Chgpter2
A M essure of | niomatian

2.1 BEncodingof i nfomatian

In this bcture we wi ll think oFamessage as aseguanae ofsymbaoks producd
by an inormatian soure. T he message wWill gopear-as asgal wnidhis a
Tndian of ae armare indgpaxdattarabks. T he ssigal may be a saud
vwage animage aray ofamyriad ofphysical fams.

W ewll..din afuture baue that the message may be bassd an phe
nonena other then bhguece. 4 Bnguecge may be thaugtt of as agenized
ambinatias of symbok that epress and aammunicate thoudhts and et
iINE. A message may be an eressian in a bguecg ad thatkis howv the
tam is adnanly uised. H onever; wevantto use the term inamare gaeral
Tom so we an madel mare then human amnmunication. 1fwe think ofa
messace fram a madhiire ar fram nature, itis dic¢ ault to assogate itwth
thagits orfeelines. W e aan ganerallize by noting thatwe Gcan usually madel
thing atbsstaaptally intamsoftarsake. 4 state pamadelisa
qutegradstucure. | ewll therelore say thatamessace is an epresssian
oftre state ofa systam' .

Suppae that we have made same dosenatias ad hae deducd the
state ofFasysteam. W e may wart 1o recad the state so et it an be reset
O that\ale atanothertme. T his is essential Toreanpk in smulation.
Torecad the staie e ned to aastructa sigal thatwi ll dnve a recading

I are predsaly itis the mathematical maoel of a system that hes states. 4 goad
mackel will behae ke the natural system. T he beaviar ofthe madel is determined by
its state T he awunraritstatke is deducsd from dosenalias.

g
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goparatLs. 4 ke thaghtwill aaMne yau that recoding the state of a
system arrecadingamessace are ecunalaittesks. || asoer; reaadingad
anmunicatian are ecunalatfram aurconagptual vienpant

A recading is doe thraugh a sgal that is suted 1o the recading
medium. T hatsigal may be praduced by a ssquence of symbok fran an
abhebet that we may dxaose- 1tis not determined by the system under
dosenatian. W e simply require that eedh potential stake (areech potattial
messae) be uniguely igpresanted. [ Tihereare N dic erantstates amessagess
ten there mustbe at sst NV unigue arrangemants of symbok aa Ebke o
us. In the st Bcure we savwv that any abhebetwith to armare symbok
& be wssd. | asower; itis not the gopearance of the symbok, but thar
rnumber; thatis impartantin determining tha raumeratian properties. W e
will..nd thatat times ae Gan gan sane et dency by praperly doaaing the
size ofthe recording abhebet, butthat is usually asnall can.

T he impartant determiner of the et daxcy of a reaading axke is te
mamerinwhidh seguanass ofsymbok are assoaated with the div erantstates.
Itis the structure of the aode ad Not the identity of the symbok, thatis
impartant A good aode an geatly redue the anaunt of data nesded o
recad thestate oftremadel T his s In Bt the gaal ofimage compressian
abarttms. A ampressan systam aotars an algortm, whidh is amaocel
ofimages and ametihad 1o recod the data nesdad 1o ripraduce the imege
T he best aaompressian systam is the ae wnidh reproducss the image with
aagptebk .. ety with the minimum data

T heamautohnformatian nesded 1o recod the state ofasystan degpads
upan the prdocbiities of the \arias states. 1t turs aut that ifwe knowv
the state prdosbi kties we an calauate the minimum amauntofdata thatis
recured antreaerage. T hisminimum is gven by the entipy ofthe systam,
whidh is dosely relaied 1o the aonaptofatirqy in physical systams.

A aode is an abhebet ofsymbok ad a sstofrukss thatassodate evats
with patterrs ofsymbok fran the abhebet A N eaitis anything thatae
Wwishes toeress in terms oftte ade sudh as thestate ofasystem. T hede
velopmentoFaodes dgpands anlly upan the asstrectnotion ofevents and tthar
assodated prdoabiities. T he assogatiaon with state madek is acoomplished
by inEapreting the meaning ofevaitas a partiallr-state.

T he ingredients ofa aoce are

1. an abhebet A ofsymbok. W e don'tcare ebaut the pad..C represen
tation ofdojects in A anly thatthey be distingushebke ad therebe a
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..nite rumber ofthem. W e wi ll spically rpresatthe albhebetin the
omA =T, a,,...,0,0. W eanly aae abauttteszer. Theanall
est uselul abhebet is Ay, Wwhase symbok are astonan ly represanted
asA =1, 1g.

2. asstofeats E= feg, ey, ...0. A setof.nitesize may beindicated es
E axdaedfin.ntesizeby E,. T he goaa..c phyacal daracteristics
ofthe evanits is oo intersstas the fras the aode is aoncamad.

3. arkER thatmgps evants ato aadenads, whidh are aaombinatias of
symbok fram A

4. asstofprdoabilities oerE T hatis ae an ampute the prdosbi ity
ofany set B ofeatts fron E ITB %2 Ethen ae hes a prdosbi ity
meesure p( B) whidh sattis..es all the rulkes Torprdoebi ity messures.

A aodeC anbe represated by theaboeitams axddaotedbyC(A ER | p).

W e requre thatR be sudh that eedh evantis represated by a unige
adenad. L etw; be the adenad Toran evante;, ad Etn; by the nrumber
ofFsymbok (ar Bgth) ofw;. T he sstW of codenads is represented by the
rER : E W. Faoruigedeocdingwe requirramkeR W ! E

L etn(e) bethe Ength armumberofsymbaols ofawad w(e) thatrepre
saits anevaite. T he aerage numberofsymbok ussd 1o ripresatan evatt;
ad the average number ofsymbaok peradenad is

X
= n(e)ple) @)

A good aode is aewvwhnidh hes aamallvale Tori.. H ere we seek o know
hov 1o ..nd the minimum valle of . Tora gven evlant spae desaribed by
(Ep) oerall passibe axk ruks foragven abhebet A, . W ewould ako ke
haegidne o howto..mdR Toragven (Ep, A) sud thatthe aode
isecdatad baoth R adR ! ae pradtical o impbEnait  Informatian
theary hes made aasidarabk progess an all these tesks.

BEanpk 1 Raxdom N unbert enerator

A random number generator an praduce positve integers flam e set
e, =1,e=2,...,e, =ng. ThHsmadinehes a.nieeatgax. The
generator aufputis 10 ke riepresaned by words whose Etiers are fiam alnary
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axk apeEt A= T4, Bg. W e are inerssEed in a axk tatan unigely
representa sagpence of numbeers praducsd by e saure.

Ifn =2 andMasakrukisOasigie; =11 A, e =21 B.
T here wi il ten ke a e © ae rlatiashp kEtnen any sagpence fran te
sauree and a arresponding sapence of Etiers fram e abaet

ITn = 4 ten itis nacsssary 1 aanstructiour acbnords fran an alhetet
ofto Etlers. W ecuddwsefe; ! AAje; ! AB,e3! BA,ey! BBQ.-

By exasian, we an aastructa axk wWose worcs are of Bngh log, n
wrenn isanyponerof2. A nyn thatis notaponerof2 an ke acommackated
by using canorcs Wose g is e nextinteger aowe log, n -

Cakss tatare aastruced in this manmer are unigeely dsaocebke. H o
ewer, tey may notle as et dentas possibe. T he e deacy anotlke e
Ermined whoutknoning e seatfistics of te soure evat.

A de.nitton ofunigue deaaka ity is gven kebw

211 U niogelyD ecodebke Codes

Suppce that ae vants 1 reaad a ssopaae ofevatts wnidh wauld then
produce a seouanaee ofcodenards. W e wauld ke 1o decode any sequenae of
symbaks produced by aoncatanating the codenards producsd by the sequence
ofeaits. | evanttobe abke o do this withautintradudng anothersymbol
tOseneas asgparatir; arammag betnean aadenards intheseguaae. Cades
with this property are called unigLely dsaakbe.

212 Irstantaxreas Codkes

W evvaud ke tobe able todsaode eedh ofthe codenards in thesaouaence inde

pendatly, T his impases a strager requ remat then thatofbang uniguely
decodebEe W e vvant 1o be abke 1o reaogiize eedh codenord as soon as it
is seen reeding Eft 1 ndht, indgpendant of sunaunding acccenards. T his
strager recuiremattauld impose anditias thatmake the aode loger-

A necessary and su¢ dent aandiian or a axk © ke instentneas is tet no
ampkte abnod ke a pre. x of same otter aacbenad

BEampk 2 i axk tatis notinsentneos.
Theaewthwods fo = 1,0 = 10, ¢ = 100, d = 10009 is unigeely dsaxd
abke because each symiol is determined by e number of zaxcs ItaTairs.
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€ W n;
€1 1 1
()] 01 2
e3 001 3
e, 000 3

TabE2.1: A nirnstartaneas aoce Taran alphebet ofFfour symbaok.

T he sagpence bdac 1s enaaoed as 1010001100. 0 ne annotdaaxke a sagence
ofdgt untlaeis sure all te 229G hane keen reEivad H enae tesagence
10 may ke e symiol b or e begmingofc ord. 1tannotie dsaoced urtldl
mare dgt are sen. H enaa this axk is notinsantnaeas.

To astruct an instantaneas ade e éaan e the smplke eqaedient of
not Ltang any previasly de.ned adenad as a pre. X when de.ning a new
axdenad.

BEanpk 3 A ninstntaneas axke

Theaxkefue =1,0=01,c= 001,d = 000g is instantanaos. T he daaoding
rukis O ragizasymiolas san as 16 akbnadis anmpkee. T hesagence
bdac enaxkes as 010001001.

Chearly ae an hae anirstantaneas axcke thatis unigquely deaodebke.
T hequestianisvwhetherthereis any achantece in noctimpasing the castrant
of unigue decodebility, 1t tums aut that there is no achantege as wWill be
shonn by the analyais develpad bebow W e st state ad proe Kraft’s
inequality ad ten utse itin il d illans ineguality, T his esteblishes the
eboe assartion

2.1.3 Kralt’s Irneualty

T he Kraft inegLality provdss the necsssaxvy ad sud dattadiias Tora
adeobeirstattaneos. Suppae thatasystem hes ¢ reaogiizebkEeaitsin
asetE = Ty, ey, . . ., e,0 WNidh are ©©be recaded aracommunicated tsingan
abhebet A, = fay,as, . .., a,.9. T heevats anbe ay systam doserneblks ar
anbinatiaon ofdosenebkes thatare ofinterest H erewe are interested inthe
numberq. A axdeC is nowde.ned whidh mgps eedh evaitatio acadenad
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w; = R (e;) wherew; is arstructed ofsymbok fran A, ad is of Bgth n;.
A neample ofaaode with symbaok fran A, and codenod Bgtts 11, 2, 3, 39
isshonninTabk?2.1.

Theorem 4 4 sut dentandton Tor e edstence ofan instarteneous axke
whwod bengts Ty, no, ..., n,0 Is ek
D4
ro- ] 22

i=1

Farabinary axde whidh uses the abhebet Ay, the KraftineoLalty is
27 -] (S))

BEampkE 5 Thehbnary abnod bBngts in Banmpe 3 are 11,2, 3,3g. The
Kraftinegalty is

27422423428 =1
H e an instarteneas axk edsts, as We have seen by damastraon doe.

214 P roofofte Kraftinegalty

T o proe the st daxy we wll provce a methad 1o actually astructa
adewthwod bBghs Ty, ne, . . ., 7,0 hen these lBgths satisfy (2 2). L et
¢; be the number of cacdenads of bgth i. In the aboe eanpke ¢, = 1,
co = 1, c5 = 2. IFthe maxdamum acdenad bBgth isn, then the aaunts must

satisfy
X

G =4q 29
=1
since thare mustbe a aodenod Toreedh saurce evait
U sing the aboe de.niias e aan wiite the Kraftineoualty es

CZ"T‘_i -1 (2'5)
i=1

U panh muliping by " we hane

cr™t -t 29
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T his inequality may be wirtien autand rearranged to dotain

n = n—1 = n—2 =
C, -T" jour icor i Gk c,,_ 7

T he tam an the ndtofthe ineguallty mustbe naecatne. 1'fwne dvice it
by r ad reamage we dotan

n—1 = n—2 = n—3 =
Cpo1 =T iar icr i Gk c,_or

0 nae aain, the tam an the igitmustbe nanecatine. W e can aottince in
this Bshian o dotan the Tdlloning seqpance ofineculities

Cn - TRt §or™? § Ko, T 2.7
Gt = T R jor™ T § G cor 238)
29)

s - 1 jar’ jor (2.10)
e - rriar (2.11)
G - r 2.12)

T heabowe inegLalities novwshovthatwe Gan arstructthe required aode
wadk. W e are required o fom ¢, wads of Bgth 1, keEeaangr j ¢; sym
badk that can serve as the begnning of lohger codenads. B y adding anew
symbal © the ed of eedh of these pre.>&s we Gan astruct as may a6
r(r i) =r%jcr wadcsoflBgth?2. W e are assured by (2.11) thatthere
will be enaugh wards asa Bbke. Fan the uused tno symbdl pre. xe&s there
willlemanr? jcir jce Wnidnceanbeussd toaastiuctr? jcir? j cor thiee
symbolwads. Canparingwith (2.10) we sse thatthis is asut dattrumber:
Catiruing in this mamer; we will ..nd thatitis passibe o astuct e
necsssary number ohwarcs ofeedh B gih. W e have thus demastrated that
(22) ar (25) are st dent o gaaniee the edstaxe of an irstantaneas
ake

215 I d ill=as Inegualty

A Hhouoch the abowe proof shons that satisiection of the Kraft ineoLality
is gaatess the edstaxe of an irstantaneas (ad thareioe a uniguely
deoodebE) axdke it does not show that the andiian is necsssary. I gt
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there be unigely decodebke adess tat are mae e adait? T he aralysis
below shons that the requiremattis albo necsssary.
Cansider rasing the summatian in the Kraftineguality toaponer: T hen
A !
A S
o = Ir_"l +r " + KB 7‘_"‘1% 2.13
=1
W henthis is muliplied autad the terms with egual epaants are cathered
together; the epressian will be ofthe Tom

r = Nk 2.14)

wheren is the lbBgth ofthe logsstaodenad ad N, is the rumberofterms
ofthe fom . N, is abo the number of distinct strings ofaocenarcs thaett
G be astructed by stingng tocetherm codenords sudh thatt the string
both is ecactly £ symbok. [T the aocke is 1 be uniquely decodebke then
this number must be Ess then the number of passible strings of bBgth &,
whidhis 7*. T haefae ifwe suostitute ¢ _ N, in plae of N, the eboe
eoLatian beaomes an ineculity.

i=1 k=m

- mn gm+1

= mn

Letzr serdTortesum antte Eft Farayz > 1, 2™ > mn Toray
n fm is su¢ datly xe. T his wauld vidlete the eboe inegualty, H axe
a unigely daaodsbE aoce i|qures ¢ - 1, vhidh is idatical o the Kraft
inequality (22).

I d illens ineguality shons that there is no acheantace In notusing an
instertaneas aoce. T hatis, Tor any unigely decodebke aoce there is an
ecunalntinstartaneass ade

21.6 BEC datCades

W e wauld ke 1O astruct irstantaneass adess whidh use the minimum
aserace number of symbak perevant T his will eneble us 1O desatbe an
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eait in the most e¢ dent marer pasibke a fct that is impartant for
storage ad tramamissian of informatian. T he average number of alphebet
symbok peraodenad is gven by (2.28)

where ¢ is the rumber of distinctevaTts in E W e wait to daoe tte n;
W satisky the Kraftineoualty and minmizen. T his is nota tinal matier;
but it hes been solhed by the H P man aoding procsdure Tor the Gase of
statistically indgpadatteaits. W e will eamire the H Lir man prasdure
Her. Farnovwe will asider the prdblen of .. nding a lonerbaund an 7.

INn aur analysis we ned 1 make Lse of the olloning theaem. W e willl
..nd this thearam uselul on other cocssias.

Theorem 6l etz , 25, ... ,2, ady,, v, ..., y, k& ay tho se of numlers
wh z; >Oa’dyz >0ﬁ1 -7 - g Wt

b4 pad
i=1 =1
Then
% 1 X 1
x;log, ol x; log, — (2.15)

i=1 . g

Toproetisvwernoe . .ristttatinz - ¢ j1 wtheqalityalyatr = 1.
T his aan be shonn with aggph of e two Tunctias. T hen

3 ~ 3 -
z; In o - T i 1
i=1 =1
F e
- Yi 1 Z;
=1 i=1
-0

wth egalty ifad awyifz; = y; Taralli. B yegpadng tre looarrtm ad
dividing thraudh by In ¢ the thearam is esteblished Torany looarittmic bese

a.
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N on by Btingz; = p(e;) ady; = 1/q, i = 1,2,...,q¢ we hae (with
a=q)

P 1 P
pilog,— - pilog,q
i=1 pi
ar
X 1
bi long -1 219

i=1

witheguality ifad anlyifp; = 1/¢ Toralli. Itisamman owite theaboe
eqressian in ems oflog,, Whidh yields

X 1
pilog, 5 - log, q 2.17)

i=1 ¢

T he aowe sum is knoan as the ety ofFa soure in whidh e evats
are statistically indepadait

HB=1ji plog,p; bitt/esait (2.18)

i=1

T he entioy; Whidh willl be disassed in aasidarabe detal in the next
baure messures the aerage anaunt of uncertanty that an doserver hes
abaut the next sauree evant T he uncartainty is maxdmum when all states
arcarally ikely T hatis fran (2.18)

H(B -log,(q) 2.19)

where g is the size of e et oae With eguality iIfad aly ifall eaits
are ag.ally kely.

Fornon the entrcpy is jJust an interesting quantity that eeblkes s
puta lonerbaund an the average codenad bBgth. L etypy2, - - Yq be any
rumerical quartities tatsatisfyy, _ 0 orall: sudhtet |y, = 1. Then
by T heaam 6we knovthat

% 1 X 1
pilog— - p; log — (2.20)
D ,

i=1 ? i=1 ?
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wth egalty ifad alyify, = p, Toralli. | onv Etus doosse they; tObe

—ny;

r
r—"
j=1
T hen
A I
P R P ‘
HB - i pi(logy 7™ ™) + pi  log,y r "
i=1 £ | =1
X X )
- logy,r  pin; +log, ro"
i=1 j=1
P
- nlog,r + log, ro " 222)

j=1

T hesum inthe stterm mustsatisi/ tre K raftinegLalty ifthe aoceis O

be uniguely deaodebke T he Iooarrtim ofthis tem is therefore nan paeitine.
T harelae we anwiTte the eboe inequality a6

nlog,r _ H(B

n_ HEB (223

= log, r

Theet daxy ofaakis de.ned as

H(B Q24)

nlog,r
A acodew llhae an et dencoy ofarewvwhen trewvwad bBgths from the albhebet

A ae doen o matdh the entiripy. T his issLe is eploed Turther in the

homenork
A aode thatis dose 1o the bnerbaund forthe minmum aerace Bgth
&N be arstructed by a simpe method.  Chocse the codenad Bgtts ©©

satisfy

’]7:

1 1
log, — - n; <log, —+1 (2.25)

() ()
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Ifp;, = r~ % where k; is an intecer; then dhoosen,; = k;, otherwise dhoose
n; Obethe..1Istintecergeater then j log,. p; - T he average codenod Bgth
G be Toud by mulipying thraugh the aboe equatian and summing oer
all tre saurce evais.

P 1 P P 1 X
pilog, — - n;p; < pilog, — + Di 2269
i=1 =1 i=1 i
H H
( -n < ﬁ +1 2.27)
log, r log, r

BEampk 7 A nimage adingprdobm. A 1024 £1024 image hes eiditgey
bek. A histayam amabsis hes Tound et te te bek hae te prdaa k-
tiss ised in te bk kebw A o shonn are o instartteneas hinary aadkss
thatcoud ke used  represantte imace. T heword bBngbs of Cake B saisty
(2.25) vk tose of Cakd wae astruced by teH u»r man aading proe
dure ©le dsassad inl ecture 3. 1tis reed ly \en..ed tatlboth axdks saisly
te Kraftinegualty and are instentaneoLs.

Di log, p; | Caceh | CakB
0.25 ]| 2. 00 00
02 |22 10 100

0.17| 256 | 010 010
0.15| 2.74 | 110 110
01 |33 |111 1110
0.08 | 3.& | 0111 0111
0.03| 5.06 | 01100 | 011000
0.02| 5.& | 01101 | 011010

TAN W8N
3
00 DDWwWwWNE

T he averace numler of digt per acenad are

x
ng = pina, = 2.73

ng = ping, = 3.08
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Chlaxly, Cak B is no prize sinee itregures more dgt per ppel ten
would ke required by utsing a straidittwvee dgthnary adke. H onever; Cake
A wsss an aarae of Bss ten tyvee dgt per pdel T he entipy of ke
Image assuming e pidek are satistally indgadatt is H = 2.7 s per
p>el Henae Cakh is actally it et dat

W ewll..nd et te simpk Shernan aading \dmigue of (2.25) an ac
wally ke qute et datwen gaupings of pi>ek rather ten singe pi>ek are
wad Itis e teaetal kesis of amputatias of ssymptolic e¢ dency of
ading methack.

22 A N essure oflNiomatian

Inthis bcature wew lleamine the reltiaships betinean evatts and dosena
tas. SyopaetatthereisasgpaeX dfevatsadagpaxyY ofdosenatias.
H avmud infomatian is provded by a partiaulardosenatian y 2 Y abaut
each passibEevaitr 2 X ?T his guestian can be goplied O any situatian in
wvwhidh there is a need 1O relate dosenatias 1 uderMing causss. |1ts roots
were in the ..ed oFammunicatian, where the oae X is the setofFsymbok
amessagss ad the pae Y is the soae of sigak, but it hes frwder
goplication. Ingreaal X adY are clkdtias of randan evats aanecied
by some processs, as doaninHguare2 1.

Event Observation
—_— Process —

Hagure2.l: Bvaits ad dosenatias may be relatied by any kind ofprocsss.
T he e ect of the procss is maoeld by the aanditiaal prdosbi ity Tonctian
p(yE).-

Itis presumed that the jant prdoebi ity distribution p(z, y) is ad bk
orany pdnt(z,y) integpaeX £Y . A BofFaur resuls will ulimately be
relaied 1o this distribution. T he theory will goply ifand anly ifthis Tnctian
G be astruded when madeling a real prdblem.

T he rulss ofprdosbi ity can be used 1o relate the jantprdosbi ity o the
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Fguae22: Input/ autput relatiaships Torabinary synmetric damrel with
errar prdoebiity0.1.

margnal and coditiaal prdosbi ktes.
P _
p(z) zpy@,p(x,y) p(yj_v) =5
PW) = exp(r.y) plak) =558

Itis aanman that the aoditical relatiaship p(y k) is adkbke Tora
procss. T his is the namal stuatian when madeling an doservation systam,
anmunicatian darel reading systan, ad te ke, 1Tae then modebk
the distribution ofinput evatts by doosing p(z) itis pasibe o calube
the jantprdocbi Ity distribution and alll of the other prdosbi kties sboe.

W e are inersstied in the anaunt ofinfomation sbaut the input thak is
proded by the doserved autput B efare the dosenvatian, a partiaulerinput
hed prdoabi ity p(x) and afterthe doservation ithes prdosbi ity p(z ) - A ny
dosenatian ofthe autputdanges the prdochi ity distribution oerthe input
Same passibE inputs will be mace mare kely ad sare Ess lkely In e
exttane aeewaitmaybemace cartain ad the others mackimpassible. W e
wauld ke 1o hae a reesaeblke way 1O desaibe the amaunt ofinformatian
thatis proided ebautthe inputby any pariaulardosernation.

A n eanpk of the aaonman dgtal communication darel caled the
hinary synmetric danrel B SC) isshonninFigare2 2. T his madel is used
Tormany dgtal aammunication ad recading systams. B ath the inputad
autput pae atan two eats. T he prdosbility ofFenrar is egal  the
assoerprdochiity Farthis eanpk itis assumed that the inputevatts
areag.ally ikely whidn because oftte damel synmetryy Gausss the auput
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symbok to ako be egLally ikely.

A N dosener; bbated at the autput side assumes a unrfam prdosbi ity
distributiaon p(z;) = p(z2) = 0.5 bekre any doservatian is madke. A fleran
doseratian is made say y;, the prdoebiities dange o p(z 1) = 0.9 ad
p(zodn) = 0.1. The“evdenas” althauch not compEtely cartain, pdnts 1o
r; & the ause of the dosenatian ;. H ov mudh “infomatiay’ hes the
doserver re@Eed ebaut the input?

T he messure ofinfomatian is basad an the Olloning de. Nria

D e.nmtian8 T he amautofinfomation provcsd by the coounenee of ke
eaity 2Y aoutte ccunence ofteeaittr 2X isce.nedas

I(z;y) = log p}gg;) (2.28)

T hebese ofthe kcarrttm determines the uni'ts ofinfomatian. W henthe
bese is 2, the unitis the bi€. T his de.nitian projdss aratural intuitive
intepretation of “informatia’” thatwill be develped as we inesticate its
properties.

T he infomatian messure hes the property that ifthe dosenatian y In
aessss the prdosbi ity of r thenitis paitive T hatis ifp(zy) > p(x) then
I(z;y) > 0. Ifnweeqpad 2.28) wehae

I(z;y) = ilogp(x) + logp(zd) 2.29)

T his eqressian Gan be gvan an intuitive meening by de..ning a the uncer
tanty ofaneait

D e.niiand T he uncrtainty ofan eattr is jlogp(x).

W e see that the uncrtainty is zavo ifp(z) = 1 ad inaessss as te
prdosbi ity deaeesss.

For tthe BSC of Figure 22 the unaartanty ebaut both »;, ad =, is
i log, 0.5 = 1 bitbefore the dosenation. T his uncertainty an be remowed
by tEling the dosernvernhidh ofFtno equally ikely evants hes ccouned. 4 fler
doserving y; the prdoabiity of z; hes danged o p(z ;) = 0.9, ad its

2The unis “nat” and “H artley” are often used with the bases e and 10, respectively.
T he dadmal unitis in honaroFammunication piaexrR .V L . H artley
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uncrtainty nowvis j log, 0.9 = 0.152 bit 1t unaartainty hes dearessad be
Gause its prdoabi ity hes inaesesed from 1s aigralvale. T he infkamatian
reaEaNaed sbautteeattz; is1 j 0.152 = 0.846 bit A tthe same time
the prdoabiity of z; hes danged ©Op(zo3y1) = 0.1. 15 uncartainty Nowvis
i log, 0.1 = 3.322 bit T heinfomatiaon recaved ebautthe evaitz; is-2.322
bit Ifit |lertums autthatr, actually counad then the infomatiaon re
avad cae aanectindicaian adis pasitive. H onever; ifan enraroocouned
tenitis necaine
T he infomatiaon gained by the dosernvatian Gan then be expressed as

I(z;y) = Infial uncertainty - FHnalU ncertainty 2.30)

T he amauntohinfomatian ebautr: thatis producsd by the dosernatiany
equak the inftial uncartainty sbaut: minus the uncertainty ofr caaditaned
y.

T he tam “uncartanty” Gan be relied 1o the feeiing ofsuiprise. T here
is ittle surprise in the aoouence ofan evattwith pradosbi ity dose toae
but there is geatsuprise at the ccounae ofa rare eait

221 Selfinobmatian

Suppcee thatan dosernatian y removes alll ofthe uncertainty sbautz. T hat
is p(z) = 1. T hiswoul be the Gase Toran ideal enmar-free darel T hen
sine log p(z ) = 0, the amaunt of informatian pro4dsd must eqal the
inftial uncartanty ebautz . W e call this the selfinformation.

D e.nian 10 T he salfinformation assscdaedwthaneaitz 2 X is

I(z) = ilogp(z) 2.31)

Itis amman wite /(p) when ae wants 1 Toas an the prdosbi ity
p(z) |therten anteevat A plotof! (p) isshonninFigre23. W esse
thatan esatthes no uaartanty whan p = 1 ad in.nite uncertanty when
p = 0. I(p) is amessure of aur “‘suiprisg’ wWhen an evat of prdoebi ity p
oaurs. W e are nobvery surprised ifp Y21 and very sunprised ifp 40.

W e have goplied the madel of partial infomatian gain o trasmissian
thraugh a binery aconmunication darel 1t an abo be goplied 1 aode
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PN W ~a o X
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Rguae 2.3 U naartanty ofan esaitas atundian ofits prdozbi ity

goplicatias. W e hae ssen thata set oFevats aan be represented by ade
words. W hen a acodenard is trarsmitied symbolby:symbal eedh symbadl
ads 1o te quantity of infomation carvied by the wad. 4 s eedh symbdl
is m@Evad at e otherad itadds infomatian ebaut the evatt thakwes
traemitied. Eadh symbdl of the reaavad codenad will make same evaits
Ess lkely ad others mae likely until the .. nal dgtmakes aeevantaeartan
ad the ottars impassibke. W e will eplae this when we examine deaoding
tress belon

222 bBEtrqoy ash verae Selflnfomatian

Suppaewnevaitio knovthe aerage anantohniomatian thatis proaded
by the saure=. T his is the anaunt ofinfomatian per inputevattthatwlil
hae 1o be amad by the darel orstaed in arecadingsystem. W ean
..nd the amswer by aeragng oer tre selfinformatian ofeedh z 2 X .

T he seffinfomatian [ (z) = jlogp(z) is aradanm \arieble whose \ale
is determined by the esatz. B ang a randon \ariabk itis passibEe t©
ampute its aerace \alLe

E[ll = p(@)I(z)

= i plx)logp(z) = H(X) 2.2)
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T his is reaogized as the quantity we nremed enrqpy inl ecture 2. T here
Tore entipy Gan be intapreted ss the avarace infomation ofthe underbing
eatgae W hen the lbogaittm ofbase 2 is usad the units are bits per
eait ' efoud that e aerage cdenad Bgihn carnotbe Ess then H
dgt. T hus eedh digtofabinary aode ot an the asrage canty mae
then ae bitofinfomation.

Inl ecture 2 we shonad that the ety Toran eattgpae ofsize g is
baunded by

0 - H(B -log,q QD)

wth H(B =0 ifsanep(e;) = 1 ad H(B = log, g ifallp(e;) = 1/¢. Inte
.1stcee anly ae ofthe evaits can aoaurso there is no uncertainty ad in
the ssaod ay event an caurwrith equal prdosbi ity so the uncaartanty is
maxamum.

The BSC proidss a usslul eampke. | et the input prdocbi kities be
p(ry) = padp(zy) =1 jp. T he atirqoy assodated with a binexry evant
spae is a tTundian of the singke \variabk p, axd can be plotted as asmpke
are

H(p) = iplogyp i (1 & p)logy(1 ip) 23

A s ilstrated In Figure 2.4, this fundian is synmmetric ebautp = 0.5, iIs
maxmum where the evats are equally prdoebke ad is z210 whare ather
eaitisatan Ths meas tatifp 6 0.5 1tis pcassibe 1O recod ar
anmunicaie the infomatian fram this souree ata rate of ss then ae bit
peresait T his an in &t be goprodamated dosely by H e man enaoding
ofdabEts ortripkts fron the soure

T he entrapy nowv hes ameaning in tems of the aerace quantity ofin
fomatian nesced 1o recad the autputofa source. W e have shonn that the
entrpy of a saure thatt gaeratss statistically indgpedent events an be
calulaiEed by 2.32). T hare are many sourcss that do not .. t the indgpen
denteventmadel and mare analysis willl be nesded O aastruct a metihad
1O aonpute ittorsudh statias. Fareampk estimatian of the ooy of
English textis vary di¢ aultbecause ae nexcs o take all oftre costrants
of speling and ganmar into acooutsaonehon B utwe will . ind thathov
eerdc¢alltitis oo estimate H, itproidss a lbnerband an the anant
ofdata nesded O rIepresatevatis. | tis thaeiore a fundamental quantity in
the desigh ofet aantcommunicatian or recading systams.
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Figue2 4 BEntiqoy H(p) as atunctian ofp Torabinary evlattspace

It shauld be noted that entrpy is assodated with kog saquenass of
eaits notwth indvdual eaits. 1tis an aerage oer tre infomatian
producd by many evaits. 1tis meaningesss 1o speek of the a oy of an
individual et

223 D ecodirgT ress ad P artial I nfomatian

L etus suUppcee thatevants are tobe rpresanted by codenorcs whose symboks
are drann fram an abhebetdfsize r. 1IN an e dentaxdke adenad bBoth
is relaied 1o evant prdosbi ity so that shart aodenards are assoaated with
evatts ofhigh prdosbiity, W ew ll nowvsee et codenod bgth is relatied
ey

T he uncertainty ofan evattcan be relatied o the bbBgth ofits codenad.
Batswthhid prdosbiity ad thaeioe bwuncertanty shauld getshart
adenards Whi e those with by prdosbi ity and high unaartainty, shauld get
kbg codenads. A N e¢ dat binary aode hes wads of Bgth § log, p; -
n; < ilog,p; + 1. Thug the binary codenad foran eaite; shaud hae
abautthe same number ofFdigts as the unaartainty messured inbits. T hey
camotbe egLal unkess the uncartainty is an integey; INwWNidh Geesep; = 27™
adn=H(B. TheadeinTabk22 is aneanpk

Suppae Novw that saneae begrs  dhowvyau acodenad adgtata
tme T he..istdgtg\es yau sane informatian ebautthe evatt thesscod
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i p ilogp, w; n;
1 1/2 1 0 1
2 1/4 2 10 2
3 1/8 3 110 3
4 1/8 3 111 4

Tabk2.2: BEampkofald0% et dattaode

p; ilogp, w;
04 1.2 0 1
03 1.74 10 2
02 2.3 110 3
01 332 111 4

AWM

Tabk 2.3 BEampk ofaaxcke tatis ks then 100% et dait

o\ yal mae ad soan. Frally when yau hae samn all e dgts in
te codenad yau knovwhidh et hes ccuned.  Eadh digt gves yau
iniomation and reducss yaur unaartanty, T hatis why we use the symbadl
I(e;): Mtrgpresats the infomatian required to remoe the uncartainty, W e
eqLate infomatian 1 riductian in uncertainty and messure itin bits.

Bemeen _ H(H, eedhdigtan aney antteaserae atmcstaebit
ofinfomatian. W e often talkk ebaut the symbok 0 ad 17 as “bits” when
theyare rallydgt. A bitisauntofinfomation. A dgtcaries z bits of
iniomatian where z depads ypan the Situation.

A decodingtree rtecoceinTabk 22 isdonn in Fgare25. Eadh
brandh shons e digtrelated o itas well ss apar (p, [ (p)) - Suppcse that
yau ae gven acdenad dgtbydgt Eadh dgtdaosss betinean an upper
o bnerbrandh. T he ..istsymbdl hes prdocbility p = 0.5 ofbangl ar0,
sothe..istdgtcarieslog, = 1 bitofinfomation. [Tthe ..iIstsymbalis 1~
yaugofran nodeatonaceb. A gan aetherpathis eqally ikely axd soan
A teadh step the newinfomatian remowes a full bitofuncertainty. 17/ (p) is
summed alog the path itequak the tolal uncertanty of the event Whidh
inthis ceee Is an intecereqgual o the adenad Bgih

Suppaee nov that the prdoabi Ities are sidtly dic erant, sottat j log p;
isnotaninteger: T hisstuaticnisshonninT ebke2.3. T heaode treeisSonn
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111 — ey

Figure2.5: D ecoding tree Tor e aode of TabE 3.1.
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Figure 2.6 D ecoding tree Tor the aode of T ebke 3.2.
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inFgure2.6 T heprdoahi ity p oftakiingag\ven brandh fram its node is now
notalnays 0.5, sotteuncartainty isnotalnays 1 bit T he uncartainty ofeedh
brandh is therefore notan intecer: T he sum ofthe uncertainties alog eedh
path is equal tothe uneartanty oftheevant, ad this is dose tothe codenad
bgth. T he aerage adenad bBgth is nowva number siditly geater then
theatrpy: ITaemultiplies the prdosbi kties aradds the uncertainties alog
apath Eedngtoan eatt the resultis the prdosbi ity athe uncartainty of
teeat shonninblmns 2 ad 3 of Tabke 2 3.

W e now see that there is a dose assodatian betneen information and
uncertanty. Eadh symbadl in aaodenord cavies informatiaon thatt reducss the
uncertanty sbaut the e ait L ovprdoshi ity evatts require mae dgts in
an et dattaxk becase they hae mae uncertanty.

Eadh digt of a codenod reducss the uncartainty but, unkesss itis the
bstae does noteliminate it Tomake this epliat, kta,; be symbal j of
adenad w; assadated with evate;. B efore any digthes bean dosernead
the uncrtainty abaute; is jlogp(e;). A fier symbdl a;; is dsered the
prdoabi ity ofe; hes danged op(e; Ji1 ), Whidhis the prdoebi ity coditianed
a the dosarvad symbal T he uncartainty mustnowbe j log p(e; i) The
dis erane in the uncertanty is the infamatian proadsd by a4 -

T he infamation ebaute; proaded by aq; Is

o) — log M)
i B11 p(ez)

Suppae that evant Joae ofF TabE 2.3 is used ad that e evaites hes
acuned. Themessegeis tarefae w; = (1,1,0). T he aignal prdosbi ity
is p(es) = 0.2, wnidh aorespacs 1© 2.3 bits of uncertainty. A fier the
~1stdgtis reaivad the prdosbility is p(e;Jl) = 1/3 ad the uncertainty
hes danged 1O §log(1/3) = 1.58 bits. T he infomation recaved wes 2.32-
158= .74 bits. | oe that this is the quantity an thatbrand ofF Fgure 2.6
W hen the secod digtis recaved the prdoability is p(es jl1) = 2/3 ad the
unartainty is log(2/3) = .58 bits. T he informatian reaaived wes 1.58-.58=1
bit wnidhis the guentity on tratbrandh oftte tiee. T he..naldgtinaesss
theprdosbiity tOp(e3 jL 10) = 1 sothatthe uncertaintyis emoad. T hisdigt
camad the ranmaining 58 bits ofinformatian.

T his eampke shons that the anaunt of infomatian Garied by adigt
depacs ypan e evait ad the precsding digts. Bven if e evaits ae
indgpadat; itis not necssarily e that the digts in a aode seguaee
are statistically indgpaxdait H oneer;, we aan say tatin al00% et dent
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aocke eedh dgtmustcanry a full bitofinformatian and mustbe statistically
independattofall otherdigts. T osee this Etlerpant, canry autan analysis
ofthe aode ofFigure2 5 in amamerthatparaliek the precading paragreph.



