 11-19 80) wasaCanadianculturalcriticandandcommunica-
tionstheoristwhomaintainedthatthemethodofcommunicatinginformationhasmore
in‡uenceonthepublicthantheinformationitself. H isbooks includeT heM edium is the
M essage (19 67 ).
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mathematicaltoolsarethoseofprobabilityandstatistics, particularlyofran-
domprocesses. M essagescanbethoughtofasarrangementsofsymbolsfrom
somealphabet. Statisticaltools canbeusedtooptimizemessagehandling
systems, becauseitismessagetra¢candnotindividualmessagesthatare
ofinterestforthatpurpose.

M essagesmustalwaysappearinsomephysicalform, whichcanbecalled
asignal. A signalmusthaveauniquecorrespondencetoitsmessage. T he
physicalproperties ofthesignalmustmatchthemedium thatsupports it.
A goodsignalusesasmallamountofthemedium, isrelativelyimmuneto
noise, andenablesthemessagetoberecoveredeasilyandaccurately.

Somesignalsoccurnaturallybecausetheyaregeneratedbythemessage
sourceasitswayofmakingitsmessagesobservable. Speechissuchasignal.
O thersignalsarisebecausetheyaretransformationsthatmakeitpossibleto
carrythemessagethroughadi¤erentmedium. R adiobroadcastsignalsare
anexample.

T hetransformationbetweenprimarysignalsandsecondarysignals isof
greatinterest, foritcanendowthesecondarysignalwithmanyspeci…cprop-
erties. Insomecases, suchasfrequencymodulationinradiobroadcast, the
goalistomakethesignalmoreimmunetonoisebyusingmorechannelband-
width. Inothercases, suchasspeechcompressionorimagecompression, the
goalistoproduceasignalthatismorecompactthantheoriginal.

Inmanycases, particularlywhendigitalprocessingisused, theprimary
signalmaybetransformedtoadigitalform. T his is asecondarysymbolic
form withaverysimplealphabet, namely, thebinarynumbers. T his form
canthenbeconvertedintoavarietyofphysicalsignalsbydigitaltechniques.
T hebinaryrepresentationhascometobethecommonformforessentiallyall
formsofmessagesbecauseofitsconvenientmatchwithcomputingsystems.
M oderninformationtheorythereforemakesuseofmanytechniquesofdigital
signalprocessing, digitalimageprocessinganddigitalcommunications.

T hecommondigitalrepresentationhasmadeitpossibletodesigndigital
communicationdevices, suchasmodemsanddigitaltelephonesystems, and
digitalstoragedevices, suchasmagneticandopticaldisks, thatcanbeused
withmanykindsofsignals. Itisonlynecessarytoconvertasignaltodigital
form tobeabletousethesegenericdigitaldevices. T hismakes itpossible
tohaveamassmarketfordigitaldevices, whichdrivesdownunitcost. T he
dramaticdropincostofmagneticstoragedevicesisoneexampleandtheuse
oftheCD R O M , basedonaudiocompactdisks isanother.

T hereisacommonthreadthatrunsthroughallofthesystems, andthat
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isthefoundationofinformationtheory. Byunderstandingthefundamental
theory, itis possibletodesignsystems thatmaketheoptimum useofthe
availableresourcesandprovidethebestperformanceinparticularapplica-
tions. T histheoryisnecessarilyabstract, becauseitmustbesoifitistobe
general. B ybeinggeneral, aswellasuseful, itishasgreatpower.

Byfocusingonthemathematicalpropertiesofmessagesratherthanon
theiressence, itis possibletoconstructasetofpowerfultoolstoguidethe
designofstorage, communicationanddetectionsystems. W ebeginwithour
modelformessages.

1.2 M essageM odel
L etusimaginetheconstructionofamessagebysomeonenamedA lphawho
hassomethingtocommunicate. A vailabletoA lphaisasetofsymbolsthat
canbearrangedinarbitrarysequences. D i¤erentarrangementsofthesym-
bolscanrepresentdi¤erentmessages. T histhinkingleadsustotheideathat
amessagecanberepresentedbyaparticulararrangementofsymbols from
somealphabet.

Tomakeachosensymbolarrangementavailabletoafriend, B eta, itis
necessarythatA lphaputthem inaform thatisobservablebyB eta. T his
form is constructedinthephysicalmedium thatiscommontobothA lpha
andBeta. Inthemostbasiccase, eachsymbolcanhaveadi¤erentmarkin
themedium. T hisisevidentinwriting, wherethesymbolsarethecharacters
ofthealphabetandthemarksareshapesmadewithamarkinginstrument.
T hesecanbeobservedvisuallyandinterpretedsymbolically.

IfA lphaandBetaweretomeetincircumstancessuchthattheysharedno
commonlanguageoralphabet, itwouldbenecessarytoconstructone. T his
couldbedonebyavarietyofmeans, andcouldberapidande¢cientifone
ofthemhadanunderstandingofinformationtheory. T he…rststepwouldbe
toconstructasmallsetofbasicsymbols. T henextstepwouldbetorelate
shortsequences ofthese symbols tophysicalobjects and certain actions.
T hesesequences correspondtowords. By stringingtogethersequences of
words itwouldbepossibletoconveyagreatmanyideas. Inashorttimeit
wouldbepossibletobegincommunication, andfrom thereaculturewould
begintoemerge.

N otethattheactualformofthesymbolsisnotimportant. Itisonlythe
numberofdi¤erentsymbolsthatissigni…cant. IfanalphabethasM letters,
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thentherecanbeatotalofM n di¤erentwordsoflengthn constructedwith
thosesymbols. SupposethatA lphaandBetafoundaneedforN di¤erent
words. Ifallwordswereofthesamelength, therequiredlengthwouldbe
n = logN =logM . A ny size alphabetwith M ¸ 2 would supporttheir
communicationbymakingitpossibletogiveeachwordauniqueform.

T heactualform ofthe symbols is notimportant. T heymustsimply
bedistinguishableandeasytoproducewiththeavailableinstruments. W e
actuallyobservemanydi¤erentalphabetsinusebydi¤erentculturesaround
theworld. W ecoulduseasimilarapproachtoexaminehieroglyphicsystems,
inwhich pictorialsymbols are used torepresentmeaningorsounds ora
combinationofmeaningandsound.

1.2.1 B inaryCoding
Supposethatwehavethetaskofconvertingmessagestoabinaryform. Sup-
posethatthemessagesarewritteninanalphabetwithM letters. Itwould
beasimplemattertogiveeachletterauniquebinarycodeandthenconvert
themessageletterbyletter. T his is exactlytheapproachused in A SCII2.
T heapproachis simple, butitis farfrom e¢cient. Bytakingadvantageof
thestatisticalpropertiesofmessagesitispossibleto…ndmuchmoree¢cient
codingschemes.

T his leads ustothequestionofhowe¢ciencycanbemeasuredorcal-
culated. Supposethatonehas twodi¤erentbinarycodingmethods called
Code1 andCode2. Ifthecodesareusedtorepresentthesamemessages
andCode1 usesn1 digitsper100 letterswhileCode2 usesn 2 digitsper100
letters, wecan…ndtheirrelativee¢ciencybycomparingn1 and n 2 . H ow-
ever, todeterminetheirabsolutee¢ciencyitisnecessarytohaveanabsolute
standard. T heabsolutestandardis providedbytheentropyofthesource.
T his isastatisticalpropertythatisfundamentaltoinformationtheory. W e
willexamineentropyinthenextlecture.

1.2.2 SignalProperties
A signalisaphysicalpropertyofacommunicationorstoragemediumupon
whichinformationis impressedbycausingasystematicvariation. Inmost

2 A (merican) S(tandard) C(ode for) I(nformation) I(nterchange)–A standard for
de…ning codes for information exchange between equipment produced by di¤erent
manufacturers.
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communication channels the signalvaries as afunction oftime, while in
storagemediaitvariesinspatialdimensions.

T he variability ofthemedium can be characterized in terms ofboth
thedependentand independentvariables. T hesearerelated butseparate
characteristics. A signals(t) has avalue s ateach timet. T herangeof
valuesofsthatareavailablearedeterminedbyprecisionrecording, sensing,
andnoise. Ifs iscon…nedtoarange§A andcanberesolvedtoascale¢ s,
thenatotalofm = 2A=¢ samplitudevaluesareavailableatanyparticular
time. T his characterizes thevariationthatis availablewiththedependent
variable.

T hevariationthatisavailablewiththeindependentvariable, suchast,
isdeterminedbytherateatwhichthevalueofthesignalmaybechanged.
Supposethatthemaximum rateofchangeofs is a = max(_s). T henthe
signalwouldbeabletochangefrom oneendofitsrangetotheotherina
time¢ t= 2A=a. Itwouldbepossible, therefore, torecordanewvalueof
s aboutevery ¢ tseconds. In atimeofT itwould bepossibletorecord
aboutn = T=¢ t= aT=2A valuesofs. Sincetherearem = 2A=¢ s choices
ateach ¢ t, thetotalnumberofrecordings oflengthT areapproximately
N (T)¼m n = (2A=¢ s)(aT=2A). T his isoftheform N (T) = 2 bT whereb isa
constant.

T henumberofdi¤erentbinarypatternsthatcanbesupportedarelog2 N =
bT. T herateatwhichthesystem canstoreorcommunicatedatais R =
log2 N
T = b. Somesimplealgebrashowsthatthebinaryratethatisavailable

usingthissignalingschemeis

R =
a
2A

log2

µ
2A
¢ s

¶

T his is aconstantthatis determinedbythepropertiesofthemedium and
interfaceequipment. T heratioa=2A is proportionaltothebandwidthof
themediumandinterfaceequipment. W ecanthereforeexpresstheavailable
rateas

R = kB log2 m
where B is thebandwidthand m is thenumberofdistinguishablesignal
values.

Inanycommunicationorrecordingscheme, amajorgoalistoincreasem
andB . Itis evidentthatincreasingthebandwidthhasmuchgreatere¤ect
thanincreasingm . T hisisthereasonitiscommontospeakof“bandwidth”
whencharacterizingsystems.
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T heabovediscussionhasbeenintermsofthevariationofasignals(t).
A similaranalysis canbedoneforsignals thatvaryinspatialdimensions.
Considerasignalu(x;y). W ecancarryoutananalysis thatpermitsusto
calculatethedensityofdatastorageperunitarea. T his computationwill
involvethesamekindofconsiderationsthatweusedabove.

Itiscommontouseaspatialsystemtorecordtime-varyinginformation.
T his canbedonebyrelatingx andy parametricallytotbyprescribinga
recordingandplaybackpathonthesurfaceofthemedium. A tanyinstantthe
systemisfocusedonaspotwithcoordinates(x(t);y(t)). Fromtheviewpoint
oftheworldoutsidethesystem, thesignallookslikes(t) = u(x(t);y(t)). T he
pathoverthemedium iscompletelyhiddenfromtheoutside.

T heabovediscussion is focusedonthetaskofrepresentinginformation
forcommunicationfrom A lphatoB eta. Itdoesnotaddressquestions such
asthemeaningorvalueoftheinformation. So, ifwedonotaddressanything
relatedtothecontentofmessages, whatisthevalueofinformationtheory.
T heansweristhatitenablesustounderstandhowtoconstructe¢cientand
reliablesystems.

Inadditiontothetechniquesforthetransmissionofmessages, informa-
tiontheoryprovidesuswithameanstodescribeinformationsources. T hisis
veryimportantincharacterizingsuchnaturalsourcesas imagesandspeech
andtext. A goodmodelofanaturalsourceisnecessarytobeabletorepresent
itsmessagee¢ciently, andisusefulinsystemsforcontentunderstanding.

1.3 SourceM odeling
T hesimplestmodelofasourceisasystem thatselectsonemessagefrom a
certainset. Ifthesetofmessages is ofsizeM ; thenitisnecessarytohave
M distinguishablesignals thatcanrepresentthem. W ewill…ndthateven
inthis simplestofallcases, thecalculationofthebestcodeisnotobvious.
D avidH u¤manwonfameforsolvingthisproblem.

O fcourse, itdoesnotseem sensibletoconstructane¢cientcodefora
sourcethatonlyproducesonemessageinitslife. W eareusuallyconsidering
sources thatgenerateanongoingsequenceofmessages. In thatcase, we
areinterestedinquestions suchastheaveragelengthofthesignalforeach
message, theaveragenumberofbitspersecond, theprobabilityoferror, and
soforth.

T he nextmostsophisticatemodelis one inwhich message contextis
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important. A n example is adevice such as ateletype thatis printinga
messageacharacterorawordatatime. T hemessageyouhaveseensofar
givesyouinformationaboutwhatmightcomenext. M odelingthisbehavior
requiresaccountingforthelinkageswithinthemessages. T hesimplestmodel
ofthistypeisprobablytheM arkovmodel. M arkovmodelshavebeenused
forEnglishtextaswellas forhumanspeech. T heheartofmodernspeech
recognitionsystemsisthehiddenM arkovmodel(H M M ), averysophisticated
M arkovsourcemodel.

Images areatypeofinformationforwhiche¢cientcodingis veryim-
portantbecauseofthesheersizeofimage…les. T hequestforgoodcodes
torepresentimagesfallsundertheheadingofimagecompression. Bycom-
pressionwemean…ndingabettercodetorepresentanimagethanwouldbe
achievedbyasimpledirectcodingofsomesort. Imagecompressioncanbe
losslessorlossy, dependingonwhethertheoriginalcanbeobtainedexactly
orapproximatefrom thecode. A nexampleofalossless codeisaH u¤man
codeoraL Z W code. T heformatJPEG isanexampleofalossycode.

Imagesequencesareevenmoredemandingofcommunicationbandwidth
anddigitalstorage. Progress in thecodingofimage sequences has made
digitaltelevisionpossible. T herehasbeenasteadyadvanceintechniquesto
encodevideoimagesandsound. A verysophisticatedstandardcalledM PEG
7 isabouttobeimplemented. T hiswillopenabroadrangeofapplications.

Itisnotunreasonabletoassertthatnoneoftheadvancesdescribedabove
wouldhavebeenpossiblewithouttheconceptualtoolsthataremadeavail-
ablebyinformationtheory. T heimportanceisaboutequallydividedbetween
sourcecodingandchannelcoding. W eshallstrivetodevelop agoodsense
ofbothinthiscourse.
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