1051-455-20073 Solution Set #2

1. For the following two harmonic waves:
(a) Show on a phasor diagram:
filt] = 2cos[wot]

fo[t] = Tcos [wot - %}

phasor is the complex vector evaluated at t = 0:
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7 (cos [+7] —isin [T]) = % (1-14)

As time increases, the two phasors rotate about the origin at the rate wy.
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(b) Find the mathematical expression for the superposition fi [t] + fa [{] in the form of a cosine.

Re{f1[0]+ f2[0]} = 2+ % = 6.9497
Im {f1[0] + f2[0]} = 0-— % > _4.9497
A0+ f2[0]] = \/<2+ %)2 n (-%)2
>~ §.5322
sunpres = o [REAE) e ()

>~  —0.6189 radians = —0.1977 radians = —35.459°

The sinusoidal expression for this oscillation is:

| 1]+ f2[t] = 8.5322 - cos [wot — 0.6189] |




2. Two plane waves of the same frequency that vibrate along the z—direction are:

filx,t] = Ajcos |:27T (Xi — V1t+7r>] ; A1 =40mm, X; = 30mm, v; = 20Hz
1
foly,t] = Aazcos [277 <? — V2t+7T>:| ; A2 = 20mm, Y5 = 40mm, vy = 20 Hz
2
Evaluate the resultant waveform fi [z,t] + f2 [y, ] at [z,y] = [50 mm, 20 mm]

full credit if done either way:

(a)
f1[50mm, t] + f> [20 mm, ¢]
50 mm 20 mm
= 40mm - cos {27r (3— —20Hz - t) —1—77} + 20 mm - cos |:27T ( —20Hz - t) —|—7r]

0 mm 40 mm

= o (v r (3 -] (- ()

[10
= —40mm - cos TW — 407t | — 20 mm - cos [r — 407t]

[10
= —40mm - cos Tﬂ - 407Tt + 20 mm - cos [—407t]

10
= —40mm - cos 407Tt - Tﬂ- + 20 mm - cos [407t]

10
= Re {20 mm - exp [+:407t] — 40 mm - exp {+i (407rt - Tﬁ)} }

Because the temporal frequencies are the same, we can evaluate the sum at t = 0 by using phasors:

f1 [0 mm, 0] + f2 [20 mm, 0]

10
= 20mm — 40 mm - exp {—zlo?ﬂl
107
Re{f1 [60mm, 0] + f2 [20mm, 0]} = 20mm — 40 mm - cos [T} = +40 mm
10
Tm { f; [50mm, 0] + f,[20mm, 0]} = —40mm -sin [_Tﬁ} o 90V3mm & —34.641 mm
| f1[50mm, 0] + f2 [20mm, 0| = \/(+4Omm)2 +(—34.641 mm)2 ~ 59 915 mm
—34.641
® {f, [50mm, 0] + f»[20mm,0]} = tan~! [W]

1%

—0.713 71 radians = —0.227 187 radians = —40.892°



f1 [0 mm, ] + f2[20 mm, ¢]

50 mm 20 mm

= 40 . 2
mm COSI:W(BO

—20Hz-t+7r)]+20mm~cos [27r( —20Hz-t+ﬂ')]

mm 40 mm

1
= 40mm - —cos {277 (g —20Hz - t)} — 20 mm - cos {277 (5 —20Hz - t) + 2772]
107w 9 2
= —40mm - cos T+27r —407t| — 20mm - cos [(W+27T ) 7407rt]
107 9 2
= —40mm - cos {407t — =5 + 27 — 20mm - cos [4071'75— (7T+27r )]
. 107 9 , 9

= Req—40mm - exp |+¢ | 407t — =5 + 27 — 20mm - exp [—H (407715 — (77 + 27 ))]

Because the temporal frequencies are the same, we can evaluate the sum at t = 0 by using phasors:

10
Re{f1[60mm,0] + f2[20mm,0]} = —40mm -cos {Tﬂ- + 2772] —20mm - cos [ + 27°]

10
—40mm - cos {TW + 2772] — 20mm - cos [77 + 27r2}

&~ —1.7237Tmm
1
Re {f1 [50mm, 0] + f2 [20mm, 0]} = —40mm -sin [% + 27r2} —20mm - sin |7 + 277]
& 4+52.887mm
| f1 [50 mm, O] + f2 [20mm, 0]] = \/(—1.7237 mm)® + (+52.887 mm)? 2 52.915 mm
52.887
® [f1 [50mm, 0] + f> [20mm,0]] = tan~' {%} >~ —1.5382 radians = —88.134°



3. Consider the superposition of two sinusoidal traveling waves:

filz,t] = Ajcoslkiz —wit],

A, = 101mm, vy = 100Hz, v, = 250—21
falz,t] = Asgcoslkez —wat],

Ay = 99mm, vs = 150 Hz, vy = 500%

(a) Find an expression for the resulting wave in terms of the average wave, the modulation wave, plus
any remaining amplitude.
We have an expression for the sum of two waves with different frequences bu the same magnitude:

B

A+ DB A—-B

2

cos [A] + cos [B] = 2cos [

so we have:

Aj cos [k1z — wit] + Ag cos [kaz — wat]
[AQ + (A1 — AQ)] Ccos [/{112 — wlt] + Ag cos [k'QZ — (JJQt]
As (cos [k1z — wit] + cos [kaz — wat]) + (A1 — Asg) cos [k1z — wit]

o[ [155) - (255) | (58] - (252)]

2
+ (A1 — As) cos [k1z — wqt]
which is the sum of a traveling wave and the product of the average and modulation waves

w1 + w2
2

W1 — W2
2

(b) Calculate the wavelengths of the average and modulation waves.
In this case:

vi 2502 5
)\ = )\:—: S = _
e Vi A T To0H, 2
ve 5002 10
)\ = :}A:—: s — -
22 V2 2=, T 150z 3 ¢
- A1 > Ao and vy < Vo
k . 27 _kil—i-kiz 277%1"_)\_12
w5 Ny 2 2
1 1\ ! 2 3 -1
L4 L - 20
A A m
— /\avg:< 12 2) :<5 210 ) — 7m:)\avg
2m k1 — ko /\L_)\L
od Mood 2 L
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(c¢) Find the velocities of the average and modulation waves.

w w1 +ws 2ﬂ(m+u2 _ o (100Hz+150H2\ .
avg < — B = —2 = —2 —
- — 100Hz — 150 H
Winod = ¥:2W(V12y2):2ﬂ_< z2 z>:_2W.25
av 2 2
Vavg = _(;; 9 :)\avg‘l/avg:70m']-25HZ: gﬂz Vavg
avg S
Vimod cl:m()j = Amod * Vmod = 20m - —25 Hz= 500_21 = Vimod

so the modulation wave travels in the opposite direction

(d) Does this system exhibit normal or anomalous dispersion?

|)\1 > Ao and vi < vo = longer wave travels slower =—> anomalous dispersion




4. The phase velocity of waves in some medium is proportional to wt?. Find an expression for the

modulation velocity and determine whether the waves exhibit normal or anomalous dispersion.

Vo

Vmod

Vmod

w +1 )
T = aw™ 2, where o 1s some constant
w 1 2
k=—0x = ak=w"? = |w=(ak)
aw™z

this is the dispersion relation w [k]

dw d 2 2 2 w+%
dk _ dk {(O‘k) } o’k = 2a ( p

=

) = 2aw™T

1 - .
20wt ? = 2v,4y, = | anomalous dzsperswn‘




5. Plot and write the equation of the superposition of the following harmonic waves:

[m

F; = sin [1_8 — wt]

Ey, = 3cos {51 — wt]
9

FEF; = 2sin [% — wt}

where the period of each is 2s.
sin [1 — t} = cos Ki - t) - E}
8 T 8 )3

o [( =) -] mon o= () mom 4]

Ey

By, = 3COS|:5§wt]—3COS|:wt5§]
PPN L YN - 0)

= 2cos [—g —wt] = 2cos [wt—i— g]

since all three components have the same frequency w = 2wy = 225; = ﬂ%, the sum has the same
frequency. Evaluate the amplitude for t = 0:

4 5
El[t_oHEQ[t_oHEg[t_O]_1-exp[+i-§] +3-exp[i'§] +2-exp[+ig]

Re{E; [t =0+ Ex[t=0]+E3[t=0]} = 1-cos {+4ﬂ +3 cos {—%ﬂ +2-cos [%]

= 1—2-cos [gw} = (0.6527

Im{E;[t=0]+FE>[t=0]+ E3 [t =0]}

. 4 . 5%8 . T
1-sin [—i—?] + 3 - sin {—?} + 2 -sin [—&—g}
0

4
V3 —2.sin [gw} ~ _0.23756

Imaginary Part

Real Part



|B1[t=0]+ B [t=0]+ E5[t=0]] = \/(1—2-cos EwD:(ﬂ—z.sm[gwbz

= (0.69459
\/§ — 2 -sin [%W]

1—2~cos[%7r

O{E [t=01+E[t=0]+FE3[t=0]} = tan' l 1 = —g radians = —20°

By + By + B3 2 0.69459 - cos [wt - g} > (.695 - cos [wt — 0.349)]

(a) (b)
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(a) the three component sinusoids; (b) the sum using both the sum of the three functions in (a) and the
computation — the two results are identical



6. A laser emits a monochromatic beam of wavelength Ao, which is reflected normally from a plane mirror

that recedes from the light source at velocity v.

(a) Determine the beat frequency between the incident and reflected light.

First try it without for v= 0; the reflected light differs from the incident light only in the direction
(assuming no losses or phase changes in the mirror):

The sum creates standing waves:

fl [z,t] +f2 [th]

Note that if the mirror moves with

Ag cos [k1z — wqt]
Ag cos [k12 + wit]

Ag cos [k1z — wit] + Ag cos [k1z + w t]
24 cos [k1 2] cos [wit]

velocity v, the frequency and the wavelength of the reflected

light change due to the Doppler effect. From Eq.(4-44) n Pedrotti(s):

)\after

1—

Abefore

In the limit v<< ¢, then Eq.(4-45) applies:

v

C
- v
C

1+

! _ v _
gt o b 0= (14Y)
- ey
= \/1—%\/1+(—1)%
- Y. Y
C C
_ 1.7
C
%= (-9

so the wavelength of the reflected beam is longer if v recedes from the source (v < 0, red shift)
and shorter if it approaches the source (v > 0, blue shift). In our case, the reflected beam exhibits
twice the Doppler shift because it has to change direction, so the corresponding wavevectors are:

2
ki = il unchanged
0
-1
27 27 1 2v 2v
kl = —_— = =k - =k -(1—-—— >~k 1+_
! Ao (1T=E)X ' 1—2% ! ( c) 1( c)
where the identity has been used:
! —ia"—l—a—l—az—---ﬁl—aif la]? << |af
l—a N a
n=0

The corresponding oscillation frequencies are easy to find because the velocity of light is unchanged:

)\/ 1404}
Nvo=MN v = L=
0 0 0 0 >\O V6

2v
c



v1 is unchanged

’ 141 2v
= ~ (14 —).
121 = 2% < + p ) 141

So if v is positive, the wavelength decreases and the frequency increases.

The sum of the two waves is:

filz,t] + falz,t] = Agcoslkiz —wit] + Agcos [k]z + wit]

= 2Apcos [kapg? — Waugt] - €0S [kmod? — Wmodt]

where:
ki1 + K 1 2v 1 2v kiv
kavg = ———t=c(ki+k (1+=))=5(2k+k— )=k +—
2 2 c 2 c c
ki — k! 1 2 k
kmoa = ¥:_(k/'l_k/'l(l‘i‘_v>):_LV
2 2 c c
’ 1 2
Wavg = Lt =35 <W1+ <1+—V> ‘Wl) :(JJl"‘V—W1
2 2 c c
. 1
ot = DL (142Y) ) -
2 2 c c
A%
Vmod = ———
c
f1 [Z,t] + f2 [Z,t] = Apcos [klz — wlt] + Ag cos [k'lz + w'lt]
k k
= 2Aqcos Kkl + ﬂ) z— (wl + ﬂ) t] - Co8 [—ﬂz — —Mt}
c c c c

kv vw

= 2Apcos Kk‘l + —) z— (w1 + —1> t] - COS {—X (k12 —i—wlt)}
c c c
so the beat frequency in the equation is:

lWmod| 1 vwy vy
L _ = — .V

[Vimoa| = 2r 27 ¢ c

but we actually see the squared magnitude, which oscillates twice as fast (Pedrotti Eq.(5-34))

14
|Vm0d‘:2._1.v
C
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(b) Determine the beat frequency between the incident and reflected light if the light is incident on
the plane mirror at angle 6.

Here the reflected beam travels at angle 20, so the k—wvectors are different before and after the
reflection. Again consider the case v=0:

0 0
2
kK, = | 0 |= 7” 0
s 1
[ 27w o :
= sin [0] 9 sin [6]
K, = 0 - Tﬂ 0
| 2% cos [f] cos [0]
, r sin[0] 7
kavg = k1+k1:2_ﬂ- 0
2 A 14-cos[6]
L 2 _
, r_ sin[f] 7
k, — 2m 2
kmo = = =L == 0
—mod 2 A 1—cos[0]
L P) .

The sum of the two waves is:

filz,y, 2, t+f2 [z, y, 2,t] = 2 cos [2% (sin2[9]x + Lt (;OS ) z) - wt} -COS FTW <—Sin2[0]x + L (;os ) z)]

so the beat frequency is zero (standing waves).
If we add the movement, we get the same wavelength shifts, but now they depend on the angle:

v, = v-cos[20]

vy = V-sin[20]

Vmod = 22 .y cos [26]
c
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