SIMG-713

Homework 3
Solutions

1. Let U be a discrete random variable and let V' = aU + b where a and b are constants. Show that
E[V] = aE[U] 4 b. Expectation is a linear operation. For example, suppose that U is a continuous
random variable. Then

E[V]

/700 fu(u)(au + b)du

a /_ O; fo(uudu+ b /_ Z fo(u)du
E[U

]+0

= a

2. Let U be a discrete random variable. Show that |E[U]| < E[|U|] and specify the conditions that must
be true for equality to hold. [Hint: Use the triangle inequality >, %] < >, [r#]]-

|EU]l = > urfo(ur)l

IA

Yk lunfu(u)|  Equality if all positive terms

= > plur|fu(ur)  Since fy(u) is positive
Equality will hold if fy(u) = 0 for u < 0.

3. Let V = a1Uy + a2Us + - - - + a,U,. Carry out an analysis similar to that of Example 3.2.2 to find E[V]
in terms of the expectations of the Uy. Let fu(Uy,Us,...,U,) be the joint probability density function
for {Uy,Us,...,Uy}. Then

E[V]

/ / (Zakuk> fulur,ug, ... up)durdusg - - - duy,
o o \ &

= E / / akuk'fU(ul’u27'"7un)du1dU2~~-dun
k=17 " —00

- Z“k/ g fu, (wr)dug,
k=1 —00

= i akE[Uk]
k=1



4. Suppose that Uy is a binomial random variable that takes on the value 1 with probability p and the
value 0 with probability (1 —p). Let V.= U; 4+ Uz + - - - + U,, be the sum of n such binomial random
variables. Show that E[V] = np. The expected value of Uy, is p

ElUy=p-1+(1-p)-0=p

for every k, since all of the random variables have the same distribution. Then

E[V]=> E[Ud =) p=np
k=1 k=1

5. Let Uy and Us be statistically independent random variables, and let V' = U,Us. Show that E[V] =
E[U1]E[Us]. Make specific use of the assumption of statistical independence.

EWV] = [% [ fuiws (ur, ug)urusduy dug
= [7 7 fu,(w) fu, (uz)ugusdurduy - Use S.I. assumption
= [0 fo(w)urduy [ fu, (ug)ugdus
= E[UL]E[U:]

6. Let X be a discrete random variable with the Poisson probability distribution

ke—p
HX:HZME, k=0,1,2,...

(a) Show that Y p° ( P[X = k] =

e} H,ke_“ _ —1 ') Lk

k=0 &I = e "Xk

= e Het=1 Use series for e#
(b) Show that E[X] = p
EX] = Yl kPIX =k

= e MY khy
= pe My (kk__ll)! cancel k; factor out p
= pe My, “—7;, Let m=k—1

(k

= pe Het =p Use series for e*



(¢) Show that var(U) = pu. That is, the expected value and the variance of a Poisson distribution are
equal.

B[X?] Ykeo K2 P[X = K]

k
_ a2
= e MY Lok

= e Hr3, k@’% cancel one k
= e r>, (]Zk__l)l;r,l uk rearrange

= ple Y0, ﬁukﬂ +pe Y ﬁuk’l algebra

= ple " (Xnto mr®) + e (X m k) Index change

= P+p
Now calculate var[X] = E[X?] — E?[X] = (u? + p) — pu? = p.
7. Let X be a normal random variable with the probability density function

(z _G)T

252

fx(@) = ——exp [—

sV2m

(a) Show that [~ fx(z)dx = 1 Set up the integral and simplify by using the change of variable

u=(r—a)/sV2.

& 1 X (@-a)?
r)dr = e 22 dx
/,OO Ix(@) SV21 J oo
1 oo
= — e du

This integral cannot be done in closed form. However, the square of the integral actually can be
evaluated by making a change to polar coordinates.

2
(F /e an) = Lf% [ e dudy
= 127 rdrde change to polar coord
= - 7:0 d (e_Tz) simplify. Perfect derivative
2 oo
= —e 7 =1 integrate & evaluate
0




(b) Show that E[X] = a, so that writing u in the position occupied by a is a sensible thing to do.

(z—a)?

EX] = - 1% ffoooxe 252

dx

r—a
S

Let u =

S

= F I uwE o) e

_ % ffooo ue—uzdu, + \/LF ffooo Ue—uzdu

The first integrand is an odd function, so the integral is zero. The second was evaluated above.
The result is E[X] = a. Hence, we can write p in place of a to represent the position of the

mean-value parameter in the expression.

(c) Show that var(X) = s? so that writing o in the position occupied by s is a sensible thing to do.

(z=a)®
[ (x—a)?e 5 da

var[X] = —L

sV 2w

= L7 28t

g2 42
= \/S; (te

o0

to replace s% by the traditional variance symbol, o2.

-/ et dt
o0

The first term evaluates to zero. The second was evaluated above. Because var[X] = s

r—a

5v2

Let t =

Integrate by parts

) -

2 we are entitled

. Verify the results for the mean and standard deviation of the Rayleigh distribution that are given in
Example 3.4.1. Plot the Rayleigh distribution for b = 1,4,9,25 and observe the changes in the graph.

The Rayleigh distribution is

The mean value is

0o ;2 _r2

f Te wdr

0o co _r2
o+ [, e =dr

= V2 (fooo e‘tzdt)

The integral equals 1/7/2 from Problem 7a. Hence,

integration by parts

change variable



The mean-squared value can also be computed by using integration by parts.
B[R] = [*5e #dr
r2 o0 [ee] 7‘2 . .
= —rfe = \0 + fo 2re~zdr integration by parts

2
= —2be~ @

0 =2b

Hence, var[R] = E[R* — E*[R] = 2b — Y& ~ 0.43b

. Calculate the characteristic function Mx (jw) = F [ej“X } for a random variable X that has a Poisson
distribution

ko—p
P[X:k]:“;! k=0,1,2,...

Use the characteristic function to compute the moments E[X], E[X?] and E [X?].

By definition, the cf is the sum
> GjWk/,Lk€7‘U‘

My (jw) = Zeﬂ'“mx:mzz o
= k=0 ’

We make use of the identity

Then the characteristic function sums to (using z = uej“’)
My (ju) = e exp ()
Computing the expected values is now just a matter of taking derivatives.

EX] = %%e*“exp (ne’®)

= %e*”ju exp (ue’®)

w=0 w=0

1 . y
= ;JMGXP(—FL+JW+M€J Noeo =4

E [XQ] = id—Qe_“ exp (uej“’)
72 dw? "0
= =5 [Pexp (o o ) + 720 exp (—p+ 2w + e’
=0
= p+p’ ’



3 1 —u jw
E[X] = Fﬁe exp(,ue )

w=0

w=0

= 3 [P mexp (—p+ jw + pe’™) + 35° 1 exp (—p + 2jw + pe’) + 5%’ exp (—p + 3jw + pe’) |
= p+3u®+p’
In addition, one can compute the variance as

Var(X) =E [X?] - E*[X]=p+p° -1’ =p



